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Abstract...

The aim of this talk is to explain how the Batalin-Vilkvosiky (BV)
formalism follows from the basic principles of field theory and
geometry.

To obtain the partition function of the theory one needs to
integrate the exponent of action functional over all fields. If a
Lagrangian is degenerate (like for gauge theories), then by
integrating exponent of the action first over symmetries one
arrives to the integral of a non-local measure functional over the
'surface’ defined in the space of fields by gauge conditions. In
order to make this functional local one needs to expand the
space of fields by ghosts. One comes finally to a gauge
independent local action in the space of fields and ghosts. This
is the famous 'Fadeev-Popov trick’ which in particular works for
Yang-Mills gauge theory.
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...Abstract...

One can consider the surface of gauge conditions as a
Lagrangian surface in the symplectic space of fields and
anti-fields provided with the canoncial odd symplectic structure.
In this case the measure functional over the surface of gauge
conditions becomes half-density, the master-half-density, in this
symplectic space. The gauge-independence can be formulated
as a condition of vanishing of this master-half-density under the
action of the canonical odd Laplacian. This is the complete
describtion of the BV quantum master equation. The initial
action and symmetries of the theory are boundary conditions
which define this master half-density.
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...Abstract

Such a formulation is equivalent to the Fadeev-Popov trick in
the case of so called ‘closed algebra of symmetries’ (e.g. for
Yang-Mills theory). On the other hand the formulation in terms
of half-densities is invariant with respect to wider algebra of
transformations, it works for an arbitrary degenerate
Lagrangian, and it becomes necessary if we have so called
‘open algebra of symmetries’. In the classical limit the quantum
BV equation on master half-density becomes the well-known
BV equation on the master action.

Finally we explain the Severa interpretation of the BV quantum
master equation in terms of specially constructed spectral
sequence.



... of Batalin-Vilkovisky formalism

LFunctional integral for non-degenerate case

Partition function in field theory

Z= /eisgp) 2¢(x)

S(p)= [ L(p.09)’x.
Z=2(j)= / eh (S)+11()0()d%) ()

G(x1,X%2) =< o(x1)p(x2) >=

o o .
5704) 8j00) 107U
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Finite-dimensional analog

/efsgp) Do(x) — /e—F(x)dNX,
F(x) = (x, Ax) +terms of order > 3 on x =

AmnXan+ Z C,'1n_,'kXI1 .o .Xlk .
k>3

/e‘F(x)dNX: 2/9‘<X’Ax>&,-1_n,-kx"1 xkdNx
K

/e*<"”“">x"1 Lo xigNy = i...i\._o/e“"‘xwxd’vx.
i, 9j; =
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Calculation of integral [ e~ *AX)+ix" Ny

/ o~ (XAX)HX Ny — o= (LAY / o (XAX)+(-2IAX gN . _

X — X+
Take I = JA~"j. Then (j—21A)x =0 and

/ o~ (AX)HX Ny — o= 1GAT)) / e XA GNy — Co AT

N
_ [ axA) N, [T
(c /e dVx ,/detA>.

This works in the case if operator A is non-degenerate.
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We have performed calculations considering expansion of F(x)
F(x) = (x,Ax) +terms of order >3 on x =

in a vicinity of stationary point in the case if HessianF = A is
non-degenerate

|

For functional integral [ €75(?) 2¢ one has to consider
quadratic expansion in a vicinity of stationary points % =0
(classical equations of motion) and this expansion has to be
non-degenerate.

What happens if this is not the case?
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Language of condensed notations

S(e(x)) — S(¢'),
_65(9) _ 95(9)
5¢(x) do' -
We use the language of condensed notations. Index '/’ runs
over all discrete and continuous indices. E.g. in this language a

function ¢(x) is the collection of {¢'}, variational derivative
% becomes ’partial derivative’ a%,

equations of motion.# (x)
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Degenerate Lagrangian—Gauge Theory

S=S(¢') Z="""L=0 class.equations of motion.

Mtation. = {QDI: <ghl((P) = 0}

The action S(¢) is degenerate if '3‘?;;,-"’) = ‘;2%:’;,)- Moion
degenerate.
0.7 , ,
rank m +dim My,;. = ‘number of fields’.

