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Abstracts

Abstract...
For an arbitrary manifold M, we consider supermanifolds ΠTM
and ΠT ∗M, where Π is the parity reversion functor. The space
ΠT ∗M possesses canonical odd Schouten bracket and space
ΠTM posseses canonical de Rham differential d . An arbitrary
even function P on ΠT ∗M such that [P,P] = 0 induces a
homotopy Poisson bracket on M, a differential, dP on ΠT ∗M,
and higher Koszul brackets on ΠTM. (If P is fiberwise
quadratic, then we arrive at standard structures of Poisson
geometry.) Using the language of Q-manifolds and in particular
of Lie algebroids, we study the interplay between canonical
structures and structures depending on P. Then using just
recently invented theory of thick morphisms we construct a
non-linear map between the L∞ algebra of functions on ΠTM
with higher Koszul brackets and the Lie algebra of functions on
ΠT ∗M with the canonical odd Schouten bracket.
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Poisson manifold and....

Poisson manifold

Let M be Poisson manifold with Poisson tensor P = Pab∂b ∧∂a

{f ,g}= {f ,g}P =
∂ f

∂xa Pab ∂g
∂xb .

{{f ,g},h}+{{g,h}, f}+{{h, f},g}= 0 ,

m

Par
∂r Pbc + Pbr

∂r Pca + Pcr
∂r Pab = 0 .

If P is non-degenerate, then ω = (P−1)abdxa∧dxb is closed
non-degenerate form defining symplectic structure on M.
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Poisson manifold and....

Differentials

d—de Rham differential, d : Ωk (M)→ Ωk+1(M),

d2 = 0 ,df =
∂ f

∂xa dxa , d(ω ∧ρ) = dω ∧ρ + (−1)p(ω)
ω ∧dρ ,

dP—Lichnerowicz- Poisson differential, dP : Ak (M)→ Ak+1(M),

dP f =
∂ f

∂xb Pba ∂

∂xa (for a function f = f (x)) ,d2
P = 0 ,

dPP = 0↔ Jacobi identity for odd Poisson bracket [ , ]
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Poisson manifold and....

Differential forms and multivector fields

A∗ space of multivector fields on M,
Ω∗ space of differential forms on M,

Ak (M)
dP−→ Ak+1(M)

↑ ↑
Ωk (M)

d−→ Ωk+1(M)



Higher Koszul brackets and thick

Poisson manifold and....

Differential forms and multivector fields

A∗— multivector fields on M= functions on ΠT ∗M
Ω∗— differential forms on M= functions on ΠTM,

Ak (M)
dP−→ Ak+1(M)

↑ ↑
Ωk (M)

d−→ Ωk+1(M)

C(ΠT ∗M)
dP−→ C(ΠT ∗M)

↑ ↑
C(ΠTM)

d−→ C(ΠTM)

dω(x ,ξ ) = ξ
a ∂

∂xa ω(x ,ξ ) ,dPF (x ,θ) = [P,F ]1 ,

[P,F ]1-canonical odd Poisson bracket on ΠT ∗M.
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Poisson manifold and....

xa = (x1, . . . ,xn)— coordinates on M
(xa,ξ b) = (x1, . . . ,xn;ξ 1, . . . ,ξ n), —coordinates on ΠTM

p(ξ
a) = p(xa)+1,xa′ = xa′(xa)→ ξ

a′ = ξ
a ∂xa′

∂xa . (dxa↔ ξ
a) .

‘ Respectively
(xa,θb) = (x1, . . . ,xn;θ1, . . . ,θn), —coordinates on ΠT ∗M

p(θa) = p(xa) + 1,xa′ = xa′(xa)→ θa′ = θa
∂xa

∂xa′ . (∂a↔ θa) .

‘

Example

Ω∗ 3ω = ladxa +rabdxa∧dxb↔ω(x ,ξ ) = laξ
a +rabξ

a
ξ

b ∈C(ΠTM)

A∗ 3F = X a
∂a +Mab

∂a∧∂b↔F (x ,θ) = X a
θa +Mab

θaθb ∈C(ΠT ∗M) .
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Poisson manifold and....

