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L Abstracts

Abstract...

For an arbitrary manifold M, we consider supermanifolds N TM
and MNMNT*M, where I1 is the parity reversion functor. The space
MNT*M possesses canonical odd Schouten bracket and space
N TM posseses canonical de Rham differential d. An arbitrary
even function P on MT*M such that [P, P] = 0 induces a
homotopy Poisson bracket on M, a differential, dp on NT*M,
and higher Koszul brackets on MTM. (If P is fiberwise
quadratic, then we arrive at standard structures of Poisson
geometry.) Using the language of Q-manifolds and in particular
of Lie algebroids, we study the interplay between canonical
structures and structures depending on P. Then using just
recently invented theory of thick morphisms we construct a
non-linear map between the L., algebra of functions on NTM
with higher Koszul brackets and the Lie algebra of functions on
N T*M with the canonical odd Schouten bracket.
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L Poisson manifold and....

Poisson manifold

Let M be Poisson manifold with Poisson tensor P = P29, A 9,

_ _af ab 99
{f»g}—{fag}P—ﬁP Ixb

{f.g}.h+{{g.h}. f} +{{h.f},9} =0,
¢
P23, PP + PP 9, P8+ P9, P = 0.

If P is non-degenerate, then @ = (P~") 4,dx@ A dx? is closed
non-degenerate form defining symplectic structure on M.
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L Poisson manifold and....

Differentials

d—de Rham differential, d: QX(M) — Q+1(M),

d>=0 df—aafdx d(wrp)=dorp+(—1)P@wAdp,

dp—Lichnerowicz- Poisson differential, dp: 2X(M) — 2Ak+1(M),

of oo d
=% gxa

dpP = 0 «+» Jacobi identity for odd Poisson bracket [, |

for a function f = f(x)),d3 =0,
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Differential forms and multivector fields

2A* space of multivector fields on M,
Q* space of differential forms on M,

A (M) 2 kT (M)
) )
kM) %

Qk+1 (M)
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L Poisson manifold and....

Differential forms and multivector fields

20*— multivector fields on M= functions on NT*M
Q*— differential forms on M= functions on MNMTM,

Ak (M) 2y k1 (M) cnTmM) % onTMm)
) T T T
QK M) L k(M) cntm) -2 cmT™)
do(x.£) = £ 0(x.£).dpF(x.8) = [P. Fl, .

axa
[P, F];-canonical odd Poisson bracket on M 7T*M.
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L Poisson manifold and....

x2=(x',...,x"— coordinates on M
(x2,EP) = (x',....x™ &N, ... &M, —coordinates on MTM

a/
PIE%) = p(x®) 1,57 =x(x%) > €7 =29
‘ Respectively

(x2,0p) = (x,...,x";64,...,6,), —coordinates on NT*M
ax?

03— .
aaxa/

(dx? s &9).

P(82) = p(x?) +1,x% = x¥(x?) = 07 = (924> 62).

Example

Q* 3 0 = l,dx?+ rapdx@AdXP < (X, &) = :E3+ rpE2EP € C(NTM)

A 5 F = X205+ M3/ 0p <5 F(X,0) = X205+ M3®P6,6, c C(NT*M).
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L Poisson manifold and....

Canonical odd Poisson bracket

F, G multivector fields F, G functions on NT*M
[F, G] Schouten commutator’ [F, G]odd Poisson bracket’
X=X20,,[X,F] = £xF [X, F] =[X264, F(x,0)]

P=P®, 70, [P,Fl=dpF’  dpF =[P,F] = [P%6,0,F(x,0)]

_ JF(x,0)dG(x,0) p(F)9F(x,0) dG(x,0)

Flx.6). G0l =—5 56, "1 36, axa

odd Poisson bracket
Schouten bracket
Buttin bracket
anti-bracket

Names are
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L Poisson manifold and....

Koszul bracket on differential forms

op: NT"M —NTM

a__ ab a__ ab
¢5: C(NT*M) + C(NTM)’ &3 = P06, or dx? = P09,

From bracket [, ] on functions to Koszul bracket on diff. forms
[@.0]p = (95) " ([Pp(), @p(0)]p) -

[fag]P = Oa [fv dg]P = (_1 )p(f){fvg}Pv [dfv dg]P = (_1 )p(f)d({fag}P)
This formula survives the limit if P is degenerate.
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L Poisson manifold and....

