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Differential operators on densities

L Schwarzian in projective geometry and densities

Schwarzian derivative. First encounter

For function f = f(x) Schwarzian derivative

Iy ' 2
F(x) = (1) (x) = (:/(f{?) 8 (f (X)>

2\ f/(x)
It is the famous construction in projective geometry

(7f)(x) =0 < f is projective transformation, (f =

ax+b
cx—+d
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L Schwarzian in projective geometry and densities

Schwarzian derivative. First encounter
For function f = f(x) Schwarzian derivative
1 1! 2
(X)) 3 (f (X)
f(X) = (yf)(x) = ( f’(X) > ) ( f’(X) >

It is the famous construction in projective geometry

() (x) =0« f is projective transformation, (f = 2;‘13)

S (fog)=(f)og+.7(9)
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L Schwarzian in projective geometry and densities

Schwarzian derivative. First encounter

For function f = f(x) Schwarzian derivative

e I 2
= () 3 ()

It is the famous construction in projective geometry

() (x) =0« f is projective transformation, (f = 2;‘13)

S (fog)=.7(f)og+.7(g) cocycle condition
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L Schwarzian in projective geometry and densities

Recall densities
A density of the weight A on (super)manifold M—s(x)|Dx |*.
Under a change of coordinates it is multiplied by the A-th power
of the Jacobian of the coordinate transformation:

Dx '} =s(x(x ) (det(;;/))A Dx .

A

s()|Dx P} =s(x(x ) ‘ 5;,
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Recall densities
A density of the weight A on (super)manifold M—s(x)|Dx |*.
Under a change of coordinates it is multiplied by the A-th power
of the Jacobian of the coordinate transformation:

’ Dx A ’ ’ (?X A /
s(x)|Dx[* =s(x(x ))‘DX, IDx A =s(x(x)) (det(axl)) IDx 2.
Dx X
‘W = det o
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Recall densities
A density of the weight A on (super)manifold M—s(x)|Dx |*.
Under a change of coordinates it is multiplied by the A-th power
of the Jacobian of the coordinate transformation:
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L Schwarzian in projective geometry and densities

Recall densities
A density of the weight A on (super)manifold M—s(x)|Dx |*.
Under a change of coordinates it is multiplied by the A-th power
of the Jacobian of the coordinate transformation:

X A|D><’|A:s,(x(x’)) (det(;;,))A|Dx/|’\.

s(x)|Dx =s(x(x’))‘ D

Dx '
D—X/ = det 0—X, it is for usual manifolds
Dx ox

For supermanifolds x — (x,8), x" — (x’,0")

-1
9x _ 06 (906 9x
‘D(x,e) — Ber d(x,0) _det(ax/ x/(66’> ae/)
D(x,0)| =" a(x .8 det (55,
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L Schwarzian in projective geometry and densities

Examples of densities

Density of weight A = 0 is a usual scalar function.
Density of weight A = 1 is a volume form.
Wave function ¥ is a density of weight A = % (semidensity):

W(x)VDx = W(x(x')),/det (%) VDx’
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L Schwarzian in projective geometry and densities

Examples of densities

Density of weight A = 0 is a usual scalar function.
Density of weight A = 1 is a volume form.
Wave function ¥ is a density of weight A = % (semidensity):

W(x)VDx = W(x(x')),/det (%) vDx/

or in supercase:

W(x,0)y/D(x,0)=V(x(x',8"),0(x",6")),/Ber ;((X)(/:g,)) vD(X,0)
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L Schwarzian in projective geometry and densities

Examples of densities

Density of weight A = 0 is a usual scalar function.
Density of weight A = 1 is a volume form.
Wave function ¥ is a density of weight A = % (semidensity):

W(x)vVDx = W(x(x")) det( )\/—
or in supercase:

W(x,0)\/D(x,8) = W(x(x',6),0(x,6')), | Ber ;((X, g,))\/ D(x’,6)

Remark We suppose that (super)manifold is orientable and the orientation is
chosen; Jacobians of all coordinate transformations are positive.
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L Schwarzian in projective geometry and densities
:

Sturm-Liouville operator on densities of chosen
weights

Z)(M) = {space of densities of the weight A on manifold M }
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L Schwarzian in projective geometry and densities

Sturm-Liouville operator on densities of chosen
weights

Z, (M) = {space of densities of the weight A on manifold M}

Let M R. Considerthe second order operator
A: (R)— & (R) such that

,l
2

A<w(x)|Dx|*%) = (a;‘i(zx) +U(x)\|l(x)> IDx |2

A is Sturm-Lioville operator of the weight 2:

A = |Dx? (‘9—+U(x)>.
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L Schwarzian in projective geometry and densities

Sturm-Liouville operator on densities of chosen
weights

Z, (M) = {space of densities of the weight A on manifold M}

Let M R. Consider the second order operator
A F (R)—F (R) such that

A<w(x)|Dx|*%) = (a;‘i(zx) +U(x)\|l(x)> IDx |2

A is Sturm-Lioville operator of the weight 2:

A = |Dx? (‘9—+U(x)>.