Canonical odd Poisson bracket

F ,G multivector fields
[F ,G]Schouten commutator

,
F ,G functions on ΠT ∗M

[F ,G]odd Poisson bracket
,

X = X a∂a, [X,F ] = LXF
P = Pab∂a∧∂b , [P,F ] = dPF

,
[X,F ] = [X aθa,F (x ,θ)]

dPF = [P,F ] = [Pabθaθb,F (x ,θ)]

[F (x ,θ),G(x ,θ)] =
∂F (x ,θ)

∂xa
∂G(x ,θ)

∂θa
+(−1)p(F ) ∂F (x ,θ)

∂θa

∂G(x ,θ)

∂xa .

Names are

odd Poisson bracket
Schouten bracket

Buttin bracket
anti-bracket
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Poisson manifold and....

Koszul bracket on differential forms

ϕP : ΠT ∗M → ΠTM
ϕ∗P : C(ΠT ∗M)← C(ΠTM)

, ξ
a = Pab

θb or dxa = Pab
∂b

From bracket [ , ] on functions to Koszul bracket on diff. forms

[ω,σ ]P = (ϕ
∗
P)−1 ([ϕ∗P(ω),ϕ∗P(σ)]P

)
.

[f ,g]P = 0 , [f ,dg]P = (−1)p(f ){f ,g}P , [df ,dg]P = (−1)p(f )d ({f ,g}P)

This formula survives the limit if P is degenerate.



Higher Koszul brackets and thick

Poisson manifold and....

Question

We have ΠT ∗M
ϕP−→ΠTM

What happens if even function P = 1
2Pab(x ,θ)θaθb is replaced

by an arbitrary even function P = P(x ,θ) which obeys the
master-equation

[P,P] = 2
∂P(x ,θ)

∂xa
∂P(x ,θ)

∂θ a = 0 .

(In the case P = 1
2Pab(x ,θ)θaθb master-equation is just Jacobi

identity for Poisson bracket { , }P on M.)
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Higher brackets

Master-Hamiltonian→ brackets (I-st case)

M—(super)manifold. (coordinates ‘x = xa)
Odd Hamiltonian Q(x ,p) on T ∗M, (p = pb fibre coordinates)
defines homotopy odd Poisson (Schouten) brackets on M—
collection {{}Q,{ , }Q,{ , , }Q, . . .} of brackets on M:

{f}Q = (Q, f )
∣∣
p=0 , {f ,g}Q = ((Q, f ) ,g)

∣∣
p=0 ,

{f1, f2, . . . , fn}Q = ((. . .(Q, f1), f2) , . . . , fn)
∣∣
p=0

( , )—canonical even Poisson bracket on T ∗M.
(Q,Q) = 0—Jacobi identity,

We come to usual odd Poisson bracket if Hamiltonian is
quadratic in momenta, Q = Qabpapb.



Higher Koszul brackets and thick

Higher brackets

Master-Hamiltonian→ brackets (II-nd case)

Even Hamiltonian H(x ,θ) on ΠT ∗M, (θ = θb fibre coordinates)
defines homotopy Poisson brackets on M—
collection {{}H ,{ , }H ,{ , , }H , . . .} of brackets on M:

{f}H = [H, f ]
∣∣
θ=0 , {f ,g}H = [[H, f ] ,g]

∣∣
θ=0 ,

{f1, f2, . . . , fn}H = [[. . . [H, f1] , f2] , . . . , fn]
∣∣
θ=0

[ , ]—canonical odd Poisson bracket on ΠT ∗M
[H,H] = 0— Jacobi identity
We come to usual even Poisson bracket if Hamiltonian is
quadratic in momenta, H = Habθaθb.
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Higher brackets

Mackenzie-Xu symplectomorphism
E → B—vector bundle. Canonical symplectomorphism
(MX-symplectomorphism)

T ∗E ↔ T ∗E∗

Local coordinates

coord. onE︷ ︸︸ ︷
xµ ,ui ;pµ ,pj︸ ︷︷ ︸
coord. onT ∗E

,

coord. onE∗︷ ︸︸ ︷
yν ,ui ;qµ ,pk︸ ︷︷ ︸
coord. onT ∗E∗

.

