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Kaluza-Klein theory revisited...

The talk is based on my works with Ted Voronov and our
students Jacob George and Adam Biggs.
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Kaluza-Klein theory revisited...

In mathematical physics it is very useful to consider differential operators acting on
densities of various weights on a manifold M. To study the geometry of such operators
one can consider an operator pencil A; where for an arbitrary real t an operator A; acts
on densities of weight t defined on a manifold M. Pencils of this kind can be interpreted
as differential operators on a certain algebra of functions on extended manifold M. For
second order operators the study of their geometry naturally fits into a Kaluza-Klein
framework. For such an operator the related geometry is defined by principal symbol
("metric on M”), a connection on volume forms ("gauge field”) and a function related
with the scalar term ("Brans-Dicke scalar”). This becomes useful to study important and
beautiful geometrical properties of second order differential operators. The extended
manifold M can be identified with Thomas bundle dating back in projective geometry to

1920. We see that study of the extended manifold M provides constructions on
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Abstract

Operator pencil {A,}, A €R
(An operator A, acts on densities of weight A on manifold M)

Operator pencil = differential operators on a certain algebra of
functions on extended manifold M.

For second order operator
Principal symbol— "metric on M”,
A connection on volume forms— "gauge field”
A function related with the scalar term — "Brans-Dicke scalar”
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Abstract...

The extended manifold M can be identified with Thomas bundle
dating back in projective geometry to 1920.

Study of the extended manifold M provides constructions on
intersection of classical differential geometry and gravitational
theory.

Such investigations can be traced to H.Weil, Veblen,
T.Y.Thomas, Pauli and Jordan.
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L Densities of arbitrary weight. Operator pencils.

Densities of weight A on manifold M
s(x) =s(x)|Dx|* is a density of weight A (A € R). Under
changing of Icoal coordinates x = x(x’)

s(x)|Dx[* =s(x")|Dx')}, i.e

ox

s(x) =s(x (x")) det ((9)(/)/\ .

Functions— densities of weight A =0
Volume forms— densities of weight A =1
Wave-functions— densities of weight A =1/2

F) = F,(.#)—space of densities of weight A on manifold M

M is orientable manifold with fixed orientation, i.e. all transition functions
x’ =x’(x) have positive determinants.
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LDensities of arbitrary weight. Operator pencils.

Operators on space .%, (M) of densities of weight A.
Operator pencils

Operator pencil {A, }.
VA € R, A, is an operator acting on the space %, (M) of
densities of weight A.
(We suppose that dependence on A is polynomial)

Example

d2
dx?
A=0,Ag= 51722+é’—x+cosx,

A=1/2, & 124 +3/4c0sx,,

—_ d? d
A=1 2 3d

' dx?

(D} Ay =——=+(2A +1):—X+(1—)\2)cosx,
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LAlgebra of densities. Operators on this algebra

Algebra of densities.

We incorporate all the densities of various weights A in an
algebra . # (M) = @, .%, (M).

If s1(x) = s1(x)|Dx ™ and s,(x) = s,(x)|Dx|*2 are densities of
weights A1, A, respectively, then their product,

S = 5157 = 51(x)|Dx["55(x) [Dx[* = (X )s2(x)|Dx |+ 42

is a density of the weight A = A1 + A,.
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LAlgebra of densities. Operators on this algebra

Local coordinates for algebra of densities

F(M) 3 5(x) = 51(X)|Dx M +8,(x)|Dx["2 + - - + 5 (x) [ Dx | ,
|IDXx| ~t,
F (M) 3 5(x) = 51(X)tM 4+ 8(})t12 4+ - g (x )t |

’ ’ / dXH,
(XH 1) — (xH 1), xH =xH(xH), t'(x*t) = <det (dx#)) t.
xH are local coordinates on the manifold M. A
(xH 1) are local coordinates on the extended manifold M

The extended manifold M has one extra dimension.
M

| is the frame bundle of determinant bundle detTM, (TM is a
M

tangent bundle). The fibre is 1-dimensional.
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LAlgebra of densities. Operators on this algebra

Weight operator w on algebra of densities
Definition
W is linear operator such that
W(s)=As,
If s is a density of weight A, s(x) = s(x)|Dx|* (s(x) = s(x)t?).
Let s1 be a density of weight A; and s, be a density of weight A,
thenW(sl . 52) = ()\1 +)\2)Sl Sy =W (Sl) “Sp+S1-W (Sz) .
Leibnitz rule (itis as 2 (fg) = JLg+%2.)
W is first order differential operator on algebra of densities

In local coordinates W = ti:

W(s(x)|Dx|A): ( (x )t)‘) j( (x)t">:)\s(x)t)‘:)\s(x)|Dx|A.
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|—Algebra of densities. Operators on this algebra

Operator pencils <+ Operators on algebra of densities

{A/\} — AZ A
Example

d2
(TAVESIAVEES

am a Y

OIX2+(2}\ +1)dx+(1 A<)cosx
!