Why this operator?
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L Schwarzian in projective geometry and densities

Sturm-Liouville operator on densities of chosen
weights

Z)(M) = {space of densities of the weight A on manifold M }

Let M = R. Consider the second order operator
A F 1(R)—>§+%(R) such that
T2

A (\U(x)|Dx|*%) = (‘92")’((2)() -I-U(x)\ll(x)) IDx|*?

A is Sturm-Lioville operator of the weight 2:
2 9?

Why this operator? Why so strange choice of weights?
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L Schwarzian in projective geometry and densities

Transformation of the operator A under

diffeomorphism of R
Consider f: y =y(x) (with yx > 0). We come to
A" =f*o Ao (f71)" such that

0x

oy

2

A0 (w(x)\Dxr%) = [(;yz +U(y)) (W(X(y))

-3
3
) IDyP]
y=f(x)
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L Schwarzian in projective geometry and densities

Transformation of the operator A under

diffeomorphism of R
Consider f: y =y(x) (with yx > 0). We come to
A" =f*o Ao (f-1)" such that
ox

A ((x)IDx|#) = [( o5 +u)) (w(xw)) o

_1
((wxyZ) FUWx, ) y2?|Dx|? =
yy

-3
3
) IDyP]
y=f(x)
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L Schwarzian in projective geometry and densities

Transformation of the operator A under

diffeomorphism of R
Consider f: y =y(x) (with yx > 0). We come to
A" =f*o Ao (f-1)" such that
ox

A ((x)IDx|#) = [( o5 +u)) (w(xw)) o

_1
((wxyZ) FUWx, ) y2?|Dx|? =
yy

= Wxx+ U

-3
3
) |Dy\2]
y=f(x)
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L Schwarzian in projective geometry and densities

Transformation of the operator A under

diffeomorphism of R
Consider f: y =y(x) (with yx > 0). We come to
A" =f*oAo (f~1)" such that

: ox

A® (w(X)\ny*%) = [((f—yzw(y)) (W(X(y)) ay
((\ley%) +U\ny%> yf’/2|Dx|% =
yy

1 X 3x2 3
v, +lu_l Xyyy Xy 2| 1px|3
XX 2 (Xy ZX)? yX | |

-3
3
> !Dy\2]
y=f(x)

Schwarzian derivative of y(x)
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L Schwarzian in projective geometry and densities

Comparison of operators A and Af.
We see that for a diffeomorphism f: y =f(x)

2
() 5 0 PG
A =|Dx|c*— +|Dx|“U "(x

where |Dx|2U" (x) = [[Dy? (U(y)_%y(f_l))}y:f(x)‘

The difference of second order operators is a scalar operator:

A A= [|Dy|2 <U(y) - %y <f‘l)>]y:f(x) — IDx2U(x)

In particular if U(x) = 0 then

1 1/x 3 /X 2
A A= _= -1 2 [ KAy 9 Ay 2
2y<f )\Dy| 2( Xy (Xy> )\Dy]

aty =f(x).

N
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L Schwarzian in projective geometry and densities

Cobounbdary in a wider space=non-trivial cocycle in
the space

Schwarzian derivative is a coboundary in the space of second
order operators. This coboundary is an operator of zeroth
order—it is an operator of multiplication on a density of weight
2.. Itis a cocycle in the space of densities.
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L Schwarzian in projective geometry and densities

Cobounbdary in a wider space=non-trivial cocycle in
the space

Schwarzian derivative is a coboundary in the space of second
order operators. This coboundary is an operator of zeroth
order—it is an operator of multiplication on a density of weight
2.. Itis a cocycle in the space of densities.

This cocycle cannot be represented as a coboundary of
density.

2
X Xi
1 ﬂ_§(_W) DyZ=a” A~ s” g
2\ Xy 2 \ Xy ——
N _ depends on derivatives < 1

depends on 3-rd derivatives
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L Schwarzian in projective geometry and densities

Schwarzian — cohomology

Schwarzian derivative .7 (f) is a non-trivial cocycle of the group
of diffeomorphisms of RP?! acting on the space of densitites of
the weight 2, which vanishes on projective transformations.
These conditions define the Schwarzian uniquely (up to a
constant multiplier).
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L Schwarzian in projective geometry and densities

Schwarzian — cohomology

Schwarzian derivative .7 (f) is a non-trivial cocycle of the group
of diffeomorphisms of RP?! acting on the space of densitites of
the weight 2, which vanishes on projective transformations.
These conditions define the Schwarzian uniquely (up to a

constant multiplier).
Theorem
RifA =0,1,2

H! (Diff (RPY),.Z, ) =
( ( ) '\) {0 otherwise
A =0, ¢y =logxy. It vanishes for Euclidean transformationsy = x +c.