Then κ : T ∗E → T ∗E∗ is such that

κ
∗(y µ ) = xµ , κ

∗(ui) = pi , κ
∗(qµ ) =−pµ , κ(pi) = ui .
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Higher brackets

Canonical odd Poisson bracket on ΠT ∗M
Consider an odd Hamiltonian Q = paηa on tangent bundle
T ∗(ΠT ∗M) to ΠT ∗M.

coordinates

ΠT ∗M︷ ︸︸ ︷
xa,θb ;pa,η

b︸ ︷︷ ︸
T ∗(ΠT ∗M)

Odd Hamiltonian Q = paηa is quadratic in momenta.
It generates an odd canonical Poisson bracket [ , ] on ΠT ∗M:
[f ,g] = [f ,g]P = ((Q, f ) ,h) =

=

(
η

a ∂ f
∂xa + pa

∂g
∂θa

,g
)

=
∂ f

∂xa
∂g
∂θa

+
∂g
∂θa

∂ f
∂xa

( , ) is canonical Poisson bracket on T ∗(ΠT ∗M).
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Higher brackets

Consider MX symplectomorphism T ∗(ΠT ∗M)↔ T ∗(ΠTM):

ΠT ∗M︷ ︸︸ ︷
xa,θb ;pa,η

b︸ ︷︷ ︸
T ∗(ΠT ∗M)

↔

ΠTM︷ ︸︸ ︷
xa,ξ b;qa,πb︸ ︷︷ ︸

T ∗(ΠTM)

pa↔−qa, θb↔ πb, ηa↔ ξ a,
Odd Hamiltonian Q = paηa ↔ odd Hamiltonian K = qaξ a.

[ω] = (K ,ω) = ξ
a ∂ω

∂xa = dω ,(ω(x ,ξ )→ ω(x ,dx)).

(all higher brackets vanish)
Odd homtopy bracket is nothing but de Rham differential.
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Higher brackets

Lichnerowicz differential dP

For even function P = P(x ,θ) ([P,P] = 0)

dPF = [P,F ] .(d2
P = 0)

Consider

QP = (P,Q) = (P,paη
a) = pa

∂P(x ,θ)

∂θa
+ η

a ∂P(x ,θ)

∂xa

This is Hamiltonian linear in momenta. It produces degenerate
homotopy bracket—Lichnerowicz differential:.

[F ] = (QP ,F ) = ((P,Q),F ) = [P,F ] = dPF .

(all higher brackets vanish)
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Higher brackets

Lichnerowic differential→ Higher Koszul brackets

Under MX symplectomorphism, Hamiltonian

QP(x ,θ ,p,η) = pa
∂P(x ,θ)

∂θaa
+ η

a ∂P(x ,θ)

∂xa on T ∗(ΠT ∗M)

transforms to Hamiltonian

KP(x ,ξ ,q,π) = qa
∂P(x ,π)

∂πaa
+ η

a ∂P(x ,π)

∂xa onT ∗(ΠTM) .

This Hamiltonian defines homotopy Schouten bracket on ΠTM
(Higher Koszul bracket on differential forms)
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Higher brackets

Higher Koszul brackets on M

Odd Hamiltonian KP on T ∗(ΠTM) defines homotopy odd
Poisson bracket (higher Koszul bracket) on ΠTM,

[F1,F2, . . . ,Fn]P = [. . . [KP ,F1] , . . . ,Fp]
∣∣
ΠTM ,

∣∣
ΠTM =

∣∣
p=π=0 .

