Solutions of Homework 2

1 Check whether the following subsets are open

a) the subset {(z,y) € R* 2% +y? < 1},

b) the subset {(z,y) € R*: 2% +y? < 1},

c) the subset {(z,y) € R* 0 <z <1}

d) the subset {(z,y,2) € R3: 2% +y* < 1,]z| < 1}

e) the subset R2\I_ , where I_ = {(z,y): y = 0,z < 0}.

(a) The domain a) is open, because every point is internal. To check it notice that for an arbitrary point
(20,90) in this domain (xo,y0): 22 + 2 < 1, there exists § > 0 such that /22 + 42 < 1 — §. Hence all the

points of the ball

Byowl {@nl d) @) < 3

belong to this domain. Thus we prove that any point of this domain is internal. Hence the domain is open.

(b) This domain is not open: the points (zg,yo) such that x3 4+ y2 = 1 are not internal.

(c) This domain is open, because every point is internal. To check it notice that for an arbitrary point
(20, Y0) in this domain (z0,y0):0 < 2 < 1, all the points of the ball Bs(zo,yo) with § < 1 min{|1 — x|, |z|}
belong to this domain.

(d) The domain is open, because every point is internal. To check it notice that for an arbitrary point

[2 .2 _
(w0, Yo, 20) in this domain (o, yo, 20): & +y3 < 1, |20| < 1, there exists § > 0 such that { | |x2—i—y 5§ 1-0
2<1-—

Hence all the points of the ball B s (20, Yo, 20) belong to this domain. Thus we prove that any point of this
domain is internal. Hence the domain is open.

(e) The domain is open. Take an arbitrary point (zg, o) in this domain, ie, yo # 0 or if yg = 0 then
2o > 0. In the first case if yo # 0, then there exists 6 > 0 such that |yg| > §, hence all the points of the ball
B; (20, o) belong to the domain.

If yo = 0 and > 0 then there exist § > 0 such that x¢ > §, hence all the points of the ball Bg (29, 0).
belong to this domain. Thus we prove that any point of this domain is internal. Hence the domain is open.

2 Consider the sets Uy, Us on R? such that Uy = R*\I_, Uy = R*\I, where I = {(z,y): y = 0,z < 0},
Iy = {(z,y): y = 0,2 > 0}. Using polar coordinates define charts (U1, p1), (Uz, p2). Show that these charts
do not form an atlas on R%. Consider an additional chart (Us,ps), where Us = R?, p3 = id. Show that
{(Us, ¢3), (U1, 1)} is an atlas on R?. Show that this atlas is smooth.

The charts ¢, @2 are following:

e1: (2,9) 25 (1,0)) with —7 <6 <7, @12 (z,9)25 (r,02) with 0 < 6y < 27 ({ v TCOS@)

y=rsind

The map ¢ maps the set U; onto the open domain 0 < r < co, —7 < ;1 < w. The map g2 maps the set Us
onto the open domain 0 < r < 00,0 < #3 < 2m. Both maps are bijections on the images. Hence these maps
are charts.

The sets Uy, Us do not cover the whole R?, because the point (0,0) does not belong neither Uy, nor Us.
Hence these charts do not form an atlas.

The sets Uy, Us do cover the whole R?, because the points on I, which do not belong to U, belong to

Us. The transition map
_ 1. Jx=rcosb
‘1’32_903()02 . (r’(p)ﬁ(x’y)'{yzrsinﬁ
is smooth: both functions x = r cos,y = r cos @ are smooth.
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3 a)Define an atlas on S* with two charts using stereographic coordinates considered in the Homework 1 and
show that this atlas is smooth.
b)Do the same for S>.

(a)To solve this problem use the exercise 1 of Homework 1.
Define the first chart (Uy, ¢1) using stereographic coordinate related with North pole:

Ulzsl\(ovl)a @1:U19(x7y)'_>u: 1fy

and
_ ql . . r_ xz
Us = S'\(0,-1), p2:Us D (z,y) — u Ty

(see solution of exercise 1 in Homework 1) These maps are really charts because in both cases maps are
bijections and an image is R—open domain.