A=1lc = %|Dy\. It vanishes for affine transformationsy = ax +b.

2
A=2,C= (Xﬂ -3 <X—W> ) IDy|2. It vanishes for proj. transf. y = &b

Xy Xy cx+d
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L Schwarzian in projective geometry and densities

Fine tuning of weights of densities

We come to beautiful results considering

F)

1 3
_— Z, = — — = —
Fy for A S H="5
U—A =2
H+A =1

N

p)



Differential operators on densities

L Schwarzian in projective geometry and densities

Fine tuning of weights of densities

We come to beautiful results considering

92

A=7o 1 3
) ﬂzﬁp forAd =—- u=+-
2 2
2 2
Rty

H—A=2 . . 2
under an arbitrary diffeomorph. X
U+A=1 term -'-,;lx does not appear
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L Schwarzian in projective geometry and densities

Fine tuning of weights of densities

We come to beautiful results considering

92

A= 1 3

02

under an arbitrary diffeomorph. { 9% ox
U+A=1 term -'-,;lx does not appear

We come to A = — 3, = +3.
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L Schwarzian in projective geometry and densities

Fine tuning of weights of densities

We come to beautiful results considering

_ a2

A= 1 3

02

under an arbitrary diffeomorph. { 9% ox
U+A=1 term -'-597 does not appear

We come to A = — 3, = +3.

Try to shine some light on these constructions.
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|—Algebra of densities with invariant scalar product

Algebra of densities

Consider the space of all densities on a (super)manifold M:
F =@, F(M).

F 3V =1, DxM +W,,[Dx[*2 +--+ W, [Dx|*.
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|—Algebra of densities with invariant scalar product

Algebra of densities

Consider the space of all densities on a (super)manifold M:
F =@, F(M).

F 3V =1, DxM +W,,[Dx[*2 +--+ W, [Dx|*.

The vector space .7 (M) is a commutative algebra with respect
to natural multiplication

V), [Dx MW, IDx |2 = W, W, |Dx Mz,
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|—Algebra of densities with invariant scalar product

Canonical scalar product in the algebra of densities.
Density W(x)|Dx| of the weight o = 1 is an invariant object of
integration over manifold: If under changing of coordinates
W(x)|Dx| = W(x')|Dx’| then

/w(x)|Dx|:/fo(x’)|Dx'|, since (x') = W(x(x')) det<ax(x
ox

We come to

Definition

Let s; = s1(x)|Dx|™ and s, = s,(x)|Dx |*2 be two densities of
weights A1,A,. Then

(s1,51) = {ésl(x)sz(x)mx\ ifA+A =1

if AL+ A #1
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|—Algebra of densities with invariant scalar product

Useful symbolic notation

s(X)|Dx[* < s(x)tA.

Density W(x,t) = 3 Wy (X)th « 3 Wy (x)|Dx |

(a(x,t),b(x,t)):/MRes(

t2

a(x,t)b(x,t)

Jox.
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|—Algebra of densities with invariant scalar product

Differential operators on densities

Differential operators D = D(x,t, %, 2) act on algebra .Z of
densities.

Examples.
Weight operator: W =t &. t2 (a(x)t*) = Aa(x)t*.
Differentiation of algebra .7.

A =12 (A¥(x)da +AgW) . (Vector field of the weight 5).
A (\Il(x)|Dx|’\) =10 ((A%(X)a +AgW) (W) = "0 (A20,W + AAQW) .
Let X be a vector field on M:

Lx (WIDX ') = (X20a¥ + A 0aX2W) .

It defines the vector field

7] N
L = X305+ 03X ata = X205 4 0. X3W on algebra .% .
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|—Algebra of densities with invariant scalar product

Self-adjoint operators

Examples of adjoints

+ ~ ~
0F = —0,,tt =t, <%> =2 +2WH=1-W.

n-th order operator A is self-adjoint (anti-self-adjoint ) if

AT = (—1)"A.
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|—Algebra of densities with invariant scalar product

Self-adjoint operators

Examples of adjoints

0F = —datt =t, (%f — L2 W =1,

n-th order operator A is self-adjoint (anti-self-adjoint ) if
At = (—1)"A.

Example: Lie derivative anti-self-adjoint operator:

()T = (X20a+ aX3W ) = —3aX2 — X33 +(1—W)3aX? = — %
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|—Algebra of densities with invariant scalar product

Self-adjoint operators

Examples of adjoints
0F = —0a,tt =t, (%>+ — L2 W =1,
n-th order operator A is self-adjoint (anti-self-adjoint ) if
AT = (—1)"A.
Example: Lie derivative anti-self-adjoint operator:
()T = (X20a+ 0aX?W) = —0,X2 — X302+ (1 —W)0aX? = — .

