Solutions of Homework 4
In all exercises we assume by default that Riemannian metric on embedded surfaces
is induced by the Euclidean metric.
1 Consider parallelogram 1,1, formed by two vectors in Euclidean space E?:

[l =wa+vb, 0<u<1,0<v<1,

Qg b, _Jr=azu+bv
r(u,v) = au+ bv = (ay)u(by>v— {y:ayu—i—byv :
a) Write down standard Euclidean metric G = dz? + dy?* in coordinates (u,v).
b) Calculate the area of parallelogram Il v using Riemannian volume form

c) Compare the answer with standard formula for area of parallelogram (See subsection
1.5.1 ”Motiation. Gramm formula for volume of parallellepiped”)

a)
G = da”+dy® = (azdu+bydv)®+(bydu+bydv)® = (ai+al)du’+2(azbe+ayby)dudv+(b5+b; ) dv> =J]
(a,a)du? 4 2(a, b)dudv + (b, b)dv?

The matrix of metric G is

é (1)) ,in coordinates (u,v) g = ((a, ac) (

in Cartesian coordinates (z,y) g = (

Calculate area of parallelogram in coordinates (u,v)

1 1
Area(Ily ) = / dv/ du~/det gdudv
0 0

We have that in coordinates u, v

(a,ac) (a,b)

det g = det ( (a,b) (b,b)

) = (ai—#ai)(bfﬁ—bj)—(axbm—l—ayby)2 = (aagby—aybac)2 = (detg)QI

This is Gram formula from lecture notes.
Thus we have

1 1
Area(Il, p) = / dv/ duy/det gdudv =1 - \/det g = | det g| = |azb, — ayb| = |a x b|.
0 0

This is standard formula for area of parallelogram.

2 a) Consider the domain D on the cone z* + y?> — k%22 defined by the condition
0 <z < H. Find an area of this domain using induced Riemannian metric. Compare with
the answer when using standard formulae.



We have cone with height H with radius R = kH (k > 0).
First of all standard answer: The area of cone (of surface of cone) is area of the sector
with the radius v H? + R? and length of the arc 27 R:

S = % VR2+ H? - 2rR=mRVH?+ R2 =nmk\/1+ k2H?.

Now calculate this are using Riemannian geometry. Metric of the cone is G = (k?+1)dh?+
k?h2dp?. We see that
+1 0
G=G= ( 0 ]{52 h2 ) )
Hence volume form on the cone in coordinates r, ¢ is equal to

do = Vdet Gdh A dp = k\/1 + k2dh A dy

E2+1 0

since G = < 0 122

) Hence

H
S = / Vdet GdhAdy = / k1 + k2dhAdp = 20k 1 + k2 / hdh = 7k\/1 + k2H? I
O<h<H 0 0

(Compare with standard calculations). (Here we use notation dh A dg for area form. If

<h<H

you do not like it use just drdyp.)

3Find an area of the segment of the height h of the sphere of radius R (surface:
22+’ +22=R%.<a<a+h foran arbitrary a:—R < a < R—h)
For solutions see lecture notes.

4 Find an area of 2-dimensional sphere of radius R using explicit formulae for induced
Riemannian metric in stereographic coordinates.

Riemannian metric for sphere (without point) in stereographic coordinates is G =
4R*du? AR dv?
(R2+u2+v2)2
the expression

. We already know that doing transformation u — ru,v — Rv we come to

G 4R%du? + 4R?dv?
(T4 u?+0?)?

(see the exercise 4 4 4 4 in the previous homework)

4R?
g 0 1 4
G = | v+ AR , detG = 62R v
0 (1+u2+v2)2 (1 u v )

Hence the volume (area)of the sphere equals to

00 oo AR?
S = vdet Gdudv = / / dudv

R2 (1 +u? +0v?2)?
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Choosing polar coordinates u = 7 cos ¢, v = rsin ¢ we come to

27 2 oo
4 d
/ / 1 dordr = 87 R / U
(1+7r2)2 y 1472

5 Show that two spheres of different radii in Fuclidean space are not isometric to each

other.

Suppose that these two spheres of different radii are isometric (globally). This means
that their volume is the same. Contradiction. (In fact two spheres of different radii are
not isometric even locally, since they have different curvatures.)

6 In ezercise 4 of previous homework you have considered Riemannian manifolds
(R%2,GM) and (R?,G?), where

a(dz? + dy?)
(1 +$2 +y2)2

4R (du? + dv?)

(1) —
G (RQ +u2 +U2>

. and G¥ =

(The second manifold is sphere of radius R without North pole in stereographic coordinates)
u= Rz

these Riemannina manifolds are isometric. Using the result of previous exercise, prove

You proved in previous homework that in the case if a = 4R? then under isometry

now that in the case if the condition a = 4R? is not obeyed, then these manifolds are not

1sometric.

It follows from the exercise from the former Homework, thjat The first manifold is
isometric to the sphere of radius R’ (without one point) such that 4(R')? = a. If R’ # R,
i.e. a # 4R? then these sphered are not isometric since they have different areas.

7 Let D be a domain in Lobachevsky plane which is lying between lines x = a,x = —a
and outside of the disc 2> +y* =1, (0 <a<1): D ={(z,y): |z| <a,2?+y* > 1},

a) Find the area of this domain.

b*) Find the angles between lines and arc of the circle.

Lobachevsky plane, i.e. hyperbolic plane is the upper half plane with Riemannian

metric dfczy;fl?f in cartesian coordinates x,y (y > 0).
= 0
a) We have G = < yO ) We see that vdet G = % Hence
y2

S:/ Vdet Gdzdy = . ..
24+y2>1,—a<z<a

(The full solution of this example will appear after handling the Coursework)
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Remark Notice that Lobachevsky metric G = # = y%(dx2+dy2) is proportional
to the Euclidean metric dz? + dy?, in other words it is conformally Euclidean metric.
Hence the angles will be the same as in the Euclidean metric (see lecture notes) (The
difference is that not all straight lines in Euclidean metric are “straight lines” (geodesics)

in Lobachevsky plane. We will discuss it later.)

8*“Find a volume of n-dimensional sphere of radius a. (You may use Riemannian
metric in stereographic coordinates, or you may do it in other way... You just have to
calculate the answer.)

Denote by o,, the volume of n-dimensional unit sphere embedded in Euclidean space
E". Then the volume of n-dimensional sphere of the radius R is equal to o, R". Now
consider the integral

1:/ e dt = /7.

— 00

For any integer k consider

k k > —t? : e - p—
I" =7n2 = e tdt| = e T2 T % dyydrsy .. dTy
— 00 Ek

Make changing of variables in the volume form dzi A dxy A ... A dxy. Since integrand
depend only on the radius we can rewrite the integral above as

22 2 .2 _
/ e 1T xkdxldmg...dxk:/ e "k Lop_1dr,
EF EF

where o1 is a volume of the unit sphere in dimension k& — 1. (Here is the truck!) We

[e.¢]
_2 —
:ak_l/ e " rkTldy
0

To calculate this integral consider r? = ¢ we come to

> 1 [ 1 k
/ e_r2rk_1dr = —/ e~ tts 1t = T (—) .
. 2 Jo 27 \2

have the identity:

[V B

™

We come to

Thus

Ok—1 = S 7%y

Recall that I'(z) can be calculated for all g using the following recurrent formulae:
1. '(n+1) =n!
2. T(z+1) =al(x)
3. T (3) = vm, (D(x)I(1 — z) = wsinmz).
E.g. the volume of the 15-dimensional unit sphere in E'6 equals to 15 =




