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Abstract...

A second order operator A can be uniquely defined by its
principal symbol S and potential U, if it acts on half-densities.
The potential U is a second order compensating field, (second
order connection). It compensates (gauges) the action of
diffeomorphisms on the second derivatives in an operator A in
the same way as an affine connection compensates the action
of diffeomorphisms on first derivatives in the first order
operator, a covariant derivative.
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...Abstract

We consider cases of Riemannian and odd Poisson
supermanifolds. If an even principal symbol S defines
Riemannian structure, then one can uniquely define
compensating field U via Levi-Civita connection of Riemannian
metric. There is no Levi-Civita connection in a case if an odd
principal symbol S defines an odd Poisson structure on
supermanifold. On the other hand one can naturally consider in
this case modular class taking values in first Poisson
cohomology. In the case if this class vanishes then one can
define the compensating field by the condition A2 =0. We
consider examples including symplectic case. At the end we
disucss results of Klaus Bering and Igor Batalin.



Compensating field in odd Laplacian and modular class

L Principal symbol > operator

Let S = S0, ® 9, be a rank two contravariant symmetric

tensor field on manifold M.
Assign to this field a second order operator

S=5%0,®d— A=S8%(x)pda+...

which contains not much additional data...
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L Principal symbol > operator

Computational experiment

Consider operator acting on densities of weight A:
A V(x)|Dx|* —
(S™ ()W (x) +pAS () (x) + U(X)W(x) ) |Dx|*

where p, A are parameters
Try to fix parameters p, A such that under changing of
coordinates operator preserves its form.
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Computational experiment...

Under changing of coordinates x’ = x/(x™)

W(xX')|DX'[* = W(X' (X))

ax’
(e (J(X,,X) = det (—)) :

ox
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Computational experiment...

Under changing of coordinates x’ = x/(x™)

W(x)| Dx'* = w(x'(x))

S

ox'
(e (J(X,,X) = det ( )) .

9x
AV =A <W(x’(x))J(7LX,7X)|Dx]’I) -
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L Principal symbol > operator

(5906100 (V00 ) 803 (9060 o) ) 21—

(x'.x)

(s”k’(x')ak,a,-/w(x’)+pak/sk""(x)a,-,\u(x') ¥ ) |DX'|*+

+| (1-p)SK Iy ¥(x') + (21 — p)9; (logdet iy x)) S*oW | [DX'|*

undesirable terms

Put '
Y

p=1, 22

We come to operator A = Ag on half-densities:
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LPrincipal symbol > operator

A-Operator on half-densities

SK(x) > A A (w(x)\/m) -
(s’k(x)aka,-w(x) + 9 S (X)W (x) + U(x)w(x)) VDx =

(ak (Sik(x)ailll(x)) n U(x)w(x)) vDx =

We assign to tensor field S an operator which is defined up to a
function U(x).
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L Principal symbol > operator

Global definition of operator A corresponding to S

Sk(x) = A:

A:Sik8k8/+...,,

i.e. principal symbol of the operator is tensor field S (x),
» operator A is self-adjoint:

A=A, (AU W) = (W, A"Vy),
(W1 VDx, Wpv/Dx) = /Mw1(x)w2(x)\ox|.

Two self-adjoint operators A1, Ay with the same principal
symbol differ on a scalar function, Ay — A, = scalar function
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LPrincipal symbol > operator

Does there exist at least one operator obeying the

conditions above? Yes, it does
Let p(x)|Dx| be an arbitrary volume form on M. An arbitrary
half-density W(x)v Dx defines vector field

Dy — D{l,(x)aa)(i — S (x) K ( “’;X)) J

Consider an operator Ag , such that

Ag,(VVDx) = /p (div,Dy) vDx = ‘/’3;38)(1' (pD(',,) VDx =

1 9 w9 [ wx) B
WL (p(x)sk(x)axk(m»m_
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L Principal symbol > operator

(ak (Sk’(x)ai\li(x)) + Up(x)\U(x)) VDx,
where
1 , 1 .
Up(x) = —Za,-logpS’kak logp — 59 (S’k8k Iogp) .

