Homework 6. Solutions.

1. Calculate Levi-Civita connection of the metric G = a(u,v)du?® + b(u, v)dv?

a) in the case if functions a(u,v), b(u,v) are constants.
b)ifa=b

c) In general case

We know that for Levi-Civita connection
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a) We do not need to do any calculations since a and b are constants, and all partial

derivatives 857;;’1 for metric G = (8 2) are equal to zero. Hence all Christoffel symbols
vanish.

b) In this case we have to perform calculations:

We have
1 12 S
G = a(u,v)du®+b(u,v)dv?,G = (i; g;z) = (a(% v) b(@?, U)) LGl = (521 §22> = (“(B’”)
Hence according to (1)
Iy =T, = 39" (81911 + D1g11 — Ougn) = 59" Ouguu = 3
Ty, =T, =Tu, =T =% (Digi2+0sg11 — Dig12) = & Ougun = 2
Iy, =T%, = % (02912 + 02912 — 01922) = —%&ugm = -k
I =T, = % (O1g12 + 01912 — Dag11) = — %5 OpGuu = — %
I, =03 =0, =Ty, = % (02921 + 01922 — Daga1) = 5 OuGow = by
rZ, =1y, = % (02922 + 02922 — O2g22) = %(‘%gvv = %

(We use notations (u,v) = (z!,2?%).)

2 Calculate Levi-Civita connection of the Riemannian metric G = e_$2_yz(dx2 + dy?)
at the point x =y = 0.

We see that in the formula
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all derivatives 57 vanish at origin, since

86_5”2_3/281'} = 86_$2_y28y|x:y:0 =0.

r=y=0 -

(Indeed: 86’x2*g23x|x:y:0 = _2513‘971’272/2‘ 0.)

r=y=0 -

3. Calculate Levi-Civita connection of Euclidean metric of a plane in

a) Cartesian coordinates

b) polar coordinates

In Cartesian coordinates metrics coefficients are constants. All partial derivatives in
(1) equal to zero. Hence all Christoffel symbols vanish. The Levi-Civita connection is
canonical flat connection.

b) polar coordinates: G = dr? + r2dp?. We have:
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We have: . 5 .
r rr Gop
I = — — 7 | = — (=2r) = —
vp — 9 ( or ) 2 (=2r) T
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all other Christoffel symbols vanish. This is in accordance with calculation of Christof-
fel symbols in polar coordinates (see Lecture notes) One can calculate these Christoffel
symbols using Lagrangians (see the question 8a in this homework).

4. Calculate Levi-Civita connection of the Riemannian metric induced on the surface

2

of a cylinder x2 + y* = a® in coordinates h, p:

T = acosp
r(h,p): { y =asing .
z=h
T = acosp
For surface of cylinder r(h, ¢): { y = asinp the induced Riemannian metric is equal

z=nh
to G = dh? + a®dyp? (see previous exercises). We see that coefficeints are constants (as in

Cartesina coordinates for Euclidean case). Hence Chrsitoffel symbols vanish in coordinates
h, p.

5. Calculate Levi-Civita connection of the Riemannian metric induced on the surface
of the cone x? + y* — k%22 = 0. in coordinates h, p:

x = khcos ¢
r(h,¢):S y=khsiny .
z=h
2



Do there exist coordinates on the cone such that Christoffel symbols of Levi-Civita connec-

tion of induced metric vanish in these coordinates?

We have

G = (2’ +dy*+d2%)| 1y cos pymtihsin poep, = (KR COS p—khsin dp)®+(kdhsin p+kh cos pdp)* +dl

k2 +1)dh? + k2h2dg _ (1 )| = (T
( + ) + ¥, HgaﬁH_ 0 k2h2 ’ Hg H_ 0 1 :

k2hZ
Now calculate Levi-Civita connection using the formula

«a 1ga7r (agﬁﬁ + agwp agpb’) )
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Hence
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Hence we have that in coordinates h, ¢ non-vanishing components of Christoffel symbols
are )
h _ k=h Y 1“90 _ l

pp 27" hp h ™ p-
1+k @ ¥ h

Yes these coordinates exist. We know that on cone 22 + y? — k222 = 0 one can find
new local coordinates

u = Vk?+ 1lhcos ﬁgp
v = \/]CQ + 1h sin \/%QO
such that induced metric on the cone becomes G|. = du?+dv?, i.e. cone locally is isometric

to the Euclidean plane (see homework 3). In these coordinates according to formula (1)
all Christoffel symbols vanish.

6. Calculate Levi-Civita connection of the metric G = R?(d6? + sin? 0dp?) on the

sphere.
We have
G:<999 99@):(}%2 0, ) (;1:(99" 99¢>:(% 0 )
90  Gep 0 RZ%sin®6 )’ 9899 ge¥ 0 - slin20
We have:
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1 dg 1 .
rg, =T0 = §g“0“’ < 8Z¢) = 390 (2sin 6 cos ) = cotan 6.
all other Christoffel symbols vanish. This is in accordance with calculation of Christoffel
symbols of the induced connection on the sphere (see Lecture notes the subsubsection

2.2.1)

7 Let E? be the Euclidean plane with the standard Euclidean metric G, = dz*+dy?.

You know that for the Levi-Chivita connection of this metric the Christoffel symbols
vanish in the Cartesian coordinates x,y. (Why?)

Let V be a symmetric connection on the Euclidean plane E? such that its Christoffel
symbols satisfy the condition I'Y, =T% #0.

