Homework 0. Solutions
1 Consider sets
V ={az® + bz +c,a,b,c € R}, T ={2?+pr+q,p,q € R}

a) Explain why a set'V is a vector space, and a set T is not a vector space (with respect to natural operations
of mulitplication and addition of polynomials)

b) Explain why polynomials 1,x, 2% are linearly independent in V.

¢) Calcualte dimension of V.

One can see that operations + and - are well-defined: For two “vectors”—polynomials P, = a;x? +
blx + 1 P2 = a2$2 —+ le‘ + co

Py + Py = a3z® + bz + c3, where (a3, bs, c3) = (a1,b1,¢1) + (a2, b2, ¢2) = (a1+2,b1 + b2, c1 + c2),

M- P = M)arz? + byx +¢1) = (a,b,¢), where (a,b,c) = Xay, by, c1) = (Aag, Aby, Aey) .

We see that we may identify the space V with R3.
On the other hand T is not vector space, since if we consider two arbitrary polynomials in 7" their sum
does not belong T,
Now prove that polynomials (vectors) 1, z, 2% are linearly independent. Let c1, co,c3 € R be coefficinets
such that
cl-l+02-x+03-x220

i.e. polynomial ¢; +cox+c32? is identically equal to zero. In this case it is equal at zero at points z = 0, 1, —1:
P0)=c¢ =0
P(l) cp+ca+ce3=0 :>81:O,CQZO,63:O,

P(x)=ci +cox+c32? =0 = =
P(71)1617C2+63:O
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i.e. polynomials 1, z,z* are linearly independent.

2 Show that the vectors {aj,as...,an,} in vector space V are linearly dependent if at least one of these
vectors is equal to zero.
WLOG suppose that a; = 0. Then

Aa;+0-a+...+40-a,=0

where A is an arbitrary non-zero real number A # 0. We see that there exists a linear combinations of vectors
{a1,as...,a,,} which is equal to zero and one of the coefficients {),0,...,0} is not equal to zero. Hence
vectors {aj,as...,a,,} are linearly dependent.

3 a) Show that arbitrary three vectors in R? are linearly dependent.
Consider the following vectors in R?

e; = (1,0), ey = (0,1), a=(2,3), b =(3,0), (1)

b) Show that {e1,e2} is a basis in R?.
c¢) Show that {a,b} is a basis in R2.
d) Show that {e1,b} is not a basis in R?.

Solution of a)
Consider arbitrary three vectors in R?

x; = (a',a?)
Xo = (b17b2>
x3 = (ct, c?)



If vector x; = (a1,a2) = 0 then nothing to prove. (See exercise 2). Let x; # 0. WLOG suppose a; # 0.
Consider vectors , b L s b ,
x5 =X — &4x1 = (0,6%) — (a1, a2) = (0,b3)

X5 =x3 — (%X1 = (‘31702) - %(aha?) = (0,¢5)

We see that vectors x5, x5 are proportional—i.e. they are linearly dependent: there exist ug # 0 or usz # 0
such that pex) + usxh = 0 E.g. we can take po = ¢, pug = —b), in the case if ¢j, # 0 or by # 0 (if ¢, =by, #0
then we can take coefficients p1, o any real numbers. ) We have:

1 ay

b
H201 " N301)X1 —0,

c c
0 = poXy + p3xs = fip <X3 - 1X1) + p3 <X3 - 1X1> = p2Xg + p3X3 — (
a a a

where p9o # 0 or pug # 0. Hence vectors x1, X2, X3 are linearly dependent *. m

Solution of b)
Vectors e, ey are linearly independent:

ae; + bes = a(1,0) +b(0,1) = (a,b) =0=a=b=0

We see that on one hand in R? any trhee vectors are linearly dependent, and on the other hand there
exist two linearly independent vectors. Hence dimension of R? is equal to 2. Hence these two vectors {e, es}
form a basis

Solution of c¢) Vectors a,b are also linearly independent:

xr=0

2x+3y:0:>$:y:0'

za+yb = x(2,3) +y(3,0) = (2x + 3y, 3z) :0:{

We see that two vectors a, b are linearly independent vectors in 2-dimensional space. Hence these two vectors
{a, b} form a basis

Solution of d) Vectors e, b are linearly dependent, since
361 —b=0.