Question

We have NT*M25nTM

What happens if even function P = ;P2 (x,0)6,6} is replaced
by an arbitrary even function P = P(x, 0) which obeys the
master-equation

IP(x,0) IP(x,0)

PPI=2"5x a6

=0.

(In the case P = %Pab(x, 0)6,0, master-equation is just Jacobi
identity for Poisson bracket {, }p on M.)
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Master-Hamiltonian — brackets (I-st case)

M—(super)manifold. (coordinates ‘x = x2)

Odd Hamiltonian Q(x,p) on T*M, (p = py, fibre coordinates)
defines homotopy odd Poisson (Schouten) brackets on M—
collection {{}a,{, }a.{,, }aq,---} of brackets on M:

{fla=(QN|,g. {f.9}a=((Q.1).9)|,:

{f1,f2,...,fn}Q:((...(Q,f1),f2),...,f,,)|p20

(, )—canonical even Poisson bracket on T*M.
(Q, Q) = 0—Jacobi identity,

We come to usual odd Poisson bracket if Hamiltonian is
quadratic in momenta, Q = Qp,pp.
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Master-Hamiltonian — brackets (lI-nd case)

Even Hamiltonian H(x,6) on MT*M, (6 = 6y, fibre coordinates)
defines homotopy Poisson brackets on M—
collection {{}n,{, }#,{,, }H,...} of brackets on M:

{f}H:[vaHQZQ’ {fag}H:[[H’f]vg”e:()v

{f1,f2,...,f,,},_,:[[...[H,f1],f2],...,fn]|9:0

[, ]—canonical odd Poisson bracket on NT*M

[H, H] = 0— Jacobi identity

We come to usual even Poisson bracket if Hamiltonian is
quadratic in momenta, H = H20,6,,.
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Mackenzie-Xu symplectomorphism

E — B—uvector bundle. Canonical symplectomorphism
(MX-symplectomorphism)

T'E —& T*E*
Local coordinates
coord. onE coord. on E*
j k
! . v .
X'uvu Pu, Py you Qu,p.
— ~~
coord. onT*E coord. onT+E*

Then x: T*E — T*E* is such that

i

K*(yM) = x*, <5 (U) = pis K(qQu) = —Pu, x(P) = U
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Canonical odd Poisson bracket on NT7*M
Consider an odd Hamiltonian Q = p;n?@ on tangent bundle
T*(NT*M) to NT*M.

nr*m
—~
coordinates x2,0p ; pa,n®
T+(NT*M)
Odd Hamiltonian Q = psn? is quadratic in momenta.

It generates an odd canonical Poisson bracket [, ] on N T*M:
[f.91=1[f.glp = ((Q.f) . h) =

_(paldf 99 \_ 9f 99  9dg of
= (1" 5xa TPage.9) = 3xa g6, T 90, ox?

(,) is canonical Poisson bracket on T*(MT*M).
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Consider MX symplectomorphism T*(NT*M) <> T*(NTM):

nT*m nrm
—~

a b a gb
X aeb;paan < X 7‘§ 1 Qa, Tp
T(NT*M) T+(MTM)

Pa <> —Qa, Op <> Mo, N <> &2,
Odd Hamiltonian Q = psn? <> odd Hamiltonian K = g;&2.

[0] = (K,0) = éag)(:; =do,(o(x,&) — o(x,dx)).

(all higher brackets vanish)
Odd homtopy bracket is nothing but de Rham differential.
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Lichnerowicz differential dp
For even function P = P(x,0) ([P,P] =0)
dpF =[P, F].(d3 =0)

Consider

IP(x,0) .aP(x,0)
20, 1 oxa

QP = (P7 Q) = (P7pana) = pa

This is Hamiltonian linear in momenta. It produces degenerate
homotopy bracket—Lichnerowicz differential:.

[F1=(Qp,F)=((P.Q),F) =[P,F] = dpF.