F = F (x ,ξ ) = f (x) + ξ
afa(x) + . . . ,(df = ξ

a
∂af ) ,

[f ]P = 0 , [f1, f2, . . . , fk ]P = 0

[f1,df2, . . . ,dfn] = {f1, f2, . . . , fn} ,

[df1,df2, . . . ,dfn] = d{f1, f2, . . . , fn} ,

In the same way as for classical case (P = Pabθbθa)
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Higher brackets

Recall the classical case P = Pabθbθa

A∗— multivector fields on M= functions on ΠT ∗M
Ω∗— differential forms on M= functions on ΠTM,

Ak (M)
dP−→ Ak+1(M)

↑ ↑
Ωk (M)

d−→ Ωk+1(M)

C(ΠT ∗M)
dP−→ C(ΠT ∗M)

↑ ↑
C(ΠTM)

d−→ C(ΠTM)

ϕP : ξ
a = Pab

θb , ϕ
∗
P : C(ΠTM)→ C(ΠT ∗M)

Then
ϕ
∗
P(dω) = dP(ϕ

∗
Pω) .

This relation survives for an arbitrary P = P(x ,θ) ([P,P] = 0.)
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Higher brackets

Two Hamiltonians

ϕP ΠTM → ΠT ∗M : ξ
a =

1
2

∂P(x ,θ)

∂θa
.

ϕ
∗
P(dω) = dP(ϕ

∗
Pω) ., (QP ,ϕ

∗
Pω) = ϕ

∗
P ((K ,ϕ)) .

T ∗(ΠT ∗M) −→ T ∗(ΠTM)
Q = paηa −→ K = ηaqa

canonical odd bracket −→ de Rham differential on ΠTM
QP = (P,Q) −→ KP

Lichnerowicz diff. on ΠT ∗M −→ Higher Koszul bracket on ΠTM

Map ϕP intertwines Lichnerowicz and de Rham differentials, i.e.
Hamiltonians QP and K .
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Higher brackets

Question

Map ϕP intertwines Lichnerowicz and de Rham differentials, i.e.
Hamiltonians QP and K .

How look a map which intertwines Hamiltonians, Q and KP , i.e.
a map which intewins canonical Schouten bracket and higher
Koszul brackets???
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Higher brackets

Usual Poisson bracket

P(x ,θ) = Pab(x)θaθb even function on ΠT ∗M quadratic on θ

defines usual Poisson bracket on M: for f ,g ∈ C(M)

{f ,g}= {f (x),g(x)}P = [[P, f ],g] =
∂

∂θ b

(
∂P(x ,θ)

∂θ a
∂ f

∂xa

)
∂g
∂xb =

∂ f
∂xa Pab ∂g

∂xb .

Jacobi identity : 0 = [P,P] = 2
∂P
∂xa

∂P
∂θa

= 4∂aPbcPad
θbθcθd

i.e.
Pda

∂aPbc + Pba
∂aPcd + Pca

∂aPdb = 0 .
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Higher brackets

Higher Poisson brackets on M

Even (non-quadratic in momenta) Hamiltonian in ΠT ∗M,
H = P(x ,θ), ( [P,P] = 0 Jacobi identity) defines homotopy
Poisson brackets, higher even brackets:

{f1, f2, . . . , fn}P = [. . . [P, f1] , . . . , fp]
∣∣
M ,

∣∣
M =

∣∣
θ=0 .

If
P = Pa

θa +
1
2

Pab
θbθa +

1
6

Pabc
θcθbθa + . . .

then

{xa}P = Pa , {xa,xb}= Pab , {xa,xb,xc}= Pabc . . . ,
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Higher brackets

From ΠT ∗M to ΠTM.