Show that for vector fields A = 0, and B = 0,, 0a (B,B) # 2(VaB,B), i.e. the
connection V does not preserve the Euclidean scalar product { , ).

For Euclidean metric all componets of metric G = dx? + dy? are constants: ||gix|| =

((1) ?) Due to the formula above all derivatives vanish. Hence all Christoffel symbols

vanish.

Consider vector field A = J, and vector field B = 9,. Scalar product of the vector
field B on itself is equal to 1 and VA(B,B) = dal = 0. On the other hand VAB =
Vo, 0y =T, 0, +T%,0, and the scalar product (VAB,Y) is equal to

(VaB,B) = (I';,0. +1%,0,,0,) =T%, #0.

Hence we see that Va (B,B) =0 # 2(VaB, B).

8 t Consider the Lagrangian of “free” particle L = %glkxla:k for Riemannian manifold
with a metric G = g;pdz'dx”.
Write down FEuler-Lagrange equations of motion for this Lagrangian and compare them
with differential equations for geodesics on this Riemannian manifold.

In fact show that

oL d 0L 2t

R el & —— 4T gkim =0 1
ozt dt o gz T hemT T ’ (1)
—,_/ . ~- _

FEuler-Lagrange equations  Equations for geodesics

where

i :1 ij 99,k n 9gjm _ Gka ‘
km =9 ox™  Oxk oxJ

Solution: see the lecture notes.



Write down the Lagrangian of free particle L = %gzkx’xk and using Fuler-Lagrange
equations for this Lagrangian calculate Christoffel symbols (Christoffel symbols of Levi-
Civita connection) for

a) Eulcidean plane in polar coordinates

b) for the sphere of radius R

c) for Lobachevsky plane

Compare with the results that you obtained using straightforwardly the formula (1) or
using formulae for induced connection.

Solution.
a) for Euclidean plane in polar coordinates

Riemannian metric on the plane E? in polar spherical coordinates is G = dr? +r2dy?.
Hence the Lagrangian of the free particle is

-2 2.2
L:T +rp
2

Euler-Lagrange equations for r:

G—L—r'2 i % —if"—%“' ie.r—rp2=0
ar P @ \an) a0 t® =5

Comparing with equation for geodesic

P+ T+ T + T, 90 + T o = 1+ T a7 + 217 i + T, ¢ = 0

we see that
' _ ' _ T — T —_
rr, = Fw = Fw =0, Fsocp =—r,

Analogously Euler-Lagrange equations for ¢:

oL d [OL L oL . d (OL\ d , 5.\ o . .
dp  dt (a¢> g U g = ey hence (w) g (78) =i+ 2rip =0,

ie. 1
©+2-7p=0.
r
Comparing with equation for geodesic

o+ I8+ I5 7o+ T8,.or + T8 00 =0+ + 217 7o + T 00 =0.
Comparing with Fuler-Lagrange equations for geodesics we see that

1
Iy =T, =017, =I7, = .
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Hence we see that Christoffel symbols of Euclidean plane in polar coordinates all vanish
except

1
T ¢ ¥ ==
re,=-r, 'Y, =TI7, -

b) For the sphere:
Riemannian metric on sphere in spherical coordinates is G = R2d6? + R? sin? 0dp?.
Hence the Lagrangian of the free particle is

I R20% + R2 sin? 2

2
Euler-Lagrange equations for 6:
oL d (0L oL o oL .
- = —_— _— = 1 0 0 52 —_— = 29
50 dt(ae) ' 28 R*sinf cos 67, Y R
Hence d B
— (R29> = R%sin 6 cos 0%, R?0 = R?sin 6 cos 6¢2,
dt
hence

6 — sinf cosfp* = 0.

Comparing with equation for geodesic

0+ 9600 + TG 04 +T2y00 +T% ¢ = 0+ T900 + 29 _0p + T i = 0

we see that
0 _10 _10 _ 0 _ _
I'gg =T, =T =0, 'y, = —sinfcosb

Analogously Euler-Lagrange equations for ¢:

8_L:i or 8_L:0 a—LszsiHQOQb
Oy dt \ 0 ’ Oy ’ %) :
Hence q
dt (R2 sin? 9‘?) =0, R*sin® fp + 2R*sin 6 cos Gégb =0,
hence

0 + cotan 00 = 0,

Comparing with equation for geodesic
P+ 5,00 + T 00 + 12,00 +T8,¢p = 0+ 5,00 + 2T 0 + T8 pp =0

we see that



Loy =T7, = O,Fge = Ffw = cotan@.

c¢) For Lobachevsky plane:
2 2
Lagrangian of ”free” particle on the Lobachevsky plane with metric G = % is
142 42
J
2 y?

Euler-Lagrange equations are

OL _g_doL _d (i) o2&y, . 29 _,
Oz dtor _dt\y?) 2 p° y O
OL _ @43 _dOL _d (N _y 2%, . @ @
AT T3 T A\ 3| =5 —3.le = 2 =0.
dy y3 dt 0y dt \y? y? 37 YTy Ty

2 .
Comparing these equations with equations for geodesics: = — :tkf‘}ﬁm:tm =0(0G\=12,

r =2z' y = 2?) we come to
1

1 1
M5, =0Tg, =T, =~ T}, =0T, = . TY, =T}, =0T}, = — . g

The answers are the same as calculated with other methods. We see that Lagrangians

give us the nice and quick way to calculate Christoffel symbols.