Any self-adjoint operator A on half-densities with principal
symbol S’ differs from the operator As,, on ascalar function:

A:Aslp—i_F.
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L Principal symbol > operator

Construction for global operator without volume form

One may construct operator without using volume form:

S(0) =X3 (x),, Ya(x),  S(x)= 22(X' X)+ Y 00X£(0)

; 1
SH(x) s A = 5 ; (S, A, + A, 2,
where %x Lie derivative of half-density along vector field X:
, 1 ,
Zx:  HX(VvDx) = <X’(x)8,-\ll(x) + 28,-X’(x)\lf(x)> vV Dx.

A is self-adjoint operator with principal symbol S.
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L Potential U—second order compensating field

Changing of coordinates

s=V(x)/|Dx| — As = (aa (Sab8bW(x)) + U(x)) V1Dx].

In new coordinates

s =V (x')/[Dx], V' (x') = W(x(x)) ‘det (g;) ‘ .
s =W/(x) /DX As = (9 (S 9 W/ (x')) + U'(x)) V/IDX,
Principal symbol S = S (x)d,0, is a tensor,

a/b/ _ axal aXbl ab
oxa dxb

How U transforms?
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LPoten'rial U—second order compensating field

Transformation of potential

Potential U transforms in the following way

U'(x') = U(x) + %aa (sabab log J) + %aa log JS#aylogJ,

ox’
J =det (a_x> ,

Pxt ox0
oxagxb oxa@ -

where

dalogd =
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L Potential U—second order compensating field

Potential U— second order compensation field

Usual connection is ‘first order’ compensating field:

= V)5 Vu = V0 (50 Tin))

I’ are Christoffel symbols of affine connection. Christoffel
symbols are first order compensating fields,

ax" . axk axm +8x" 9%x"

axi KMoxk gxm " IxT IxK oxm

/I/
Do =
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L Potential U—second order compensating field

Potential U on manifold equipped with volume form

Consider the following simple but important example.

Let manifold M be equipped with a volume form p = p(x)|Dx]|.

volume form p = p(x)|Dx| local coordinates x2: p = |Dx]|

U J
U= U,(x) U=0

(Up(x) = —10ilogp S*dylogp — 39; (S*dklogp))

In ‘unimodular’ local coordinates x4, p = |Dx| and

s=vvVDx, As=2, (sababw(x)) vDx.
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L Potential U via connection on densities

First order connection on densities

Let s = s(x)|Dx|*, X = X20,.
Consider

Vxs = Vx <\Il(x)|Dx|’1) = X3(9aW(X) + Aya(x)W(x)) | Dx|*,
Ya: YaDx =VaDx,
ya—-first order connection on densities,

a
Yo = % (dalogJd+7a), (logJ =det(dx'dx)) .
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L Potential U via connection on densities

From first order connection ¥, to second order

compensating field U
Principal symbol S and the connection v, define a pencil of
second order operators on densities of arbitrary weight A:

Ay 8 =V(x)|Dx* — Ajs =div,(SVs) =

(ab (sbaaaw) + (24 —1)7292V + 19277 + A(A — 1 )yayalll) \Dx|* |

where y2 = S%y,. (H.K., T.T. Voronov (2003), [11]))

for half densities, A = },A =, (sbaaa . ) n %aaya - %yaya.

We see that (S, ya(x)) — U= %aaya - %')’a'}’a
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L Potential U via connection on densities

Connection on densities induced by volume form

A volume form p = p(x)|Dx| induces Vy:
s=V|Dx|* — Vx(s)= xaaa<p )p = X3(9,W — AdalogpW) | Dx|*

Ya = —dalogp.
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L Potential U via connection on densities

Connection on densities induced by affine connection

Affine connection on vector fields
(VidineY = X© (9, Y2+ T2, YP) 9,) induces

Vx(8) = X2 (9a8(x) —[S.s(x)) |Dx|*,

Ya = _rgc-
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L Potential U via connection on densities

Levi-Civita connection on vector fields and connection
on densites
Let M be Riemannian manifold G = g.,dx2dx?,

'
Mfe = §gad (9p9dc + IcGab — IdGbe)

Levi-Civita connection (unique symmetric connection
preserving metric)

Then
fa=—Tg = —dalogp®

where p(@ = | /det g»|Dx| invariant volume form.