Theorem
There is a natural odd linear map C(ΠT ∗M)→ C(T ∗(ΠTM))
that takes canonical odd Poisson bracket on ΠT ∗M to canonical
even Poisson bracket on T ∗(ΠTM)

Corollary

even Hamiltonian
P = P(x ,θ) on ΠT ∗M
defining higher even
Poisson bracket on M

−→

odd Hamiltonian
K = KP(x ,ξ ;p,π) on T ∗(ΠTM)

defining higher Koszul
bracket on ΠT ∗M
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Higher brackets

Recall: Master-Hamiltonian→ homotopy brackets

M—(super)manifold. (coordinates x = xa)
Odd Hamiltonian Q(x ,p) on T ∗M, (p = pb fibre coordinates)
defines homotopy odd Poisson (Schouten) brackets on M—
collection {{}Q,{ , }Q,{ , , }Q, . . .} of brackets on M:

{f}Q = (H, f )
∣∣
p=0 , {f ,g}H = ((H, f ) ,g)

∣∣
p=0 ,

{f1, f2, . . . , fn}Q = (. . .(Q, f1), f2), . . . ,)
∣∣
pb=0

( , )—canonical even Poisson bracket on T ∗M.
(Q,Q) = 0—Jacobi identity,

We come to usual odd Poisson bracket if Hamiltonian is
quadratic in momenta, Q = Qabpapb.
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Higher brackets

Homotopy bracket on M → L∞-algebra of functions on
M → Q-manifold

M an arbitrary (super)manifold
Let Q = Q(x ,p) be an odd Hamiltonian in T ∗M, and Jacobi
identity (Q,Q) = 0 is obeyed.
The odd Hamiltonian Q defines homotopy odd Poisson
(homotopy Schouten) bracket on M.
iConisder the following Hamilton-Jacobi vector field

XQ : C(T ∗M) 3 f → f + εQ
(

xa,pb =
∂ f (x)

∂xb

)
,

XQ =
∫

M
dxQ

(
xa,

∂ f (x)

∂xb

)
δ

δ f (x)
,X2

Q =
1
2

[XQ,XQ] = 0 .

XQ is homological vector field on infinite-dimensional space
M = C(M) of functions on manifold M.



Higher Koszul brackets and thick

Higher brackets

Homotopy Schouten structure on functions on M
defined by odd Hamiltonian Q

↓

Q-manifold (M,XQ), L∞ algebra
M = C(M) and XQ is Hamilton Jacobi field of Q
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Higher brackets

P = P(x ,θ), [P,P] = 0.

ΠT ∗M− (xa,θb)
Odd Poisson canonical bracket

Hamiltonian Q = paξ a

on T (ΠT ∗M)− (xa,θb;pa,ξ
a)

→

ΠTM− (xa,ξ b)
Odd homotopy Koszul bracket

Hamiltonian KP = ξ a ∂P
∂xa + pa

∂P
∂θa

on T ∗(ΠTM)− (ya,ξ b;pa,θb)

Q-manifold, L∞ algebra
M1 = C(ΠT ∗M) ,X1 = XQ

Q-manifold, L∞ algebra
M2 = C(ΠTM) ,X2 = XKp

Does there exist L∞-morphism (M2,X2)→ (M1,X1), i.e. map
M2→M1 (may be non-linear) which intertwines homological
vector fields X1,X2?

Theorem
Yes, it does.
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Higher brackets

Special case, P = 1
2Pabθbθa

In this case the map

ΠT ∗M → ΠTM : ξ
a =

∂P
∂θ a = Pab(x)θb ,

is linear in fibres. Morphism of Q-manifolds

C(ΠT ∗M)← C(ΠTM)

is its pull-back.
These linear maps intertwine differentials d and dP ,
Hamiltonians Q and KP and their homological vector fields XQ
and XKp on infinite-dimensional spaces of functions.
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Higher brackets

It is more tricky if P(x ,θ) is an arbitrary function (solution of
master-equation [P,P] = 0. The map

ΠT ∗M → ΠTM : ξ
a =

∂P(x ,θ)

∂θ a

is in general non-linear map.
Does there exist morphism of Q-manifolds
(M2,X2) = (C(ΠTM),XKP )→ (M1,X1) = (C(ΠT ∗M),XQ)?
In other words does there exist a (non-linear) map
C(ΠTM)→ C(ΠT ∗M)? which intertwines canonical odd
Poisson bracket [ , ] on ΠT ∗M and homotopy Koszul brackets
[ ]P , [ , ]P , [ , , ]P . . . . on ΠTM?
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Higher brackets

Recall: Two Hamiltonians

ϕP ΠTM → ΠT ∗M : ξ
a =

1
2

∂P(x ,θ)

∂θa
.

