Connection on manifold.

§1 General construction

Show an existence of globally defined connection on (paracompact) manifold.

Let M be a manifold with a smooth atlas A = {U,, ¢4} and with partition of unity {p,} subordinate
to this atlas.

One can define in any open domain U, connection (YT such that components of Christoffel indices

are equal to zero in the coordinates {z!}. Denote by Eﬂ;Flm components of Christoffel tensor (*)T in

coordinates {z;} (in the coordinate domain U,). (Sure components gB;F’ are defined in intersection
U, N U of coordinate domains U, and Ug.) Transformation law for any connection from coordinates {z}}
to coordinates {z7 } are the the following
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Remark The second term in transformation law does not depend connection. It depends only on
coordinates x(g) and coordinates xg:).

In particular for the local connection in U, which has vanishing Christoffel symbol in coordinates {x ()}
we have that EZ;F}WL =0 and for any z € U, N U
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This formula defines the Christoffel symbols for local connection “I' in coordinates x .
Now use the partition of unity {p,} subordinate to the covering U, and consider
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Proposition The formula (3) defines globally a smooth connection on M (in coordinates {xz ﬁ)})

The definition of partition of unity implies that for any set of indices (i, k, m) the formula above defines
the globally defined smooth function for an arbitrary indices (¢, k,m). One have to prove that at any point
x the entries T'(x) transform as necessary.

To show that the formula (3) defines the connection it suffices to show that the difference between the
expression (1.3) and an arbitrary connection in a vicinity of an arbitrary point transforms as a tensor field
of valency (1.2). Let x € UgNU,. Consider in a vicinity of a point x locally defined connection (BT, Recall
that a locally defined connection (¥ T has vanishing Christoffel symbols in coordinates xlﬂ One can see that

for an arbitrary coordinates {27}
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It follows from the formula (1) that under changing of coordinates from .Z’ZG) to coordinates xéw,) the difference
will change as a tensor field.

Remark The connection that we constructed is ”glued”” through local flat connections with use of
partition of unity. Of course in general it is not flat connection. Study examples...

§2 An example

We consider as an example a sphere S? with different partitions of unity.

On the sphere 22 + y? = 22 = a2 of the radius a one can consider stereographic coordinates (u+,v.)
(stereographic projection from the sphere on the plane z = 0 with respect to the South Pole) and (u_,v_)
(stereographic projection from the sphere on the plane z = 0 with respect to the North Pole) We have