This means that % is divergence-less field.
divA = —(A+A*) =19 (9aA2 + (3 — 1)Ao) for vector field
A =19 (A2, + AgW). div.% = 0.
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|—Algebra of densities with invariant scalar product

n = 1. First order operators on .%#(M).
Simple but important observation:
Let M be an arbitrary (orientable) (super)manifold.
Anti-self-adjoint first order operator of the weight é on algebra
of densities .% (M) has the following appearance
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|—Algebra of densities with invariant scalar product

n = 1. First order operators on .%#(M).
Simple but important observation:
Let M be an arbitrary (orientable) (super)manifold.
Anti-self-adjoint first order operator of the weight é on algebra
of densities .% (M) has the following appearance

It defines the pencil {AA} of operators on spaces .#;:

A ~ A~ A0, AR
A, :A|32A =A=t% <Aaaa+ 1a6>’ A ER..

If 8 = 0 then the operators A, of this pencil are just usual Lie
derivatives of densities of weight A:

A, = Lalz, =A%0a+20.A%.



Differential operators on densities

|—Two self-adjoint operators and corresponding pencils.

Two important cases

We consider two examples.

1. Self-adjoint second order operator on algebra of densities
Z(M) on an arbitrary (super)manifold M and corresponding
pencil of second order operators on spaces %, (M).
(T.T.Voronov, H.M.Kh., 2003.).

2. (Anti)-self-adjoint n-th order operator on algebra of densities
Z(R) on the real line R and corresponding pencil of second
order operators on spaces .%) (R).

(A.M.Biggs, H.M.Kh., 2011.).
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|—Two self-adjoint operators and corresponding pencils.

Two important cases

We consider two examples.

1. Self-adjoint second order operator on algebra of densities
Z(M) on an arbitrary (super)manifold M and corresponding
pencil of second order operators on spaces %, (M).
(T.T.Voronov, H.M.Kh., 2003.).

2. (Anti)-self-adjoint n-th order operator on algebra of densities
Z(R) on the real line R and corresponding pencil of second
order operators on spaces .%) (R).

(A.M.Biggs, H.M.Kh., 2011.).

This is a principal result
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|—Two self-adjoint operators and corresponding pencils.

Recalling: connection on densities

O: Ox(W|Dx[*) = dxW|Dx |* +AW|Dx A ~1dx|Dx| = X3(3,W + AT, W|Dx|’
I'a are "Cristoffel” symbols of connection: 'a|Dx| = [,, |[Dx|.
Under changing of coordinates x2 = x3(x?)
ax¥
= det .

ox?2 Dx’ Dx’
Mo =—-——(T ==
o= (e (B]) |5
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|—Two self-adjoint operators and corresponding pencils.

Recalling: connection on densities

O: Ox(W|Dx[*) = dxW|Dx |* +AW|Dx A ~1dx|Dx| = X3(3,W + AT, W|Dx|’
I'a are "Cristoffel” symbols of connection: 'a|Dx| = [,, |[Dx|.
Under changing of coordinates x2 = x2(x¥)
ox&
= det .

ox? Dx’ Dx’
=g (e (B) [oe
Basic examples of connection

- ox¥ Dx
1. An arbitrary volume form s = p(x)|Dx| defines a connection

A
ol (\U(X)IDxl’\> =s"dy (W) =X%(GaV +Tay),

with My = —d;log p.
2. An arbitrary affine connection with Christoffel symbols {2} define
connection on densitites 0 such that 0 |Dx | = 'y |Dx| with [’ = —rgb.
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|—Two self-adjoint operators and corresponding pencils.

Second order self-adjoint operator on .7 (M)

Theorem
Let A be a second order operator on .# (M) of the weight &
such that AT = A and A1 =0. Then

)
A= % (sababaa v <0bSba(—1)p(b)(p(5)+1) (20 +5— 1)ra) aa)

[
+% <Wdara(—1)P(a)(p(£)“) FW(W+ 06— 1)6) , (T:Voronov, H.Kh., 2003)
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|—Two self-adjoint operators and corresponding pencils.

Second order self-adjoint operator on .7 (M)

Theorem
Let A be a second order operator on .# (M) of the weight &
such that AT = A and A1 =0. Then

)
A= % (sababaa v (absba(—l)mb)(p(f)H) (20 +5— 1)ra) aa)

[
+% (v?/dara(—l)P(a)(p(f)“) FW(W+ 06— 1)6) , (T:Voronov, H.Kh., 2003)

where p(a) is a parity of coordinate x2, p(&) a parity of A,
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|—Two self-adjoint operators and corresponding pencils.

Second order self-adjoint operator on .7 (M)

Theorem
Let A be a second order operator on .# (M) of the weight &
such that AT = A and A1 =0. Then

_f ab ba p(b)(p(e)+1) a
A—Z S0+ | S ( l) (2W+5 1)F 04

[
+% (v?/dara(—l)P(a)(p(S)“) FW(W+ 06— 1)6) , (T:Voronov, H.Kh., 2003)

where p(a) is a parity of coordinate x2, p(&) a parity of A,
Sab(x)t® = S (x)|Dx|% is symmetric tensor field © density of weight J,
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|—Two self-adjoint operators and corresponding pencils.