ϕ
∗
P(dω) = dP(ϕ

∗
Pω) ., (QP ,ϕ

∗
Pω) = ϕ

∗
P ((K ,ϕ)) .

T ∗(ΠT ∗M) −→ T ∗(ΠTM)
Q = paηa −→ K = ηaqa

canonical odd bracket −→ de Rham differential on ΠTM
QP = (P,Q) −→ KP

Lichnerowicz diff. on ΠT ∗M −→ Higher Koszul bracket on ΠTM

Map ϕP intertwines Lichnerowicz and de Rham differentials, i.e.
Hamiltonians QP and K .
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Higher brackets

Recall:Question

Map ϕP intertwines Lichnerowicz and de Rham differentials, i.e.
Hamiltonians QP and K .

How look a map which intertwines Hamiltonians Q and KP?
a map which intertwines canonical Schouten bracket and
higher Koszul brackets???
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Higher brackets

Answer

Morphism ϕP : ΠT ∗M → ΠTM intertwines Hamiltonians Qp and
K
We try to construct a ‘morphism’, (sort of morphism)

Φ: ΠT ∗M → ΠTM ,

which intertwines Hamiltonians Q and KP

Φ = φ ∗P is thick morphism which is adjoint to morphism ϕP .
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Thick morphisms

Definition of thick morphism. (T.Voronov)
M1,M2–two (super)manifolds

x i–coordinates on M1, ya–coordinates on M2

Consider symplectic manifold T ∗M1× (−T ∗M2)
equipped with canonical symplectic structure

ω = ω1−ω2 = dpi ∧dx i︸ ︷︷ ︸
coord. on T ∗M1

− dqa∧dya︸ ︷︷ ︸
coord. on T ∗M2

function S = S(x ,q)
defines Lagrangian surface ΛS ⊂ T ∗M1× (−T ∗M2):

ΛS =

{
(x ,p,y ,q) : pi =

∂S(x ,q)

∂x i ,yb =
∂S(x ,q)

∂qb

}
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Thick morphisms

Lagrangian surface—canonical relation—thick
morphism

Lagr. surf. ΛS is canon. relation Φs in T ∗M1× (−T ∗M2)

(x i ,pj)∼S (ya,qb)↔ (x i ,pj ,ya,qb) ∈ ΛS , (ΦS =∼S) .

Φ = Φs is a thick morphism M1 V M2

It defines pull-back Φ∗S of functions

Φ∗S : M2 = C(M2)→M1 = C(M1) ,

such that for every function g = g(y) ∈M2,

f = f (x) = (Φ∗Sg)(x) : Λf = ΦS ◦Λg ,

where Λf ,Λg are Lagrangian surfaces, graphs of df ,dg in
T ∗M1,T ∗M2.
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Thick morphisms

Explicit expression

f (x) = (Φ∗Sg)(x) = g(y) + S(x ,q)−yaqa

where ya and qa are defined from the equations

ya =
∂S(x ,q)

∂qa
, qa =

∂g(y)

∂ya

We see that Λf = ΦS ◦Λg since

pi =
∂ f
∂x i =

∂

∂x i

(
g(y) + S(x ,q)−yaqa

)
=

∂S(x ,q)

∂x i .
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Thick morphisms

Properties of thick morphism

Example
Generating function S = Sa(x)qa

(Φ∗Sg)(x) = g(y)+S(x ,q)−yaqa = g(y)+(Sa(x)−ya)︸ ︷︷ ︸
vanishes

qa = g(Sa(x))

Thick morphism M1
Φs
VM2 is usual morphism M1

ya=Sa(x)→ M2.
In general case if S(x ,q) = S(x) + Sa(x)qaqb + Sab(x)qaqb + . . .

(Φ∗Sg)(x) = S(x) +

(
g(y) + Sab(x)

∂g(y)

∂ya
∂g(y)

∂yb + . . .