Hence this is not a basis.
4 a) Show that (x,y) = x'y' + 2%y? does not define a scalar product in R3.
b) Show that (x,y) = x'y' + 322y + 523y> defines a scalar product in R3.
c¢) Show that (x,y) = x'y? + 2%y* + 23y3 does not define a scalar product in R3.

b

f1) Find necessary and sufficient conditions for entries a,b,c of symmetrical matriz <a

b) such that
c

the formula

1
(x,y) = (z',2?) <Z l;) (Zz) = az'y' +b(z'y? + 2%y") + cx®y?

defines a scalar product in R2.

Solution

Recall that scalar product on a vector space V' is a function B(x,y) = (x,y) on a pair of vectors which
takes real values and satisfies the the following conditions:

1) B(x,y) = B(y,x) (symmetricity condition)

2) B(Ax + py,z) = AB(x,z) + uB(y, z) (linearity condition (with respect to the first argument))

3) B(x,x) > 0, B(x,x) =0 < x = 0 (positive-definiteness condition)

(The linearity condition with respect to the second argument follows from the conditions 2) and 1))

* You may say: why so long proof? We know already that dimension of R? is equal to 2 then by definition
any three vectors in R? have to be linear dependent. This ”proof” is in fact “circulus vicious ” since the
proof of the fact that dim R? = 2 is founded on the statement of this exercise.
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Remark Note that z!, 22, 23—are components of the vector, do not be confused with exponents!

a) Show that B(x,y) = zly! + 22y? does not define scalar product in R3.

To see that the formula (x,y) = z'y' + 2%y? does not define scalar product check the condition 3) of
positive-definiteness: (x,x) = (z!)? + (2%)? may take zero values for x # 0. E.g. if x = (0,0, —1) (x,x) = 0,
in spite of the fact that x # 0. The condition 3) of positive-definiteness is not satisfied. Hence it is not scalar
product.

b) Now show that (x,y) = zly! + 3z2y? + 523y is a scalar product in R?.

We need to check all the conditions above for scalar product for (x,y) = x'y* + 32%y? + 523y

1) (y,x) = ylat + 3y?2? + 5y23 = 2ty + 32292 + 523y> = (x,y). Hence it is symmetrical.

2) Ax+py,z) = (Aot + py')zt + 3(A\a® + py?)2? + 5(\a® 4 py?)2® =
= Mtz + 32222 + 52323) + p(ytzt + 3y222 + 5y323) = A(x,y) + u(y, z). Hence it is linear.

3) (x,x) = (21)2 + 3(2%)? + 5(2®)? > 0. It is non-negative. If x = 0 then obviously (x,x) = 0. If
(x,x) = (z1)% + 3(2?)? + 5(23)? = 0, then 2! = 2% = 23 = 0. Hence it is positive-definite.

All conditions are checked. Hence (x,y) = o'y + 322y? + 523y is indeed a scalar product in R?

c) Show that B(x,y) = z'y? + 2%y* + 234> does not define scalar product in R3.

To see that the formula (x,y) = 2'y? + 2%y + 23y3 does not define scalar product check the condition
3): (x,x) = 2z'2? + (23)? may take negative values. E.g. if x = (1,—1,0) (x,x) = —2 < 0. The condition
3) of positive-definiteness is not satisfied. Hence it is not scalar product.

£) 7)

The condition of linearity and symmetricity for the bilinear form

1
B(x,y) = (a',2?) (Z i) (zg) — az'y! 1+ b(z'y? + 22yh) + cxly?

are evidently obeyed.

The general answer on this question is: symmetric matrix is positive-definite if and only if all principal
minors are positive. For matrix under consideration it means that conditions a > 0 and ac — b?> > 0 are
necessary and sufficient conditions.

Give a proof for this special case.

Check the positive-definiteness condition.