Second order self-adjoint operator on .7 (M)

Theorem
Let A be a second order operator on .# (M) of the weight &
such that AT = A and A1 =0. Then

)
A= % (sababaa v (absba(—l)p<b)(p<f>+1> (20 +5— 1)ra) aa)

[
+% (waara(—l)P(a)(p(S)“) FW(W+ 06— 1)6) , (T:Voronov, H.Kh., 2003)

where p(a) is a parity of coordinate x2, p(&) a parity of A,

Sab(x)t% = S (x)|Dx|% is symmetric tensor field © density of weight J,
ra|Dx|% is an upper connection @ density of weight & It transform as

S (x)|Dx|°Ty
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|—Two self-adjoint operators and corresponding pencils.

Second order self-adjoint operator on .% (M)

Theorem
Let A be a second order operator on .# (M) of the weight &
such that At = A and A1=0. Then

o)
A= % (sababaa n (absba(—l)'f’(b)(r’(e)“)(2\fv v 1)ra) aa)

5
+% (v?/dara(—l)p(a)(p(f)“) +W(W+6— 1)6) ,(T.Voronov, H.Kh., 2003)

where p(a) is a parity of coordinate x2, p(&) a parity of A,

Sab(x)t% = S (x)|Dx|% is symmetric tensor field © density of weight J,
ra|Dx|% is an upper connection @ density of weight & It transform as

$% (x)|Dx T,

6 is a Brans-Dicke type "scalar” density. It transforms as 2 S?°(x)|Dx |9 .
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|—Two self-adjoint operators and corresponding pencils.

The special case

Consider the above operator in the case if the weight 4 =0 and
the principal symbol S2° is invertible. Then

A= % (sababaa + (absba + (20— 1)ra) O + WAl + W (W — 1)9)

where I, is a connection on densities,(S2°I, = ?) and
6 =T (we omit here terms (—1)+)
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|—Two self-adjoint operators and corresponding pencils.
:

Pencil of Laplacians on .%, (M)

The above operator defines the pencil: A e R, A) = A\% =
1

Remark The pencil possesses the singular points, the weights
/\ - 0’ %’

(sababaa+ (absba+ (27 — 1)ra) Oa+ A0+ A(A — 1)rara)
1. The weight A = 1 is of the most interest.
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|—Two self-adjoint operators and corresponding pencils.

n-th order operator on densities on R

iDroposition. Let L be n-th order operator of the weight é on
the algebra .7 (R) such that L™ = (—1)"L. Then L = t5sa%n+

s5(n N 17 n(n—1) 2 . N 17

t (5 (Sx +2sMy 4 5) Ixn 1 5 ((Sr)x +s(M+ T)Wn+6) Wnis g n 2t
sh(n-1) /n-2_ = n+1435__ n+1+35(5+1)_

t 5 6 Sx 6 sy 12 sl[“+so Ixn 2 +...,

where s =W + 5,1, Here s = s(x)|Dx|%~" is a density of weight
d—n,

7(x)|Dx |2, o(x)|Dx|? are densities of weight 2,

I is a connection

(In adimension 1, I = —dy(log p) for a volume form p(x)dx)
(A.Biggs, H,Kh. (2011).)
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|—Two self-adjoint operators and corresponding pencils.

Special case d =n

We puts=1, 1=0 =0 and come to

0 . 0 nin—1 ~\ . 0
Kn:t”< +nlMW n71+( )<FX+F2Wn)WnW+>

axn " ox 2
~.an(n=1)(n+1) 1,
t 1> FX+2r —aX” 2+..

where Wy =W + 252, Wy | 7, = A + 05

Wi <\U(x)|Dx\") = (t% + ”%1) (\Il(x)t") = (/\ + “%1) W(x)|Dx[*
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|—Two self-adjoint operators and corresponding pencils.

Example of n-th order operator

Consider D = |Dx| < +WI’> It is anti-self-adjoint operator? :

Dt = (t ((;ierwr))Jr:— (t (‘%err)) , (t = |Dx|).

Litis similar to de Rham differential: D| 7, = ~3 |Dx|—s" where
s = p(x)|Dx| is such that ' = —dy (logp).
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|—Two self-adjoint operators and corresponding pencils.

Example of n-th order operator

Consider D = |Dx| ( +wr> It is anti-self-adjoint operator? :

Dt = (t <(;ix+wr>>+: (t <aix+wr>> , (t =|Dx]).

17} . 0 n(n—1) on \n O
D”::t”<0xn Fwndxn_lJr 5 <rx+rWn)WnW+>

_.an(n—=1)(n+1) 1. J
t 12 erL2r oxn-2

+...