Canonical operator As = (aa(gabab\U(x)) + U(X)\U(X)) VDx,

where U = }day2 — 11%7a.
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L Potential U via connection on densities

Levi-Civita-like statement for second order
compensation field U

Manifolds with distingushed volume form possess canonical
second order connection, potential U

U =0in coordinates x such that p = | Dx|

In arbitrary coordinates

1 1
U= éaaya— ZYaYa7 (va= —dalogp).

We see that in particular Riemannian manifold possesses
Levi-Civita-like second order compensating field U.
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L Potential U via connection on densities

Canonical operator on NTN

Consider supermanifold M =TI TN, tangent bundle over usual
manifold N with reversed parity of fibres
{q'}-local ooordinates on N = {q',&/}-local coordinates on

nTN 5
pEN =1 (g} 1{q'}.& ¢ ‘f;;,x 27,

Manifold IMTN possesses canoncail volume form

Dg=D(x,E)=dx'...dx"d&"...dE", D(x,&) = D(x',&").
Canonical second order compensating field U(x, &) =

Fact Every second order rank 2 tensor field S on N TN defines
canonical second order operator on half-densities

As =9, (5%(q,6)9p¥(9.8)) VDIX.E),  (x*=(q.£)
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L Potential U via connection on densities

Example of projective connection
Consider on R operator: A = (92 + U(x))|Dx|?,
W(X)|Dx|712 = AW = (Wy 4 U(X)W(x)) | Dx|*/2
Under changing of coordinates y = y(x),
A = (9% +U(x))|Dx|? = (97 + U(y)) Dy ?,

where

2
Uly) = U(y(x))+ % (XYW _g <ny> )

Xy Xy

Schwarzian of transformation x = x(y)
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LA—operator on odd Poisson manifold

In the second part of the talk we consder the case when there
is no distinguished volume form, and there is no distinguished
first order connection

In the first part of the talk we ignored the difference between
manifolds and supermanifolds, in particular we omitted sign
factors (—1)-. Now we will be much more carefull.
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LA—operator on odd Poisson manifold

Odd operator

Let E = E2%9,0, be an odd symmetric rank 2 tensor field:
E® = (—1)POP@EL  p(E) = 1+ p(a) + p(b)

One can consider odd Laplace operator

A=E%®00,+...
a__ i o . .
zq= (\x/,\e/) even and odd coordinates on supermanifold
even odd
d 9 p 0 d
8a8b = ﬁﬁ = (_1)p(a)p( )ﬁﬁ = ( )p(a)p abaa
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LA—operator on odd Poisson manifold

Proposition

Let E = E#9, ® d, be symmetric rank 2 odd tensor field,

let A € Fg be an arbitrary self-adjoint operator on half-densities
with principal symbol E, A = E®9,0,+ .... Then

» A? s anti-self-adjoint operato: (A2)* = —AZ2.
» order of the operator A2 is equal to 3 or 1 or A% =0.

Proof.
A=A, p(A)=1;
( 2 * 1 : 1 * * * Ak 2
A ) = (318.4]) =5 (BA+AA) =(AD) = (-A"A") = —A2.
Operator A? is a commutor of second order odd operator with

itself, hence its order is less or equal to 3.
L]
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LA—operator on odd Poisson manifold

..Proof. Order of operator A2

A? is anti-self-adjoint operator, of the order < 3.
Show that order of A2 cannot be equal neither to 2 nor to 0.

if A2 = L309pd,+ .. then (A*)2 = —A = [39,9, hence L2 = 0.
if A2 = F(x) then (A*)2 = —A = —F(x), hence F(x) = 0.

Hence order of operator A2 can be equal to 3,t0 1 or A2 =0.
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LA-operator on odd Poisson manifold

Bracket on supermanifold—- Odd Poisson manifold

Consider supermanifold M provided with an odd symmetric
tensor field £30

E® — (—1)P@POED  p(E)— 1+ p(a) +p(b)
It defines an odd bracket:
{f.g} = (1P, E®a,g,
{f.g} =—(— )(p(f)+1 (p(9) +1){g fl,

What about Jacobi identity?