The sets U;, Uy cover the S'. Hence these two charts form an atlas.

The transition function:

Uy = oy ursu' = —
u

is smooth function. Hence the atlas is smooth.

(b)To solve this problem use the exercise 2 of Homework 1.

Consider S? as a set of points 22 + 32 + 22 = 1 in R3.

Define the first chart (Uy, 1) using stereographic coordinate related with North pole:

X

u =

Uy = S1\(0,0,1), <p1:U19(x,y,z)»—>{v_ 1

—z
Yy
1—=

and the second chart (Us, o) using stereographic coordinate related with North pole:

8

[
U2 = Sl\(0,0, 71)7 902:U2 > (IL’,y,Z) = {z’ ;

H
et
n

S

1+

(see solution of exercise 2 in Homework 1) The image of map ¢; and g9 is whole R?, i.e. image is open.
These maps establish one-one correspondence. Thus these maps are really charts.
The sets Uy, Us cover the S*. Hence these two charts form an atlas. The transition function:

u =

U1 = a7 2 (u,0) = (u,0), {v’ -

_u
u2+v2

uZ+v?
(see the exercise 2 in Homework 1) is smooth function. Hence the atlas is smooth.

4 Define an atlas on RP? using inhomogeneous coordinates (see Homework 1). Show that this atlas is

smooth. 4b)* Do the same for RP™ (n=2,3,4,...)
We use here the exercise 5 of Homework 1. a) First introduce atlas on RP?.

We consider RP? as a set of equivalence classes [z : y : z] of non-zero vectors in R3.
Define charts (U1, ¢1), (U2, 2), (Us, @3) such that

Up ={[z 1y : z]such that = # 0}p1, [v:y: 2] = (u,,,v,,), {v _

u z
Uy = {[z:y: z|such that y # 0}pa, [x:y: 2] — (u(2),v(2)), {v::)) _ 7
y
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(3)
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Us = {[z : y : 2]such that z # O}ps, [z :y: 2] = (uy),v,), {ZL(” ~

These three maps are charts because they are bijections on R3.

e
m
~
)

These charts form an atlas, because for an arbitrary point [z : y : x#0,0ory#0orz#0.

Transition functions are

—z _ y_ 1
1 u(2)7y71 xiu(l)
Uor = @2y 7, (u(1)7v(1)) = (u(2),v(2)), v = z.U_ Y1)
(2) Y r " Uy
u
. Uy =E=2:5=12
Va2 = 03055 (U V0p)) = (U5 05)), v =Y 1.2
3 oz 'y_v(2)
u =Y _—y.z_"®
_ -1 (1) T z "z U
Vis = 0103 (U V) = (U5 0,))s v —Z—1.2_ 1
[CO N 'z*u(g)
All transition functions are smooth, hence the atlas is smooth.
The case of RP"™. We consider RP™ as a set of equivalence classes [z : 2 2™ : 2™ of non-zero
vectors in R™*1.
In this case we have n + 1-charts (Ug, ¢x) (k=1,2,3,... n+1), where
Up = {[z' - 2% : ... : 2™ : 2" such that 2* # 0}
1 2. ) n+1 1 1
and @g, [o5 22 2" e (g, g ) are
1 _ z? 1 _ ozt 1 _ !
(1) z! (2) ~ a2 (n+1) zntl
2 _ 2 2 _ z® 2 z2
1y — xt (2) ~ x? (n+1) g+l
Y1 wd =zt » P2 wd =z » e Pntll 3 a®
(1) z (2) z2 (n+1) g+l
SRRREEE i SRRREEE T X
U™ (1) = 51 U™ (2) = 52 U™ (n41) = gnFt
This collection of charts is an atlas because for an arbitrary point [z : 22 : ... : 2" : 2"*1] € RP" one of

components is not equal to zero. One can see that all transition functions are smooth. E.g.

1 zt z? 1
u, = =15 =
(2) T T u(l)
3 3 2 u?
_ -1 1 1 1 1 2 oz oz oz (1)
Wop =0 $1 (u(l) yor e 7u(1)) (u(2)7 . ,u(2)), (2) x? zl ozl u}l)
3
W=zt et
2 1 - 1
(2) T T T u(l)

and all components are smooth functions.