Litis similar to de Rham differential: D| 7, = ~ |Dx|—s’\ where
s = p(x)|Dx| is such that ' = —dy (logp).
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|—Two self-adjoint operators and corresponding pencils.

Pencil of operators on .#(R)

The operator K, defines the pencil:

A ~ -1 -1

7} 17} n(n—1) 2 17}
t”(dn-q-nl'/\nd Tt (rx-i-r)\n)/\n—dxn_z-q-)

an(n=1)(n+1) 1
i (rX +§r2)

axan +
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|—Two self-adjoint operators and corresponding pencils.

Pencil of operators on .#(R)

The operator K, defines the pencil:

~ ~ n—1 n—-1
4 4 n(n_l) 2 0
: (0 P g+ g (T A“)’\”axn—2+)
DD (1
t 12 Mx+5T Sz T

This pencil possesses a singular point A, =0, i.e. A = %
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|—Two self-adjoint operators and corresponding pencils.

Pencil of operators on .#(R): its singular point

The operator K, defines the pencil:

N N n—-1 n—-1
4 4 n(n_l) 2 0
tn(dn-l-nl')\nd Tt (rx+r ’\”>’\”W+)
n(n—1)(n+1) 1.,
T gk

This pencil possesses a singular point A, =0, i.e. A = %
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|—Two self-adjoint operators and corresponding pencils.

Singular point of the pencil: A =

1-n
2
An—0:>)\:ﬂ, Aﬂ yﬂ—)yl;n
2 2 2 2
d n(n=1)(n
__¢h
A%_t (dx”




Differential operators on densities

|—Two self-adjoint operators and corresponding pencils.
:

. . 1. o 1_n
Singular point of the pencil: A = =5+
M=0=A=220 A T, =
2 2 2 2
d n(n=1)(n
—y
Ara =t (dx”

<
V)

9]
¢
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Singular point of the pencil: A = 151

N‘
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|—Two self-adjoint operators and corresponding pencils.

Sturm-Liouville operator

Compare it with the latter Sturm-Liouville operator

A = |Dx? 0—2+U(x) ~ox2 (L
N ox? N ox2
A

1 1,
— et zr2)).
X 2<X+2 >)
F 1 — Fs.

NI
NIw
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|—Two self-adjoint operators and corresponding pencils.

Sturm-Liouville operator

Compare it with the latter Sturm-Liouville operator

= |Dx|? (d—+U( )) = |Dx|? (%—% <rx+%r2>) .

A E_% — ﬁ‘%. Potential U (x)|Dx|? is a function of
connection

1 1
—U(x)|Dx|? = Ur=3 (I’X+§F2)|Dx|2.
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|—Two self-adjoint operators and corresponding pencils.

Sturm-Liouville operator

Compare it with the latter Sturm-Liouville operator

02 o 1 1

A:  F_y— Fy. Potential U(x)|Dx|? is a function of
connection

1 1
—U(X)|Dx|?=Ur == (T +=I?) |Dx|?.
2 2
Remark Since n = 1 one can always choose a volume form p such that

= —0xlogp. Respectively one can always choose a coordinate x such that
p=1,T=0andUr =0 in this coordinate.
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|—Two self-adjoint operators and corresponding pencils.

Variation of connection, "potential” U, and A under
diffeomorphism

For diffeomorphism f =y (x)

FO0)Dx| =T (y) IDyl], _y ) +Yx 8y 10gxy [Dx],
respectively

AD A= —% (Ur(f) — UF) =

X 3%
Ur(y (x))[Dy|? — Ur (x)|Dx[? + (Xﬂ - §—y2y> Dy [?
y Xy

Schwarzian . (f 1)
aty =y(x).
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|—Two self-adjoint operators and corresponding pencils.

Variation of connection, "potential” U, and A under
diffeomorphism

For diffeomorphism f =y (x)

FO0)Dx| =T (y) IDyl], _y ) +Yx 8y 10gxy [Dx],
respectively

AD A= —% (Ur(f) — UF) =

X 3%
Ur(y (x))[Dy|? — Ur (x)|Dx[? + (Xﬂ - §—y2y> Dy [?
y Xy

Schwarzian . (f 1)
aty =y(x).

If in coordinate x, I = 0, then U =0 and A() — A = .7 (f~1)|Dy|2.
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|—Two self-adjoint operators and corresponding pencils.

Variation of potential under changing of connection

Difference of connections is a (co)vector [' — I = X.
Forn=1T'(x)|Dx|—T(x)|Dx| = X|Dx|.



Differential operators on densities

|—Two self-adjoint operators and corresponding pencils.

Variation of potential under changing of connection

Difference of connections is a (co)vector [’ — ' = X
Forn=1T'(x)|Dx|—T(x)|Dx| = X|Dx|. Up —Ur =
1 1

- <r’x +

. §(r')z) .- (rx+1r2)

2
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|—Two self-adjoint operators and corresponding pencils.