{f,{g,h}} = {{f, g}, h} + (—1)PDP@{g {f h}} Jacobiidentity
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LA—operator on odd Poisson manifold

Odd A-operator—-odd Poisson manifold

A=E®00,+..., p(DA)=1
A% = %[A, A] = K#°0:0p02+ . ..
K=[E,E], Schoutten commutator
Kabe — ((—1 )a+acEad g, EPC 4 cyclic permutations)
K=[E,E|=0< Jacoby identities for {f,g} = (—1)P(NP(3g,fE0,g.
order of A? less than 3 < (M, E) is an odd Poisson supermanifold

On the other hand we showed that if order of AZ is less than 3
then order of A2 is < 1.
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LA—operator on odd Poisson manifold

Odd Poisson manifold in terms of A-operator

Let E be rank 2 symmetric odd tensor field on manifold M, and
let A = E39,0,+ ... be an arbitrary self-adjoint odd operator
on half-density with principla symbol E, (A € ).

A% = H
< is an operator
of order <1

(M,E) is an odd
Poisson manifold
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LA—operator on odd Poisson manifold

Modular class of an odd Poisson manifold

Theorem

Let (M,E) be an odd Poisson manifold,

{f,g} = (—1)R9,fE®3,g. Let Fg be a class of self-adjoint
second order odd operators on half-densities with principal
symbol E. Then

VA € Fg, A X=Xa: A% =, ,
where X is Poisson vector field on M.
VA1, A2 € Fg, D0 = A1+ F,Xo =X+ Df,

where Dg is Hamiltonian vector field: DeG = {F, G}.
Odd Poisson manifold — modular class of vector fields.

This class was introduced by H.M.Kh and Voronov already in
91 biit in terme of onerator on fiinctione
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LA—operator on odd Poisson manifold

Modular class of (usual) Poisson manifold(recalling)
Let (M,E) be an (usual) Poisson manifold (p(E) = 0).
Choose an arbitrary volume form p and consider vector field

Y f 4 _1 ab
X Xpf = divy Dy = 0 (PE®0pf) -

If p’ = elp is another volume form, then

1
eflp

Xp/ = din/Df = 8a (er Eab&bF) = Xp + DH
Definition(Weinstein 1994) Modular class of Poisson manifold
is an equivalence class of vector field [X;] modulo Hamiltonian

vector fields.
(Modular class is an element in the first Poisson cohomology group.)
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LA—operator on odd Poisson manifold

Example

Let Poisson manifold be symplectic, i.e. tensor E is
non-degenerate. Choose Lioville volume form,

p = \/det(Ea)Dx,(p = D(q,p) in Darboux coordinates (', p))

X, =0, modular class [X] vanishes < Lioville Theorem

Example
Let & be Lie algebra. {u;, ux} = ¢jjlum.
Choose volume form p = Du = duy ... du,

0 ndf(W)\ o 9
lepr = TUI (UmCik aUK> == kaTUKf

Modular class is just modular vector field X = cffy 52-
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LA-operator on odd Poisson manifold

Modular class for odd Poisson bracket—-
Batalin-Vilkovisky operator

Even Poisson structure — Odd Poisson structure
first order operator second order operator

E.g. for odd symplectic manifold in Darboux coordinates
(x2,0p), ({x2,0} = 82, {x? xP} = {62,6,} = 0) we come to the
famous Batalin-Vilkovisky operator (1981)

92f

1.
Apf: *lepr = m

2
if we choose p =|D(x, 0| (H.Kh, 1989 [7]).
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A-operator on odd Poisson manifold

Return to an odd operator on half-densities.

FedN, N°=%, A—A+FX—X+Dg

Odd Poisson supermanifold (M, E) — modular class [X]: [A2] = [X]

X|=023Ac.Ze: A%=0.
Indeed let A% = X. Since [X] =0, hence X = —Dr. Hence

(A+F)?=0.
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LA—operator on odd Poisson manifold

Example of non-vanishing modular class
On (m|1)-dimensional supermanifold consider two vector fields
A= K’8,-+ Y de and B = 0.
N—— N——

even odd

Consider second order self-adjoint operator on half-densities
1
= > (Lro LB+ Lo Lh).