(all higher brackets vanish)
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Lichnerowic differential — Higher Koszul brackets

Under MX symplectomorphism, Hamiltonian

JdP(x,0)  ,0P(x,0)
00;a Jxa

Qp(x,0,p,M) = Pa on T*(NT*M)

transforms to Hamiltonian

dP(x, ) 290P(x,7)
dm,a o0xa

KP(X’équT):qa OHT*(I—ITM)

This Hamiltonian defines homotopy Schouten bracket on MTM
(Higher Koszul bracket on differential forms)
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Higher Koszul brackets on M

Odd Hamiltonian Kp on T*(INTM) defines homotopy odd
Poisson bracket (higher Koszul bracket) on NTM,

[Fo. oo Fole = Lo IKpu Filsoo Fol lnme v = oo
F— F(x,&) = f(X)+ E3%(X) + ..., (df = E20,f),
[flp=0,[fi,f,....&]p=0
[, dfo,....df] = {fi oy Fo},

[df, dby,....df2] = d{fy,fo, ... 2},

In the same way as for classical case (P = P206,6,)
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Recall the classical case P = P2bg,6,

20*— multivector fields on M= functions on NT*M
Q*— differential forms on M= functions on MNTM,

Ak (M) 2y k1 (M) cnTmM) % cnTMm)
1) ) ) )
k(M) -2 k(M) cntM) -4 cmTM™)

op: E8=P%g, @5 C(NTM) — C(NT*M)

Then
0p(dw) = dp(ppo).
This relation survives for an arbitrary P = P(x,0) ([P,P] =0.)
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Two Hamiltonians

19dP(x,0)
* . a_ 3
op NTM — NT*M: & =2 20,
¢p(dw) = dp(ppw).,  (Qp,0po) = ¢p((K,0)).
T*(NT*M) — T*(NTM)
Q = pan? — K=n%q,
canonical odd bracket — de Rham differential on M TM

Qr=(P.Q) — Kp
Lichnerowicz diff. on N T*M — Higher Koszul bracket on MTM

Map ¢p intertwines Lichnerowicz and de Rham differentials, i.e.
Hamiltonians Qp and K.
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Question

Map ¢p intertwines Lichnerowicz and de Rham differentials, i.e.
Hamiltonians Qp and K.

How look a map which intertwines Hamiltonians, Q and Kp, i.e.
a map which intewins canonical Schouten bracket and higher
Koszul brackets???
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Usual Poisson bracket

P(x,0) = P(x)6,6,, even function on NT*M quadratic on 6
defines usual Poisson bracket on M: for f,g € C(M)

) <8P(x,9) af) og

1.9} = {1(x).g00}p = [[P.1]. 9] = =55

202 9xa) oxb
If Lab 99
axal axb
o P IP v mad
Jacobi identity : 0 =[P, P] = zﬁa—eay =409,P°°P390,0.0,4

i.e.
PdaaanC + PbaaaPCd + Pcaaanb —0.
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Higher Poisson brackets on M

Even (non-quadratic in momenta) Hamiltonian in N T*M,
H = P(x,0), ([P, P] =0 Jacobi identity) defines homotopy
Poisson brackets, higher even brackets:

{fifo,. htp =1 (PRl = loo-

1 1
P = P30, + EPé’bebeaJr éPabCQCQbGa +...

then

{x¥p= P2 {x3 xP} = P {x3 xP x} = pabc
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From N T*Mto NTM.

Theorem

There is a natural odd linear map C(NT*M) — C(T*(NTM))
that takes canonical odd Poisson bracket on NT*M to canonical
even Poisson bracket on T*(INTM)

Corollary
even Hamiltonian odd Hamiltonian
P=P(x,0) onNNT*M . K = Kp(x,&;p,m) on T*(NTM)
defining higher even defining higher Koszul

Poisson bracket on M bracketon N T*M
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Recall: Master-Hamiltonian — homotopy brackets

M—(super)manifold. (coordinates x = x4)

Odd Hamiltonian Q(x,p) on T*M, (p = py fibre coordinates)
defines homotopy odd Poisson (Schouten) brackets on M—
collection {{}a,{, }a.{,, }q,---} of brackets on M:

o= HH|o. (F.00n=((H.N.0)|,0.

{f1af27"'7ff7}Q:(‘"(Q?f1)7f2)7"")‘pb=0

(, )—canonical even Poisson bracket on T*M.
(Q, Q) = 0—Jacobi identity,

We come to usual odd Poisson bracket if Hamiltonian is
quadratic in momenta, Q = Q2p,pp.
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Homotopy bracket on M — L..-algebra of functions on
M — Q-manifold

M an arbitrary (super)manifold
Let Q= Q(x,p) be an odd Hamiltonian in T*M, and Jacobi
identity (Q, Q) =0 is obeyed.
The odd Hamiltonian Q defines homotopy odd Poisson
(homotopy Schouten) bracket on M.
iConisder the following Hamilton-Jacobi vector field

8f(x)) |

axb

Xaq: C(T*M) >5f—f4+eQ <Xa,pb:

af(x) 0 > 1
_ a — — —
xo_/deo <x "5 ) 6f(x)’XQ_ 5[Xa.Xa] = 0.