Variation of potential under changing of connection

Difference of connections is a (co)vector [' — I = X.
Forn=1T'(x)|Dx|—T(x)|Dx| = X|Dx|. Up —Ur =

1/, 1,52 1 1., _E E 2
2<rx+2(r)) 2(rx+2r)_2(r+x)x+4(r+X)

1 1,\ 1 1,
E(rx+§r)_2(xx+rx)+4x =



Differential operators on densities

|—Two self-adjoint operators and corresponding pencils.

Variation of potential under changing of connection

Difference of connections is a (co)vector [' — I = X.
Forn=1T'(x)|Dx|—T(x)|Dx| = X|Dx|. Up —Ur =

1/, 1,52 1 1., _E E 2
2<rx+2(r)) 2(rx+2r)_2(r+x)x+4(r+X)

1 1,\ 1 1, 1(. . 1.,
2(rx+2r)_2(xx+rx)+4x _2(d|VX+2X).



Differential operators on densities

|—Two self-adjoint operators and corresponding pencils.

Variation of potential under changing of connection

Difference of connections is a (co)vector [' — I = X.
Forn=1T'(x)|Dx|—T(x)|Dx| = X|Dx|. Up —Ur =

1/, 1,52 1 1., _E E 2
2<rx+2(r)> 2(rx+2r)_2(r+x)x+4(r+X)

1 1,\ 1 1., 1/, 1.2
5 (I’x+2I' ) = 2(X><+I'X)+4X =3 (dle+2X ) .
Changing of connection ~ diffeomorphism:
M=T+Xe3f: =1
dvX-+ X = (Ur(y)Dy |+ #(HIDy]) |,y — Ur(x)IDx|
2 - riy)iby y y=F(x) r .
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|—Two self-adjoint operators and corresponding pencils.

Calculations.

Let x be a coordinate such that I' = 0 in this coordinate. If
" =r®, where f =y(x) then

|Dx| = X |Dx| = yxdy logxy = —dx logyx|Dx|, X = —dx logyy .

1o, o oX(X) 1., 2
dIVX+2X =0« ax —|—2X _O<—>X(X)_C+X,
2 K
X(X) = =dklogyx = == = ¥x = (s3x)2

y(x) = a;‘jg projective transformation.




Differential operators on densities

|—Two self-adjoint operators and corresponding pencils.

Laplacian on semidensity

Return to the pencil of second order operators on arbitrary
supermanifold

A, = % (sababaa+ (absba+ (27 — 1)ra) On - A3aT2 +A(A — 1)rara)
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|—Two self-adjoint operators and corresponding pencils.

Laplacian on semidensity

Return to the pencil of second order operators on arbitrary
supermanifold

Ay = % (sababaa+ (absba+ (27 — 1)ra> Oa+ A0+ A(A — 1)rara>

For the singular point A = % we have a laplacian

1

Agpp= 5

1 1
<sababaa+ 0pS"*0a+ 50aT" - Zrara>

acting on semidensities Ay 5: 71 5(M) — F1/2(M).



Differential operators on densities

|—Two self-adjoint operators and corresponding pencils.

Laplacian on semidensities

Let M be an odd symplectic supermanifold equipped with
non-degenerate Poisson bracket (anti-bracket)
Qb {z3,zP) = Qab,
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|—Two self-adjoint operators and corresponding pencils.

Laplacian on semidensities

Let M be an odd symplectic supermanifold equipped with
non-degenerate Poisson bracket (anti-bracket)

Qab. {Za’zb} —Qab

Consider laplacian A;, on semidensities with principal symbol
Sab — (_1)aQab_
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|—Two self-adjoint operators and corresponding pencils.

Laplacian on semidensities

Let M be an odd symplectic supermanifold equipped with
non-degenerate Poisson bracket (anti-bracket)

Qb {z3,zP) = Qab,

Consider laplacian A;, on semidensities with principal symbol
Sab — (_1)aQab_

In Darboux coordinates z* = {x',8} (x' are even, § are odd
and {x',8} =2, {x',x'} ={8,6} = 0. Laplacian on
semidensities has the following appearance:

1 1 1
Al/z — E (Sababaa+absbaaa+ Eaara - Zrara> —

92 1 92
0, — 13T, =
EREL) 4’96‘ 5" = gxigg ~Urx.0):
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Changing of Laplacian under changing of connection

Difference of two connections is a vector field: ' — ' = X.
Consider cocycle Cr(X) = Ap — A for ' =T+ X.
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|—Two self-adjoint operators and corresponding pencils.

Changing of Laplacian under changing of connection

Difference of two connections is a vector field: ' — ' = X.
Consider cocycle Cr(X) = Ap — A for ' =T+ X.