For x = (1,0) B(x,x) = a. Hence a > 0 is necessary condition. Now consider

1 212 12)(2)2
B(x,x) = a(z")? + 2bxt2? + c(2?)? = (o2 + b2”) _tz(ac )@’ >0<ac—b*>0

We see that B(x,x) > 0 for all x # 0 iff « > 0 and (ac — b?) > 0.
The positive-definiteness condition is id in fact the condition that discriminant of quadratic polynomial
at? 4 2bt + ¢ is non-positive, i.e. it does not take negative values (if a > 0).

5 a) Let e,f and g be three vectors in 3-dimensional Euclidean space E® such that all these vectors have
unit length and they are pairwise orthogonal.
Show explicitly that the ordered set of these vectors {e,f, g} is a basis.

The space is 3-dimensional. Hence to show that {e, f, g} is a basis it suffices to show that vectors (e, f, g)
are linearly independent. Suppose cie + cof + csg = 0. Take scalar product of this equation on the vector
e. Since vectors e, f and g have unit length and they are pairwise orthogonal then

(c1e + cof + c3g,e) = ci(e,e) + co(f,e) + c3(g,e) =c1-1+c2-0+c3-0=¢; =0.

In the same way we prove that c¢; = ¢3 = 0. Hence vectors (e, f, g) are linearly independent.

6 Let a,b and c be three vectors in 3-dimensional Euclidean space E? such that vectors a and b have

unit length, and are orthogonal to each other and vector ¢ has length \/3 and it forms an angle ¢ = arccos %

with vectors a and b.



Show that the ordered set {a,b,c —a — b} of vectors is an orthonormal basis in E3.

Since vectors a and b have unit length and they are orthogonal to each other then (a,a) = (b,b) =1

and (a,b) = 0. Since angle ¢ between vectors a and ¢ equals to arccos —= and length of vector ¢ equals to

V3
/3 then )
3

Analogously (b, c) =1 too. Hence scalar product of vector ¢ —a — b with vector a equals to (c—a—b,a) =
1-1—-0=0, ie. vector c —a— b is orthogonal to the vector a. In the same way we prove that vector
c —a — b is orthogonal to the vector b. Hence we proved that all vectors a,b and ¢ — a — b are pairwise
orthogonal to each other. To see that {a,b,c —a — b} is orthonormal basis it remains to prove that vector
c — a — b is unit vector. This is the fact since

(a,c) = |a||c|cosp =1--V3- 1.

(c—a—b,c—a—b)=(c,c)+(a,a)+(b,b)—2(c,a)—2(c,b)+2(a,b) = V3-V3+14+1-2.1-2-1=1. N

7 Let {e1,eq,e3} be an orthonormal basis of Euclidean space E3. Consider the ordered set of vectors
{€], €}, e5} which is expressed via basis {e1,ea,e3} in the following way:

a) €] =eq, e, = ey, €5 =e3;

b) el =e, e, =e; +3e3, €5 =e3;

c)e] =e; —eq, e, =3e; —3eq, €5 =e3;

d) €] =eq, e, = ey, €5 = e + ey + Aes (where A is an arbitrary coefficient)?

i) Find out is the ordered set of vectors {e}, e}, es} a basis in E3. Is this basis an orthonormal basis of
E3?

it) Write down explicitly transition matriz which transforms the basis {e1,e2,e3} to the ordered set of
the vectors {e}, eh, e5}. Is this matriz non-degenerate, or no? Is this matriz orthogonal?

Answer question i) using the properties of corresponding transition matrices.

(you have to consider all cases a),b) ¢) and d)).

Find out is the ordered set of vectors {e], e}, e} a basis in E3. Is this basis an orthonormal basis of E3?
(you have to consider all cases a),b) ¢) and d)).

To analyse the cases we use the definition of basis: 3 vectors in 3-dimensional space form a basis if and
only if these vectors are linearly independent.

Case a) Vectors €] = ey, €, = e1, e} = e3 are linearly independent, since {e;, ez, e3} is a basis. Hence
{e],eh, et} is a basis too. Al vectors of this basis have unit lenght and they are orthogonal to each other.
Hence this is orthonormal basis.