¢
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L Symmetries for degenerate Lagrangians

Local (gauge) symmetries

‘dimension of My,ion.="NUmber of gauge symmetries’

Symmetries: Set of vector fields {Ro = R, 57, }:

RuS(p) = ALZS) — RL7 =0, S(¢'+eRl) = S(o),

i
o

0,

These are local (gauge) symmetries (Noether identities).

The index a (‘number’ of symmetries runs over continuous set.)
The global symmetries are excluded out of considerations

Mslalion.
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LSymmetries for degenerate Lagrangians
...Local symmetries

0O —F—E—B—0

E—symmetries, vector fields R preserving action:

R(0)S(0) = Fi(p) "507) = A7, =o0.

F—space of symmetries which vanish on-shell:

Re FifR

. 0 ) 0
=0<~R= R'("’)anf = E”(<p)e%(<p)a—q),,

Mslalion.

E'(¢)=—E/(9).
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L Symmetries for degenerate Lagrangians

Open and closed algebras of symmetries

{Rq}—symmetries. Commutator is also a symmetry:

d

[Ra.Rg] = 55 (9)Ry+ Eg(9).71(9) 5 ;-

Egﬁ # 0— open algebra of symmetries (‘on-shell’ symmetries)
Egﬁ = 0— closed algebra of symmetries (‘of-shell’ symmetries)

Ro — A2 (9)Rs + F(9)7;
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L Symmetries for degenerate Lagrangians

Abelization of symmetries
Consider transformation
Ra — Ra = 1L (9)R; + F(9).7;
such that
{ﬁa, ﬁﬁ] =0.

We simplify the theory making symmetries abelian.
On the other hand we pay the enormous price making these
symmetries non-local

It will be great to have a formalism which ’allows’ these
transformations.

This is the Batalin-Vilkovisky (BV) formalism.
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L Functional integral for degenerate functional

Return to functional integral

Z=[e"W 2¢(x), ( (w)—fL(;p,&p)d“
In condensed notation Z = [ e i 20, (29 = Nido').
For degenerate Lagrangian: Myuion. = {¢': .Zi(9) = 0},

IS(9) _ E0
RuS() = A7) — A7 =0, (71=20W)).

‘dimension’ of My.40n. = ‘dimension’ of algebra of symmetries
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Surface of gauge conditions

In the space of fields consider a surface Cgauee transversal to
symmetries {Rq},
Cgauge . \U(x - O .

Action S(¢) is preserved along symmetries. Integrate enS(¢)
along symmetries. We come to non-degenerate measure on
the surface Cy of gauge conditions.

How does this measure look?
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a la Fadeev-Popov trick

Cauge —gauge surface. [enS®) ¢ —

/ 79 [ / eés(fpg)@g] = / u(e)2¢
~~ ——
integral over Coquge, | integral over Cgayge -

integral over symmetries

This is gauge independent (but it is non-local).
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L Finite-dimensional case

Toy example
Let K be a compact' vector field on a space E:
E=RN-"x8'" K= i,
¢

x'.x2,... xN-1 xN—coordinates on E, xN = ¢

Let p = p(x)dx" A---AdxN be a volume form E.

Suppose that p is invariant with respect to K, Zkp = 0.

Let C = Cgauge be N —1-dimensional surface in E transversal to
K, defined by equation W(x) =0. Then

OV(x) N

_ _ 1

/Ep— 2n /gauge lKQ—27C/EK78XI. o(dV(x))p(x)d"x.
volume of U(1)

'it generates action of group U(1)
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L Finite-dimensional case

Gauss-Ostrogradsky Law

2= [ k2S5 eNpa = [ Kp.

is a flux of vector density Kp trough the surface C.
XKQ: dOlKQZO <—>diVQK:0.
Zy does not depend on gauge conditions: Zy sy = Zy.

Put p = p(x)dx A AdxN = erSOdxT A A dxN,
oK' i _;d8(x)
-+ —K' .
ax h ax
%S = K'9;S(x) = 0. This is Noether identity for ‘action’ S(x).

0:diVQK:
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L Finite-dimensional case

Flux of multivector field-density

Volume form p = enS®dx! A--- A dxN is invariant with respect
to vector fields {Ka} (a=1,...,k).
Cgauge—N — k-dimensional surface transversal to vector fields

Coauge: \UbZO(b:1,...,k),Z:/EQ:(27z:)k/ KiA---AKkp

gauge
b(x
_/det<K’ Al >H5 (W3)e

Z = flux of multivector density through gauge surface
This density is 'prepared’ from gauge symmetries
Gauge independence = divergenceless of the density
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L Multivector density in functional integral

Return to functional integral

z= /dt(R’ ZAda )Hs (W(9))erS®) ¢

Partition function is the integral of multivector density

NRae ® p over gauge fixing surface Cgayee: V* =0,
S~—— ~~

multivector field ~ density
i
p=e9%¢.

