Homework 5. Solutions

1 Consider function f = xy and differential forms o = xdy + ydx and w = zdx + xdy.

Calculate differential forms d(fw), o Aw and d(o A w).

d(fw) = dfw + fdw = d(zy)(zdx + xdy) + zyd(zdx + zdy) = (ydx + xdy) A (zdx +
xdy) + zy(dz A dx + dx A dy) = zzdy A\ dx + yxdx A\ dy + xydz A de + xyde A dy =

= (2zy — xzz)dx N\ dy + xydz A dx.

o ANw = (xzdy + ydzx) A (zdx + zdy) = xzdy A dz + yxdz A dy = (xy — zz)dz A\ dy

d(oc ANw) =d((xy — zz)dz N dy) = —xdz AN dx AN dy

Note that ¢ = df, hence d(oc Aw) = d(df Aw)) = —df N dw. Here this does not
simplify much calculations but in the next exercise it will help.

2 Consider embedding 1:S?> — R3> of the sphere to R3 given by the equation © =
asinfcosp, y =asinfsiny, z = acosf. Calculate pull-backs

a) (),

b) (o),

¢) " (w),

d) (o ANw),

e) " (d(oc Aw))

where function f and forms w and o were defined in previous exercise.

We have that x = asinf cos p, y = asinfsiny, z = acosf. Hence

(f) = *(zy) = (asinf cos @) (asinfsin ) = a? sin’ fsin p cos ¢
b)
V(o) = 1" (xdy + ydx) = asin b cos pd(a sin 0 sin ¢) + a sin 0 sin pd(a sin 0 cos p) =
a sin 0 cos p(a cos 0 sin pdf + a sin 6 cos pdp) + a sin 6 sin pd(a cos 6 cos pdfh — a sin O sin pdyp)
Long calculations... More wise to note that o = zdy + ydz = d(zy) = df, hence
(o) = v (df) = du”(f)
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But we already calculated t*(f) = a®sin® §sin ¢ cos . Hence

o) = (df) = di* (f) = d (a®sin® Osinpcos ) = d (a®sin® fsinp cos p) =

,d((1— 00129) sin2¢ .2 sin 2628111 2g0d9 e (1 - C03229) oS QSOdga

a

M (w) = 1" (zdx + xdy)

1



z=uacosf, x =asinfcosp, dr = d(asinf cosy), dy = d(sinfsin ). Hence
(w) = 1" (zdx + xdy) = acosOd(asin O cos ¢) + asin 6 cos pd(a sin 0 sin )
d) (o ANw) =" ((zy — xz)dx A dy) =
= (asinf cos ¢ asinfsinp — asin b cos ¢ acosf)d(asinf cos p) A d(asinfsin p) =

a® sin @ cos ¢(sin @ sin ¢ —cos ) (cos  cos pdf—sin O sin pdp)A(cos O sin pdf-+sin 6 cos pdp) =
a’ sin @ cos ¢ (sin @ sin ¢ — cos #) sin § cos BdB A dyp

e) d(o Aw) is 3-form.
Hence t* (d(o A w)) as a form on is equal to zero. Answer: t* (d(oc Aw)) = 0.
3 Consider the embedding 1: M — R? of the circle S* in R? given by the equation

rdy—ydx

x =acost,y =asinf. Find the pull-backs .* (o) and v*(do) if o = 3705+

acosfd(asinf) — asinfd(acosd)  (a*cos® 0 + a*sin® 0)do
(acosB)? + (acosf)? ~ a2cos?f +a%sin’f

o=

do
U (do) = d(v* (o)) = d(d6) = 0

4 Consider the embedding v: M — R3? of the cylinder M in R? given by the equation
x =acosb,y=asinf,z = h. Find the pull-backs .* (o) and .*(do) for the following forms:

o= zdy

o = xdy + ydx
_ zdy—yd

o = iy-uds

o = xdy — ydx

t*(zdy) = hd(asinf) = ha cos 0df

V(zdy + ydx) = d(zy) = d(v*(zy)) = d(a®sinf cos §) = a? cos 20d0

* xdy —ydr  acosfd(asinf) — asinfd(acosb)

x? +y? (acosf)? + (acosh)?
M (xdy — ydx) = a*df

5* Show that 1*(o) = sin 0d0 Ady, where v is embedding of the sphere in R considered
i the exercise 2, and the 2-form o is defined by the formula

xdy N dz + ydz A dxz + zdx N dy
(22 + 2 + 22)3/2

g =
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Perform calculations

(zdy A dz) = a®sin 6 cos d(sin 0 sin ) A d(cos @) = a® sin®  cos? pdf A dip

(ydz A dx) = a®sin 0 sin pd(cos ) A d(sin 6 cos ) = sin® §sin? pdf A dip

¥ (zdx A dy) = a® cos 0d(sin 0 cos ) A d(sin 0 sin ) = a®sin 0 cos® 0dO A dip

Hence

« (xdy Ndz +ydz Ndx + zdx N\ dy V(xdy Ndz) 4 1 (ydz Adx) + 0 (zdx ANdy)
(22 + 92 +22)3/2 - (22 4+ y2 +92)) -

a® sin® 0 cos? pdf A dp + a® sin® 0 sin? pdf A dp + a® sin 6 cos? 0df A d

3 = sin 0df N dy
a

6 Calculate differential of 1-form o = pi1dq' + padq? — dpag?

da = d(plalq1 + podg® — dpng) = dp1 Adq' + dpa A dg® + dps A dg?
(Note that d(dpsf) = —dp2df)

7 Consider in R? a triangle ANABC with vertices at the points A = (5,—1), B =
(—=1,6), C' = (=5, —1) and differential one-form w = xdy — ydx. By using Stokes’ theorem
or directly calculate the integral of 1-form w over the boundary of the ANABC.

The integral of the 1-form w = xdy—ydz over the boundary of the triangle according to
Stokes theorem is equal to the integral of the form dw = d(xdy —ydzr) = de ANdy—dyNdx =

2dx A dy over the triangle:
/ w :/ dw
ONABC AABC

(We suppose that orientation is chosen. The integral on boundary is taken anticlockwise.)

Hence

1
/ dw = / 2dxNdy = 2x Area of triangle ABC = 2x(5—(=5))(6—(—1))x = = 7OI
AABC AABC 2

8 Consider in R3 the surface defined by the equation x? + y* + 2% = 4z. Show that
this surface is the sphere.

Using Stokes Theorem calculate the integrals of the 2-forms wy = zdx N dy and wy =
dx N dy



2?2 + 9% + 22 — 42 = 0. Hence 2% + y? + (2 — 2)2 = 4. Hence it is the sphere of the
radius 2 with the centre at the point (0,0, 2), f52 zdx N\ dy = faB zdx A dy, where B is a
ball of the radius 2, B: 2% + y* + (z — 2)? < 4. Hence by Stokes Theorem

/ zdw/\dy:/ zdm/\dy:/ d(zdxNdy) :/ dz/\d:)s/\dy:/ dzNdyNdz = volumeB :I
52 OB B B B

4
volume of the sphere of the radius 2 = §7TR3| R—2