~ 02 N 0

A—W+(2W+l)—

1— ~2
dx+( W*)cosx
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LAlgebra of densities. Operators on this algebra

Another example

{Ay}: Ay =A(A)SHY 9,0, +B(A)THa,+C(MR,

I
A = A(W)SHV 9,0, +B(W)THd, +C(W)R.

Here A(A),B(A) and C(A) are polynomials on A.
E.g. ifA(A)=1+A,B(A)=A2 C(A) =1 then an operator
pencil

(A} Ay =(1+A)SHYa,0, +A%THI, +R
is a pencil of 2-nd order operators, but the operator

is an operator of the order 3.
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LCanonical scalar product. Adjointness of operators

Canonical scalar product on algebra of densities
7 (M)

Definition
s1 = 81(X)|Dx|M, 55 = s5(x)|Dx |2
stl(X)Sz(X)’DX‘, if Al—i-/\z:l,
<Sla52> = (l)
0if ifA;+Ay#£1.

Remark. We do not need a volume form to define a scalar
product on densities. We suppose by default that integrals are well
defined: e.g. M is compact or densities under consideration have compact

support
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LCanonical scalar product. Adjointness of operators

Adjointness of operators with respect to the scalar
product

A linear differential operator A acting on the algebra .%#(M) has
an adjoint operator A*:

(As1,S5) = (S1,A"S)) <3*) T (A W:lf)\>*' 2)

X =X, 0f = —px, W =1—-W.
if 53 =s1(X)|Dx ™ and s, = s,(x)|Dx|* then

A1<Sl,32> = (1 —)\2)(31,52>,
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LDif'ferent algebras of functions on M +— different geometries

Algbera of densities on M +# algebra of all functions on
M

F(M)35(x) =81(X)|Dx | +55(x)|Dx 22 4 - - -+, (x)|Dx M, |Dx|~t
F(M) = {s(x,t) = ZS,\ (x)t*} C C(M) £ C(M).

Algbera of densities can be identified with subalgbera of
functions on x,t which are polynomial on t, and it is not the
algebra of all (smooth) functions on extended manifold M,

With an abuse of language, we say that a function f(x,t) is a polynomial in t if
it is a finite sum of ‘monomials’ of arbitrary real degrees, f(x,t) = ¥ f; ()t}
AeR.
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LDit‘ferent algebras of functions on N +— different geometries

Different algebras of functions on M — different
structures:

M coordinates (xH,t)
!

M  coordinates (xH)

functions polynomialont  —all smooth functions on x,t
FM)={s(x,t) =s,(x)t!}  C(M) = {s(x.t)}
Canonical Canonical lifting
scalar product. of projective class on M
Geometrical constructions  on affine connection on M.
invariant with respect Sort of

to all diffeomorphisms “projective” geometry.
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LFirst order operators

Divergence of vector fields

First order operator = vector field + scalar field.
Let K be an arbitrary vector field on extended manifold M:

for all s1,55 € .#(M), K(5152) =K(s1)s24+51K(S2), (Leibnitz rule).

. . 0
K=KHoy+KW = K“d“—i—KotE

we suppose that K does not change a weight of densities.
K* = —KHd, — d,KH +K°(1 - W)

Definition:  divK = —(K + K*) = d,K* —K°

It is canonical construction. It does not depende on a choice of
coordinates.
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LFirst order operators

Lie derivative of densities—-divergence-less vector
field

Let K be vector field on extendend manifold M,
If divK =0, i.e. K = —K*,i.e. d;KH —K? =0, then

~

K =KHay +KOW =KHay, + dKHW, K

W=

K=KHd,  can be canoncally lifted to K = Ky +Wd,K*
%/_/
vector field on M vector field on |\7|

Lie derivative fé’\) of density of weight A along vector field K:

L (s(x)IDx M) = (KHaus(x) +AduK Hs(x)) [Dx|*

is Lie derivative on algebra .# (.#) of all densities.
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LKaluzal-KIein mechanism and second order oeprators

Second order operator
Let A be a second order operator on .%(M).

A =SHV(x)du0y + WBH(x)d, +W2C(x)+ DH(x)dy +WE(x) +F(x).

second order derivatives first order derivatives
Put normalisation condition F = A(1) = 0. Adjoint A* =
3,0y (SHV...)=W*dy (B +(...))+(W")?(C...)—d, (DH...)+W'E .
The condition A* = A implies that
A=SH3,0,+0,S My + (2W — 1) yH ), + W,y u+W (W —1) 6.