This is gauge invariant expression, but functional is non-local,
indices a, 3,y run over continuous set.
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LMul’(ivector density in functional integral

Localising of functional integral

detA= /e"‘fk"iékdned”é, (A-nx n matrix),

and 5(x) = 5 [e**dk. Hence

) B i
Z= /det (Rﬁx 5“;(1)(1.(’))) H6(W7(¢))eﬁ3(¢9¢ =

i o iawl? o
:/enS(q))Jrc Ry G M +AaV DODCIN DA
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L Lifting the integral to the space of fields-antifields

Space of fields and antifields

The aim is to construct multivector density in the general case
when symmetries are not abelian. We raise integral:

Z= o multivector density
to the space of fields and anti-fields.
Consider N T*M (space of fields and antifields), (M is space of
fields ¢'). Denote by ¢, coordinates of fiore: p(¢.;) = p(¢’)+1.
(o', ¢.;) are Darboux coordinates of odd symplectic superspace
MNT7*M. Corresponding canonical odd Poisson bracket:

{(Pivq)*j} = 6}7 {(Piaq)j} = {(p*ia(P*j} =0.
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L Lifting the integral to the space of fields-antifields

Surface of gauge conditions — Lagrangian surface in
nT*M

To surface Cgauge = {@: V*(¢@) =0} in the space M of fields we
assign a Lagrangian surface Lc,,,,. in the space INT*M of fields
and anti-fields

o
Lo= {‘P*i: IV(p.n) _ dVie) ~ IV(@.N) _ ya

do a9l ™ on, ((p):O},

where V() = V*(@)nq, (Ne are odd parameters).

(N — k)-dimensional surface C defines
(N —k,N — k)-dimensional Lagrangian surface L¢.

V(o) is called gauge fermion
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L Lifting the integral to the space of fields-antifields

Multivector density — Half-density
Density p on M is an half density on symplectic space NT*M
Multivector field AqR on M is a functionon NT*M
Hence multivector density on M is an half-density on NT7*M

Example
Let (¢, 9.;) be coordinates of N1T*E. Vector field K = K2, on

E is a function K'(¢)¢.; on MT*E. Vector density Kp is a
half-density in odd symplectic superspace MNT*E:

sk = K'(¢)@.ip(9)/D(¢, 9.)

i’ o " g,y
¢ =9"(¢') (.0, % 50
If{ oy then Ber (5{6%)) = o] =

Oyt = W‘P*i 30,
N2
(det(557)) -
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L Lifting the integral to the space of fields-antifields

Partition function—integral of half-density over
Lagrangian surface

surface C: W% =0 ~—— Lagrangian surface Lo~~~
multivector density half-density
p=er7(g), s=er70)\/9(0,0.),
Z(9,0.) = S(9) + c*RL(9)p.i +
Gauge independence How is it expressed
div , A R=0 in terms of half-densities?

P



... of Batalin-Vilkovisky formalism
L Functional integral for degenerate functional

LCanonical odd operator on half-densities

Theorem

(H.Kh.(1999)) In an odd symplectic supermanifold there exists
canonical odd operator A acting on half-densities. In local
Darboux coordinates (¢', ¢.;)

s(e, ¢:)
A k 3 s Wk ) -
(s(0.0.)v7(0.9.)) = Z oig, V7(9:0)
Consider s =1-1/2(¢, ¢.). Obviously As =0. We come to

Corollary

(Batalin-Vilkovisky identity (1981)) Let (¢, ¢.) — (¢',¢.) be an
arbitrary canonical transformation, then

Egaan | (560))
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LCanonical odd operator on half-densities

Relation of operator A on half-densities with operator
A 4y on functions

1 _
AgyF = 5div oy DF,

2

where 2v is a volume form on odd sympelctic supermanifold,
and D is Hamiltonian vector field defined by F, DFG = {F,G}.
In Darboux coordinates {¢’, ¢,;}

2F (¢, 9.)
Ak =0,

where 2v = V(¢,9.)2(9,¢:)

+{logV.F},

A(Fs)=FA(s)+ (1)) (AgvF)

If s is half-density such that 82 = 2v is a volume form then
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LCanc»nical odd operator on half-densities

Nilpotency of operators A and Ag,. Relation with {, }
A% =0,
83(F) = { = (Vov) . F .

