Homework 3
1 Consider the saddle z — xy = 0 in E3:

r=u
y=v ,
zZ = uv

a) Calculate the induced Riemannian metric on the saddle
b) Show that for every point p on the saddle, there exist two straight lines in E3
which pass trhough this point and belong to the saddle

2 Let S? be a sphere of unit length in E3.

a) Introduce on the sphere spherical coordinates 6, ¢, and calculate induced Rieman-
nian metric on the sphere in these coordinates.

b) Consider on sphere stereographic coordinates and show that these coordinates are
conformal coordinates.

9

t = logtan 3 , Where 0, ¢

r=
are spherical coordinates. Show that these coordinates are also conformal coordinates on

c¢) Consider on the sphere local coordinates ¢,r such that

the sphere.
c¢) compare these coordinates with coordinates with stereographic coordinates

3 Consider cone x? + 32 — k%222 = 0 in E3:

x = khcos p
r=r(h,p): {y = khsiny ,
z=h

(Strickly speaking we consider the cone without apex, the point x =y = 2z =0.)

a) Calculate induced Riemannian metric on the surface of the cone in coordinates h, ¢
t=logh
r=cp

b) Consider on the surface of the cone local coordinates t,r such that { ,

where ¢ is a parameter (¢ # 0)
Calculate induced Riemannian metric in these coordinates, and find a value of param-
eter ¢ such that coordinates t,r become conformal coordinates on C

4 Consider plane R? with Riemannian metric given in Cartesian coordinates (z, ) by

_a((dz)* + (dy)?)
Gre =~y o 0 (@>0), (1)

the formula

and a sphere S, 22 + y? + 22 = r? (of the radius 7) in the Euclidean space E3.
Consider the following map F from the plane R? to the sphere

U=rx

1



where (u,v) are stereographic coordinates of the sphere (u = =, v = ).
The map F is a diffeomorphism of R? on the sphere without North pole (the point
N with coordinates * = 0,y = 0,z =r), F: R* = S,\N

a) Write down the Riemannian metric Gg on the sphere in stereographic coordinates.

b) Write down the metric on the plane R?, induced by the diffeomorphism F' (the pull-back
F*Gg of the metric on the sphere).

c¢) Find parameter a such that F is isometry of the plane R? equipped with Riemannian

metric (1) and S, \N, i.e. Grz = F*Gg,

5 Consider Lobachevsky (hyperbolic) plane: an upper half-plain (y > 0) in R?
equipped with Riemannian metric

dz? + dy?
G = Lzy ’
)
_ /
a) Show that the map { Z B i\\;, , (A > 0) is an isometry of the Lobachevsky plane on itself

b) Give an example of another isometry of Lobachevsky plane

6 a) Show that surface of the cylinder 22 + y? = a? in E? is locally Euclidean Rie-
mannian surface, (is locally isometric to Euclidean plane).

b) In exercise 3 we found conformal coordinates on the surface of cone. In fact
2?2 +y? — k%22 =0
z2#0

Riemannian surface, (is locally isometric to Euclidean plane).

one cah show that surface of the cone in E2 is locally Euclidean

(To do this consider on the surface of the cone local coordinates u,v such that {

u = arcos By I
v =arsinfp’
where a, B are parameter (o, B # 0). Calculating induced Riemannian metric in these co-
ordinates we will find values of parameters a, 3 such that coordinates u,v become locally
Euclidean coordinates on C.)

c¢) Find a relation of local Eucldean coordinates (u,v) on the cone with coordinates

t,r considered in question 3)