X is homological vector field on infinite-dimensional space
M = C(M) of functions on manifold M.
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L Higher brackets

Homotopy Schouten structure on functions on M
defined by odd Hamiltonian Q

1

Q-manifold (M1,Xq), L. algebra
M = C(M) and Xg is Hamilton Jacobi field of Q
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P = P(x,0), [P,P] =0.

NT*M—(x2,6p) NTM — (x2 EP)
Odd Poisson canonical bracket =~ Odd homotopy Koszul bracket
Hamiltonian Q = p,£2 Hamiltonian Kp = £398 + padhy
on T(NT"M)— (x%.05Pa.&%)  on T*(TITM) ~ (y2,£% pa, 6s)

Q-manifold, L.. algebra Q-manifold, L., algebra
My = C(NT*M), X1 =Xq Mo = C(NTM), Xz = Xk,

Does there exist L.-morphism (M2, Xz) — (M4, X4), i.e. map
Mo — My (may be non-linear) which intertwines homological
vector fields X1, X5?

Theorem
Yes, it does.
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Special case, P = P36,0,

In this case the map

JdP

* . a__
NTM—NTM:  £7= S =

P (x)6b,
is linear in fibres. Morphism of Q-manifolds
C(NT*M) « C(NTM)

is its pull-back.

These linear maps intertwine differentials d and dp,
Hamiltonians Q and Kp and their homological vector fields Xq
and X, on infinite-dimensional spaces of functions.
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It is more tricky if P(x, 6) is an arbitrary function (solution of
master-equation [P, P] = 0. The map

dP(x,0)
£ . a bl
NT"M—NTM: & :7863

is in general non-linear map.

Does there exist morphism of Q-manifolds

(M2, X2) = (C(NTM), X;,) = (M1, X1) = (C(NT*M),Xq)?

In other words does there exist a (non-linear) map

C(NTM) — C(NT*M)? which intertwines canonical odd
Poisson bracket [, ] on M T*M and homotopy Koszul brackets
[]p,[, ]p,[, , ]p on NTM?
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Recall: Two Hamiltonians

19dP(x,0)
* . a_ ' 9
op NTM — NT*M: & =2 20,
¢p(dw) = dp(ppw).,  (Qp,0po) = ¢p((K,0)).
T*(NT*M) — T*(NTM)
Q = pan? — K=n%q,
canonical odd bracket — de Rham differential on M TM

Qr=(P,Q) — Kp
Lichnerowicz diff. on N T*M — Higher Koszul bracket on MTM

Map ¢p intertwines Lichnerowicz and de Rham differentials, i.e.
Hamiltonians Qp and K.
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Recall:Question

Map ¢p intertwines Lichnerowicz and de Rham differentials, i.e.
Hamiltonians Qp and K.

How look a map which intertwines Hamiltonians Q and Kp?
a map which intertwines canonical Schouten bracket and
higher Koszul brackets???
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Answer

Morphism ¢p: NT*M — MTM intertwines Hamiltonians Q, and
K
We try to construct a ‘morphism’, (sort of morphism)

®: NT*M = NTM,

which intertwines Hamiltonians Q and Kp

® = ¢4 is thick morphism which is adjoint to morphism ¢p.
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p

Definition of thick morphism. (T.Voronov)

' M, Mo—two (super)manifolds
x'—coordinates on My, y2—coordinates on My

Consider symplectic manifold T*M; x (—T*M>)
equipped with canonical symplectic structure

0o=mi—w= dpjAdx — dgandy?
e N N
coord. on T*M;y coord. on T*M>
function S = S(x,q)
defines Lagrangian surface Ag C T*My x (—T*Mp):

0S(x, 0S(x,
/\sz{(x,p,y,q): pi = ;X,q),y"z a(qbq)

|
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LThick morphisms
p

Lagrangian surface—canonical relation—thick

morphism
Lagr. surf. Ag is canon. relation ®sin T*M; x (—T*M,)

(Xivpj) ~S (yaaqb) A (Xivpj;ya7Qb) S /\S, ((DS :NS) .