A {F,G} = {AonF, G+ (- 1PV {F, A0 G)

Aoy (F-G)=AoyF -G+ (—1)PDF . ApyG+ (—1)PD{F,G}.
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LCanonical odd operator on half-densities

Divergence — A-operator

In a special case if p = p(¢) is a volume form on M and a

semidensity sp = p(¢)\/Z(¢, ¢.) then for a multivector field
P = Pa1makaa1 ARER /\aak = Pa1“'ak(P*a1 e (p*ak,

diVQKS = A(PSQ)

multivector density on MT*M « differential form on M, A « de Rham
differential.
If half-density s corresponds to multivector density K then

divK=0— As=0.

(K=P®p,s= P®sg)
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L BV master-equation

Master-equation for Partition function

Returning to partiion function

z= /dt(R’ ZAda )Hs (W(9))erS®) ¢

/ /\RaQ =
surface C: W% =0 ~—— Lagrangian surface Lo~~~
multivector density half-density
p=er*g(g), s =er” (") /7(p.0.),

Z(9,9.) = S(9) + c* Rl (9)p.i +

Gauge independence How is it expressed?
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L BV master-equation

BV-master-equation

As=0,
where i
s=en”(9)\/7(p,0.),
with boundary conditions:
Z(0,0.) = S(¢)+ c*RL(P)@sii + ... ,

where Ry = R(’;,a%, are initial symmetries.
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L BV master-equation

Quasiclassical approximation

Master equation is A (eﬁy(ﬁ@ .@((p,(pﬁ) =
{77} ) er” %) /P(p,0.)=0.
(Frra— 3 (7} (0.9,
If h — 0 then we come to classical BV-equation:

(7.7} =0.

Solution of classical BV-equation defines odd Hamiltonian
vector field Q: QF = . which defines the structure of
Q-manifold on the space of fields and anti-fields.
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L BV master-equation

Invariance of BV-master equation
Let S(¢) be an action

Let R, be an abelian algebra of symmetries Z(@,0.) = S(o)

[Ro, Rg] = 0, then = +Ca Ry (9)¢.i

Cgauge: va=0 Lci Qi = (9,'\Uana
= JCyuuee P Z=Ji.s
P is a multivector density S is a half-density
P = AqRe€75@) 20 s=er"99),/9(¢,¢.
divP =0 As=0
Go to an open algebra of symmetries canonic. transformat.
Ry — AB((p)R F[ij]((p)ﬁj master-equation remains

[Re,Rg] = t15(@)Ry+ EL5 (0) ()99 S =)

P—7? =S(¢) + c*RL .+
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LSevera‘s spectral sequence and canonical Laplacian

Finally two words about how to describe A operator on
half-densities in invariant way?

(The original formula As = aaz(,‘gqf’*) V20, ¢, is written in
Darboux coordinates).
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A-operator and Severa’s spectral sequence

Let Q(M) be a space of all (pseudo)differential forms on NT*M,
i.e. functions F(¢,¢.,do,de,) (de,de. have parity reverse to
parity of ¢, ¢., @ and do, are even d¢ and ¢, are odd

Consider differential Q = d + w, where d is de Rham differential
and o = d¢'dg,; defines canonical symplectic structure on
NT*M:
] NPT I
(dfp i +dg.i 20, )7 (dqo d<p*,»F(<p,<p*)) :
dF
QRP=d?=0?=0,do+wd=0.

oF
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LSevera’s spectral sequence and canonical Laplacian

Consider spectral sequence {E,,d;}
Er+1 - H(Er,dr)

with Eo = Q(M), do = .
The space Ey = H(Q2(M), w) can be naturally identified with the
space of semidensities on M:

s =[s(p,p.)de'de?.. . do"]
(ws =0,s # of)
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LSevera’s spectral sequence and canonical Laplacian

s= s(p,9.)de'de?...
1d
(1) 2do'...de* T dek! .. .deN-2 JSdg,de'de?...
1d
As = do'de?...deN

w'r?w

doN

doN

The differential d; of the Severa’s spectral sequence vanishes

and differential d> coincides with the canonical operator A.



e
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Thank you

DA
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