5 Define an smooth atlas on CP'. 5b)* Do it for CP".
CP! is the set of equivalence classes of pairs of complex numbers [z! : 22], such that z! # 0 or 2% # 0.
For CP! we have an atlas with two charts:
First chart (Uy,¢1): the set U; of the equivalence classes [21 : 22| such that z! # 0 and the map

2

z
p1: U —C: u:z—l,

(u e C)



of Uy in R? (complex plane)
Second chart: the set Uy of the equivalence classes [z! : 2%] such that 22 # 0 and the map

1
Pa: U2—>C:wzz—, (we C)

22
These two maps (1, are bijections of sphere without a point on the whole plane R?. Hence they are
charts. These two charts form an atlas.

Consider transition function Wq; = <p2<p1_1, w = % In terms of real coordinates it will be

1
w=v+it=— = — = _
u wtiy a2+ y?’ E

1 {E—Zy {’U:wr"in
t =

These both functions are smooth. Hence the atlas is smooth.

In the case CP" the atlas formally looks like for the RP™ but all z?, uﬁ.) are complex variables.

6 Is the map ¢: R — R, 2 — 23 a diffeomorphism?

This map is one-one map of R! on R™. It is smooth function, but... the inverse function z +— ¥z is
not smooth at the point x = 0, since the first derivative already is not defined at this point. Hence this map
is not diffeomorphism.

7 Establish diffeomorphisms between RP! and S!, and between CP! and S2.
a) Diffeomorphism RP! and S?.

Consider RP! as set [z : y] of equivalence classes of vectors in R? and S* as set of points (z,y): 22 +y? = 1.
The atlas {(Uy, p1), (U2, p2)} was already constructed in the exercise 3a:

X
1+y

Ul = Sl\(())l)v @1:U1 = (SU,y) = U= ﬁiya U2 = Sl\(07_1)7 902:U2 > (ZZ?,y) = ’(L/ =

with transition function 1
Uy = oy urs v = -

The atlas on RP! is {(U{,¢}), (UL, ¢4)} where U] is a set of points [z : y] with y # 0, U} is a set of
points [z : y] with z # 0,
/ _ ., _ T / . Y
Alleyl=v="y eallwy] =v' =7

with transition function v’ = %
Define the following map from S* to RP?

L—y:a]=[1: {5 ]ify#1

st (I’y)’F(@"’y):{[o:u if y =1

This map establishes one-one correspondence between all the points of the circle except the North Pole and
the points of the line R! and it sends the North Pole to the ”infinity” point [0 : 1] of projective line.
Write down the expression of this map in coordinates:

/-1, _
Fin=¢le] tu—v,0v=u,

/-1, o0
Forp = o] .u|—>v,v—&

1

ro =17 —
Fro =19, iu —v,0=—,
U
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A B VA A |
Forg = popy i = v v =,

All coordinate expressions for the map F' is smooth.

We see that the map F' is one-one correspondence and in all local charts this function and its inverse
are smooth functions. Hence it is diffeomorphism.

Remark Notice that one can write the function F' in the following ”symmetric” way:

Cl—y:a]ify#1
F(x’y){[x:1y+y]if§7é—1

(A-y:al=0-y* 2 +y)=[":2(+y)]=[z:1+y])

Now establish diffeomorphism between S? and CP*.
We already constructed atlases for these spaces (see exercises 3,5):
Atlas {(Uy, ¢1), (Uz, p2)} for S? is

8
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Ur= SN0,0,1), @105 (0,9,2) — {

and /
u =

U2 = Sl\(ovoa 71)a 902:U2 > (l’,y,Z) = { [

8
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with transition function: N
Wo1 = oy ' (u,0) = (', 0), {U/ _ uge

PrEE
and atlas {(U{,¢}), (Us, ¢h)} for CP! where

2 1
o: U — C: s:z—l, (ue C) ¢y Us— C: s’:%, (we C)
z z
where U] = {[z' : 2%],2" # 0}, Uj = {[z! : 2%],2® # 0} and transition functions s = 2, where s,s’ are
complex variables.
Now consider the following map of S* on CP!