® = d¢is a thick morphism My = Mo
It defines pull-back % of functions
o5 Mo = C(Ma) — My = C(My),
such that for every function g = g(y) € Mo,
f=1(x) = (®59)(X): Af=Psolg,

where A¢,\g are Lagrangian surfaces, graphs of df,dg in
T*My, T*Mo.



Higher Koszul brackets and thick
LThi(:k morphisms

Explicit expression

f(x) = (®59)(x) =g(y) + S(x,q) — y?qa
where y2 and q, are defined from the equations

)2 dS(x,9) ~dg(y)

= o T oy

We see that Ay = dgog4 since

f 9

p=2t_ 9S(x,q)
TToxi T ox '

ax!

(9(y)+ S(x,9) — y2qa) =
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Properties of thick morphism

Example
Generating function S = S4(x)qa

(®59)(X)=9(y)+S(x,9)—y?qa=9(y)+(S?(x) — y?¥) qa= 9(S%(x))
vanishes

s a_ga
Thick morphism M;= M. is usual morphism M1y E>(X)M2.
In general case if S(x,q) = S(x) + S?(x)qaqpb + S (x)qaqp+ - - -

( *sg)(x) = S(X) + <g(}/) + Sab(x) aag}(/}a/) aag}(/{) A '>ya_sa(x)

is non-linear pull-back.
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Why it is important. Voronov’s Theorem and Corollary

Theorem

Let dg: My = M» be a thick morphism.
Let Q;, Qo be s related Hamilt. on T*My, T*M>: :

i 98(x,q)\ _ a_ 95(x,9)
Q1 (Xapj_ 8X/ >—02<y - aqa ,ab | -

Then Hamilton-Jacobi vector fields Xq,, Xq, on spaces M4, N>
of functions are related by non-linear pull back &
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Corollary

Letds: My = M, be a thick morphism.
If odd Hamiltonians Q;.Q. are &5 related and

(Q1,Q) =(Q) =) =0,
then non-linear pull-back
¢*S: Mo — Ny

defines L..-morphism of L., algebras (91,Xq,) and (M2, Xq,).
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Revenons a nos moutons

19dP(x,0)
* ) a__ )
op MTM —NT*M: & _27&% .
op(do) =dp(epw).,  (Qp,¢po) = 95 ((K,0)) .
T*(NT*M) — T*(NTM)
Q= pan? — K=1%ga
canonical odd bracket — de Rham differential on N TM

Qr=(P,Q) — Kp
Lichnerowicz diff. on NT*M — Higher Koszul bracket on MTM

Morphism (usual) ¢p intertwines Hamilt. Qp and K
?7?? thick morphism ¢g which intertwines Hamilt. Q and Kp.

Qp and K are ¢p related, Q and Kp will be ¢p related
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Thick morphism—generalisation of adjoint

E — M vector bundle E* — M its dual
¢ E= E* > ot: E= E*

L = Lg Lagr. surf.defining ® <« L* = Lg Lagr. surf.defining ¢'
These Lagrangian surfaces belongto T*E x (—T*E*.
T'Ex (~T*E+) MXSYmMBlectom. o o CTeE
S > S*

If & is linear map in fibres, then ®* is just its adjoint.
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Return again to our case

19dP(x,0)
* ) a__ )
op MTM —NT*M: & _27&% .
op(do) =dp(epw).,  (Qp,¢po) = 95 ((K,0)) .
T*(NT*M) — T*(NTM)
Q= pan? — K=1%ga
canonical odd bracket — de Rham differential on N TM

Qr=(P,Q) — Kp
Lichnerowicz diff. on NT*M — Higher Koszul bracket on MTM

Morphism (usual) ¢p intertwines Hamilt. Qp and K
?7?? thick morphism ¢g ? which intertwines Hamilt. Q and Kp.

Qp and K are ¢p related, Q and Kp will be ¢p related
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Solution

_ 19P(x,8)
2 96,
Let ¢ be a thick morphism adjoint to morphism ¢p.

We know that ¢p intertwines Qp and K
We have that Mackenzie-Xu symplectomorphism transforms:

op: NTM—NOT*M: &2

Op <> 0
K& Q
QP(—)KP

Hence adjoint thick morphism ¢ intertwines Q and Kp.

The pull-back ¢*: C(MT*M) <— C(MTM) is non-linear map on
space of functions which transfors homotopy Koszul brcket to
canonical Schouten bracket.
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Thank you

DA
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