Jacobi identity Order of operator A?
for odd Poisson bracket & is less than 3
{x',0}} =K'(x,0) A2 = K

)
K = Fi(x),A2 =

KdgK +KlogK' =0 < .
’ {K’ on'(x )Az—n = n"mn’ = §[n, 1]
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A-operator on odd Poisson manifold

Example of non-vanishing modular class

Coordinates
m i
X", N 0)
even
odd

{x',0} = —{0,x'} = x™on!,
(all other brackets vanish)

Then
A = %

where '
[X] = [x"ny"nma)] .-
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LOdd symplectic manifold

Symplectic case
Suppose Poisson tensor E2° is non-degenerate. (This implies
that manifold M is (n|n)-dimensional.) There is no distinguished
volume form for an odd symplectic structure, but
Theorem

On odd sympelctic supermanifold there exists canonical
operator on half-densities A* :

92s(x,0)

# _ 9

A (s(x, 0)\/D(x, e)) = xiag VD(.0)
in Darboux coordinates (x',6;) ({x',6;} = &/, {x',x/} =0,
{6i,6;} =0), (H.Kh. 1999,[8])

Potential U = 0 in Darboux coordinates, and

(M)z —0, i.eXys=0.
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LOdd symplectic manifold

Potential U as a unique solution of differential equation

In arbitrary coordinates canonical operator

A# — Eik8k8/+akEkiai+ Ucan,,

2
Usan - (A#) — A =0
This is firsts order differential equation:
X =X99q: X9 = p(EP20,9,EPT) +2(—1)PDEP,U=0.

which has unique solution (if we put odd constant to 0) since
tensor E2° is non-degenerate (symplectic case).
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LOdd symplectic manifold

General case of an odd Poisson manifold

In the special case if Poisson manifold contains symplectic
leaves: Coordinates (x',6;,z%) such that

x',0;} = & all other brackets for coordinates vanish
j5 =9

Then A = is invariant operator on half-densities.

227

’89
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L Bering’s, and Batalin-Bering formulae

Bering’s formulae

K. Bering in 2006 wrote the formula for operator A# in arbitrary
coordinates. He comes to the answer

1 1 :
U = ZamanEnm — Q&,Emneanpl (*)

He already wrote in 2007 the answer for Poisson case in terms
of tensor E and e, where EeE = E [5].

For both answers it was checked that the expression is invariant
with respect to infinitesimal changing of coordinates.
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L Bering’s, and Batalin-Bering formulae

Batalin-Bering formulae

2) Let p|Dx| be an arbitrary volume form on odd symplectic
manifold, and G be an arbitrary odd Riemannian structure
compatible with the volume form, then the scalar curvature of
the Riemannian structure is proportional to

a% (VpIDx])
VoI

This formula was obtained by I. Batalin and K. Bering in [1]



Compensating field in odd Laplacian and modular class
LOdd symplectic manifold

L Bering’s, and Batalin-Bering formulae

‘Existence’ of answer in general coordinates and
uniqueness of connection

Existence of Levi-Civita connection Existence of a formt
i.e. the unique symm. afine connection = expressing this coone:
compatible with Riemannian structure  in terms of metric and its de

Moe = 29 4 (9p9dc + IcYdb — IaGbc)

There are MANY' there is no a formula
affine connections expressing at least one
. ) = .
compatible with of these coonections

symplectic structure  in terms of metric and its derivatives.

Tone may take a connections such that its Chrsitoffels vanish in given
Darboux coordinates
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LBering’s, and Batalin-Bering formulae

‘Non-existence’ of formula for sympelctic connection

Proof.
Suppose

ra.=ra (qu,aCqu, .. )
Hence in Darboux coordinates I'gc are constants.
Contradiction.
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LOdd symplectic manifold

LBering’s, and Batalin-Bering formulae

Uniqueness of potential U = Existence of formula U = U(E,dE, d?E)

Calculating U in arbitrary coordinates we come to Bering’s
formula.
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LOdd symplectic manifold

LBering’s, and Batalin-Bering formulae
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