2 =zt iylif z#£1
S 3(1‘,y,2’), F(x’y’z)_{[1+z:x—iy]ifz;£—1

This map sends all the points of the sphere except the north pole on the complex plane and North pole to
the point [0 : 1]. It is one-one correspondence between S? and CP?.

Derive expressions in coordinates for the map F. We see that [l — z:z +iy] =[1: %] =[1:u+ ],

hence
r, —1 .
Fin=¢ip;, s=u+iv

and 1 1 )
u —
F/ = 4 _1, Sl = - = =
21T 2% s u+iv  u?+0v?

Respectively [1 —z :z +iy] = [(1 —2(z —iy) :a® +y?] = [z —iy: 1+ 2] = [2=2 : 1] = [u' — v’ : 1] and
Farg = phpyt, s =u' — i

and .,
172 > / I ! u2 + v2




We see that the function F' is not only bijection but the smooth function, and inverse function is smooth
too. Hence F is diffeomorphism.

a b

7 Show that the special linear group SL(2) = {g = <C d) s a,b,c,d€R, detg = 1} has a natural struc-

ture of a differentiable manifold of dimension 3.
Consider R* with coordinates (a, b, c,d). The group SL(2) is defined as the set S of the points in R*
which obeys the equation F(a,b,c,d) = ad — bc = 1. Consider derivative matrix of this function:

<6F(a,b,c,d) OF(a,b,c,d) OF(a,b,c,d) 8F(a,b,c,d)> ~(dyeba) =

Oa ’ ab ’ Jdc ’ ad B
This matrix contains one row—vector. Its rank is equal to 1 if this vector is not equal to zero. We have to
check that at the points of S where ad — be = 1 the vector (a, b, ¢, d) # 0.

At the points where a # 0 the vector (a,b,¢,d) # 0. At the points of S where a = 0 then ¢d = 1 because
ad —dc=1. If ed = 1 then ¢ # 0, hence vector (a,b,¢,d) # 0.

We show that at all points of the set S defined by the equation ad — bc = 1 the matrix of derivatives
has rank 1. Hence according to Theorem S is a smooth manifold of dimension 4 — 1 = 3.

8" Show that the special unitary group SU(2)

SU(2) = {gz (Z Z) ta,b,c,de C,g7! =g", detg = 1}

has a natural structure of a differentiable manifold of dimension 3. Show that this manifold is diffeomorphic

b
d>’ then

to S3. (Recall that g© is the matriz which is hermitian conjugate to the matriz g: if g = (Z

=5 7))

If matrix g is equal to (Z Z) and its determinant is equal to 1 then

L (d b L (a e
g _<—c a)andg “\b d

Hence we see that for complex numbers a,b, ¢,d d = a, ¢ = —b. Hence

S QI
jSHReY!

s

where a, b are complex numbers such that det g = aa + bb = 1. Denote a = = + iy, b = z + it we come to
detg=1=aa+bb= (z+iy)(x —iy) + (z +it)(z —it) = 2* + y* + 2° + *
We see that SU(2) is a set of points in R* obeying the equation 22 + 32 + 22 4+ t? = 1. This is S°.

9* Show that the configuration space of solid body with a fized point can be identified with the special
orthogonal group SO(3). (The group SO(3) is a group of 3 x 3 real orthogonal matrices with determinant 1,
i.e., it is the group of matrices which preserve scalar product and orientation in R3.)

Take any orthogonal frame fixed with body. The position of the body is a linear transformation of this
frame. This linear transformation preserves length, hence it preserves scalar product, i.e. it is orthogonal
transformation:

At =4
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If transformation is orthogonal its determinant is equal to 1 (preserving orientation), or —1 (changing
orientation). Any transformation v(¢) can be smoothly connected with identity transformation ~(t)|t=o-
det(y(t)) is continuous function. Hence dety(t) = 1. We see that configuration space can be identified with

S0(3)

10" Show that the projective space RP? is diffeomorphic to SO(3).
We know that any orthogonal transformation preserving orientation is a rotation on a given angle around

a given axis...