)
ya=Sa(x)

is non-linear pull-back.
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Thick morphisms

Why it is important. Voronov’s Theorem and Corollary

Theorem
Let ΦS : M1 V M2 be a thick morphism.
Let Q1,Q2 be ΦS related Hamilt. on T ∗M1,T ∗M2: :

Q1

(
x i ,pj =

∂S(x ,q)

∂x j

)
≡Q2

(
ya =

∂S(x ,q)

∂qa
,qb

)
.

Then Hamilton-Jacobi vector fields XQ1 , XQ2 on spaces M1,M2
of functions are related by non-linear pull back Φ∗S
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Corollary
Let ΦS : M1 V M2 be a thick morphism.
If odd Hamiltonians Q1.Q2 are ΦS related and

(Q1,Q1) = (Q2) = Q2) = 0 ,

then non-linear pull-back

Φ∗S : M2→M1

defines L∞-morphism of L∞ algebras (M1,XQ1) and (M2,XQ2).
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Revenons à nos moutons

ϕP ΠTM → ΠT ∗M : ξ
a =

1
2

∂P(x ,θ)

∂θa
.

ϕ
∗
P(dω) = dP(ϕ

∗
Pω) ., (QP ,ϕ

∗
Pω) = ϕ

∗
P ((K ,ϕ)) .

T ∗(ΠT ∗M) −→ T ∗(ΠTM)
Q = paηa −→ K = ηaqa

canonical odd bracket −→ de Rham differential on ΠTM
QP = (P,Q) −→ KP

Lichnerowicz diff. on ΠT ∗M −→ Higher Koszul bracket on ΠTM

Morphism (usual) ϕP intertwines Hamilt. QP and K
??? thick morphism φS which intertwines Hamilt. Q and KP .

QP and K are ϕP related , Q and KP will be φP related
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Thick morphisms

Thick morphism—generalisation of adjoint

E →M vector bundle E∗→M its dual
Φ: E V E∗ ↔ Φ+ : E V E∗

L = LS Lagr. surf.defining Φ ↔ L∗ = LS∗ Lagr. surf.defining Φ‘

These Lagrangian surfaces belong to T ∗E × (−T ∗E∗.

T ∗E × (−T ∗E∗)
MX symplectom.

↔ T ∗E × (−T ∗E∗)
S ↔ S∗

Λ = ΛS ↔ Λ∗ = ΛS∗

If Φ is linear map in fibres, then Φ∗ is just its adjoint.
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Thick morphisms

Return again to our case

ϕP ΠTM → ΠT ∗M : ξ
a =

1
2

∂P(x ,θ)

∂θa
.

ϕ
∗
P(dω) = dP(ϕ

∗
Pω) ., (QP ,ϕ

∗
Pω) = ϕ

∗
P ((K ,ϕ)) .

T ∗(ΠT ∗M) −→ T ∗(ΠTM)
Q = paηa −→ K = ηaqa

canonical odd bracket −→ de Rham differential on ΠTM
QP = (P,Q) −→ KP

Lichnerowicz diff. on ΠT ∗M −→ Higher Koszul bracket on ΠTM

Morphism (usual) ϕP intertwines Hamilt. QP and K
??? thick morphism φS ? which intertwines Hamilt. Q and KP .

QP and K are ϕP related , Q and KP will be φP related
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Thick morphisms

Solution

ϕP : ΠTM → ΠT ∗M : ξ
a =

1
2

∂P(x ,θ)

∂θa
.

Let φ be a thick morphism adjoint to morphism ϕP .
We know that ϕP intertwines QP and K
We have that Mackenzie-Xu symplectomorphism transforms:

ϕP ↔ φ

K ↔Q
QP ↔ KP

Hence adjoint thick morphism φ intertwines Q and KP .
The pull-back φ ∗ : C(ΠT ∗M)← C(ΠTM) is non-linear map on
space of functions which transfors homotopy Koszul brcket to
canonical Schouten bracket.



Higher Koszul brackets and thick

Thick morphisms

Thank you
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