We have denoted y#(x) = 2BH(x) and 8(x) = C(x).
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LKaluzal-KIein mechanism and second order oeprators

Kaluza-Klein mechanism
For self-adjoint operator

second order derivatives on M
Principal symbol of A
& [SHV
S= < ¥ 6>

K vector fieldon M, M coordinates (x*,t)

T !

Kvector field on M, M  coordinates (xH)
K: (K,W)=0,
K =KHdy — K =KHa, +Wy,KH
This is Kaluza-Klein mechanism of defining connection
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LKaluzal-KIein mechanism and second order oeprators

(Transformation rules) y;, is connection of this bundle.

(¥ =Sy,

/dx
VIJ

6’ =6+ 2y*9,logJ + d,logI S*'d,logJ,

(y“ +SHY9,logJ),

where J = det (%f(“ ) We call 6 Brans-Dicke function
Remark 6 = yy, +F where F is a scalar function. If F = 0 then horisontal

lifitng (connection) is defined by the null-vector of principal symbol
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LKaqua—KIein mechanism and second order oeprators

Additive coordinate in fibre

' =tJ — x% = x5 +f(xH)i, where
f(x#) = log =log (det (%))

SHY ~ Riemannian metric GHV

yu ———connection on volume forms ~ A, — — —electromagnetic field
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LMaps between operators on densities of different weights

Uniqueness

Theorem
Let A be second order operator acting on densities of weight
Ao, Where Ag #0,1,1/2.
Then there exists a unique self-adjoint operator A, (A* = A)
such that

A

= A,
0

W=A

and it is obeyed the normalisation condition A(1) = 0.

In other words there exists unique self-adjoint normalised
pencil of second order operators which passes through a given
operator (if Ag # 0,1,1/2).
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LMaps between operators on densities of different weights

Application of uniqueness theorem

Does there exist equivariant map o, , between operators on
densities of weight A and operators on densities of weight u?

Answer on this question is an easy exercise for operators of
first order.

It is beautiful and not trivial for operators of second order.

In general case it is negative for operators of order 3 and higher
order.
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LMaps between operators on densities of different weights

Operators of ordern =1

Let A = AH9,, + A(X) be a first order operator on densities of

weight A. Naive answer o, (A) = A is wrong! (It does not
survive under changing of coordinates).

NotethatA = (AHd, +AduAH) + (A(X) —AduAH(x)) .

Lie derivative 3/9) scalar function S(x)

0 (A9 +A) = oy (LD +5(x)) = £ +5(x) =
ARG, + (L —A)OuAH +A.
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LMaps between operators on densities of different weights

Operators of order n=2
Let A = A#Y9,0y +A¥d, + A. Consider the normalised
self-adjoint operator A = AS yi.0, Which passes through this

operator: A =A*g,0, +AHd, +A= (As.yu.e)) -
V0 )
(sﬂ”auav+avs”“au+(2w — 1) YOy +WauyY U +W (W —1) G)WZA :
SHY — AV
OySVH + (24 — L)yH = AH
Aduy'+A(A —1)6 =A

These relations uniquely define the operator pencil A&y,@-
Hence

oup(A) = (As.y,e) Wep
(We draw the pencil through the operator then fix an another
weight).)
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|—Maps between operators on densities of different weights

Answer

where

B*Yd,0,+B*d,+B
BHY =AMV,
_2u— 1
BH T 22-1
B

AH _|_ 2()‘ H)avAvu
1 U(A—u
5‘8}‘ 13A+ (2 (1)()\) 1) (dv AY —0“0VA“V) .
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LMaps between operators on densities of different weights

Special example
Consider the special case when A = .,S,M o.,i”(” In this case
calculate the answer:

Lo = (.,zﬂx o N 4 £ 0 £ )>+%($>2\o$() Lo

L0or o o) 4 oh o o) ()
= > (Bo B+ 2o M)+ 400,

Draw self-adjoint operator which passes through A:

N 1 A A A N
A:7<D§fxo$y+$yo$x>+? Iy
2 el

self-adjoint anti-self-adjoint

(jx>*:—jx, 7 () =—7, 2
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LMaps between operators on densities of different weights

Special example
Consider the special case when A = OZ\SA)- In this case
calculate the answer:

1 1 |
Lot =2 (Bo M+ 20 V)43 (Lo LV - LYo P

1 A A A
(ot B 2) 4 2,

Draw self-adjoint operator which passes through A:

~ Ll oo 2w —1 .
A= (LKoo A+ KoL) +——— Dg/ﬂny ,
2( ) 21 —1 )

self-adjoint anti-self-adjoint

S\ * R 2W—1\*  2w-1 2Ww-1
_ _ =1,
(i&> Zx <2A—1> A1 2) 1l
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