1/,
Cr(X)=Ar—Ar = (Up—Ur) = 3 (0ar™~ 0ar®) -

1 / 'a a _1 a 1 a 1 2
8(rar rar)_4dax ZMaX?— =X =

1/, 1.,
= X— =X
4<dIVr 5 >

(T.Voronov, H.Kh. 2003)
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|—Two self-adjoint operators and corresponding pencils.

Useful anzats

Let X be a Hamiltonian vector field: X5 = axa’ (Xa = Qabx,).
Suppose for simplicity that ' = 0 in given Darboux coordinates.

Then 1 .
Cr(X) =Ap—Ar= Z (lerx — §X2> =

1 9? 1 Fo 9% Ep
2oxiog at P = 5
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|—Two self-adjoint operators and corresponding pencils.

Useful anzats

Let X be a Hamiltonian vector field: X5 = axa’ (Xa = Qabx,).
Suppose for simplicity that ' = 0 in given Darboux coordinates.
Then

1/, 1
Cr(X) =Ap—Ar= Z (lerx — §X2> =

1 9? 1 Fo 9% Ep
2oxiog at P = 5

Consider two examples



Differential operators on densities

|—Two self-adjoint operators and corresponding pencils.

Action of canonical transformation on Laplacian
Let f: z' =Zz'(z) be an arbitrary symplectomorphism of M (i.e.
diffeomorphism which preserves Darboux coordinates):
z=(x,0) —z' =(x/,0"). Principal symbol does not change.
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|—Two self-adjoint operators and corresponding pencils.

Action of canonical transformation on Laplacian
Let f: z' =Zz'(z) be an arbitrary symplectomorphism of M (i.e.
diffeomorphism which preserves Darboux coordinates):
z=(x,0) —z' =(x/,0"). Principal symbol does not change.

0z
(Fa + dylog E) .

Hence Xa = —dalogJ where J = Ber da(()ifg/))'

If =0 in Darboux coordinates (x, 8) then

) 0z
- gza

Changing of connection: I_g = I_g

1/, 1, 1 0?
Cr(X) —Arf *Ar - Z (d|VrXEX ) - 7%6)('7%

Cocycle cr(X) vanishes due to the Batalin-Vilkovisky identity (1981):

92 92 ax'.,e) _
X108 V= o6 \/ B axey = O
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|—Two self-adjoint operators and corresponding pencils.

Canonical operator on semidensities

We see that cocycle cr(X) = A(rf) —Ar X =T® 1) vanishes
for an rbitrary symplectomorphism if [ = 0 in some Darboux
coordinates.

Thus we come to canonical operator on semidensities
02
A=—
ox'06

(H.Kh. 1999)
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|—Two self-adjoint operators and corresponding pencils.

Changing of connection induced by changing of
volume form

Let ' =0 in given Darboux coordinates and let [’ be a flat
connection induced by arbitrary volume form p(z)|Dz|:

I, = —dalogp(z).
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|—Two self-adjoint operators and corresponding pencils.

Changing of connection induced by changing of
volume form

Let ' =0 in given Darboux coordinates and let [’ be a flat
connection induced by arbitrary volume form p(z)|Dz|:

M, =—0dalogp(z).
Then using the anzats we have

1 9?2

1
_ﬁaxiaei\/’3

1/,
Cr(X) =Ap—Ar= Z <dIVrX — §X2> =

The cocycle Cr(X) vanishes < #;ei\/ﬁ =0, i.e.
Batalin-Vilkovisky equation for p = e® is obeyed. < There
exists symplectomorphism f such that " = ("),
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|—Two self-adjoint operators and corresponding pencils.

Comparison

R

Odd symplectic supermanifold.
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|—Two self-adjoint operators and corresponding pencils.

Comparison
R
2
Br=fa (4 3r)

Ar =

02

X136,

Odd symplectic supermanifold.

+(or-3r)
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|—Two self-adjoint operators and corresponding pencils.

Comparison

R
Ap =2

Odd symplectic supermanifold.
1 112 __0?
=52 3 (M+30?) Ar = 558
F 12— F43)2

S or -39
P12 — F1)2
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Comparison
R Odd symplectic supermanifold
2
Ar=F-3(ri) A
F 12— F43)2

_? 1
axa6 T4

(or-4r?)
P12 — F1)2
cr(X)=Ap —Ar where ' =T =X
cr(X) = —3diveX — X2

cr(X) = zdivrX — 2X2
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Comparison
R Odd symplectic supermanifold.
Ar=25 - 1(M+1ir?) Ar =335+ (0r-32)
F 12— F13)2 F1)2 — F12
cr(X)=Ap —Ar where ' =T =X
cr(X) = —3divp X — X2 cr(X) = zdivrX — 2X2

cr(X) is a Schwarzian. It vanishes  cr(X) is Batalin-Vilkovisky
iff the new connection I’ is such that ~ operator. It vanishes if
" =r(® where f is a projective the new connection " is
transformation such that " = ") where

f is a symplectomorphism.
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