Case b) Vectors €] = e1, €, = e; + 3e3, e}, = e3 are linearly dependent. Indeed

e —e,+3e;=e; —(e; +3e3) +3e3 =0.
Hence it is not a basis.

Case c) First two vectors €] = e; — ez, €5 = 3e; — 3ey are already linearly dependent: e} = 3e}. Hence
these three vectors do not form a basis.

Case d) Check are vectors linearly independent or not. Let ci€] + co€) + czef =0, i.e.
c1€] + c2€) + cze = cres + coey + cz(e1 +ex + Aesz) = (ca + c3)er + (c1 + c3)ex + czdes = 0.

I-st case A % 0. We have c3 + c3 = ¢1 + ¢3 = Acg = 0. Hence ¢3 = 0,¢; = 0,¢c2 = 0. These three vectors are
linearly independent. This means that ordered triple {€], e}, €5} is a basis.

II-nd case A = 0. We have co + c3 = ¢1 + c3 = Ocg = 0. Hence c3 can be an arbitrary number
and ¢; = —cg,co = —c3. c3 These three vectors are linearly dependent. This means that ordered triple
{€], €}, e5} is not a basis.



Now we will answer the same questions using transition matrices.

Case a) The ordered set {e}, e}, e5} = {es,e1,e3} is evidently orthonormal basis since all vectors have
unit length, and they are orthogonal to each other. We answered this question above. Now we will answer
this question again, using transition matrix.

Calculate the transition matrix: Transition matrix T =

o = O
SO =
_ o O

{e}, ey, e5} = {e1ez,e3}T .

This matrix is non-degenerate, its rank is equal to 3 (detT = 1 # 0). It is orthogonal matrix, because all
the rows have unit length, and are orthogonal to each other.

Since transition matrix from orthonormal basis {e;ez, €5}, matrix T is an orthogonal matrix, hence the
row {e], e}, es}, ({e],e}, et} = {e1, ez, e3}T) is on orthonormal basis also. We come to the same answer as
in the previous exercise.

Case b) The ordered set {e},e},e5} = {e1,e1 + 3es,es} is not a basis because vectors are linear
dependent: €] — e}, + 3¢5, = 0. We answered this question above. Now we answer ths question using
transition matrix.

1 1 0
Calculate the transition matrix. Transition matrix 7= 0 0 0 |,
0 3 1

{e], e}, e5} = {e1,eq,e3}T.

This matrix is degenerate, its rank < 2. One can see it noting that rows are linear dependent or noting
that detT = 0. Vectors {e}, e}, e5} are linear dependent. On the other hand vectors {e},e,} are linear
independent. Hence rank of the matrix T is equal to 2, and this matrix is non-degenerate (its determinant
vanishes). Of course this matrix is not orthogonal— orthogonal matrix has to be at least non-degenerate.
(determinant of orthogonal matrix is equal to £1).

Since transition matrix from basis {e;es, e3}, matrix T is degenerate matrix (det 7" = 0), hence the row
{e], e}, e5}, ({€],e),e5} = {e1,eq,e3}T) is a row of linear dependent vectors, this is not a basis. We come
to the same answer as in the previous exercise.

Case c) The ordered set {e],e},e4} = {e1 — e2,3e; — 3ez,e3} is not a basis because vectors are linear
dependent: 3e] — e, = 0. We answered this question above. One can see it also studying the transition
matrix.

1 3 0
Transition matrix T={[ -1 -3 0 |,
0 0 1

{el, e}, e5} = {er, ez, e3}T .

This matrix is degenerate: the second column is proportional to the first column, ( det T = 0.) Hence the
row {e], e}, e5}, ({e], e, et} = {e1,es,e3}T) is a row of linear dependent vectors, this is not a basis. We
come to the same answer as in the previous exercise.

(Rank of the matrix rank < 2. On the other hand second and third column of this matrix are linear
independent. Hence rank of the matrix T is equal to 2).

Case d)
The transition matrix from the basis {e1, €2, €3} to the ordered triple {e}, €}, e5} = {e2,€1,€1+e2+\e3}
0 1 1
isT=[1 0 1], (e},eh es) =(e1,ez,e3)T
0 0 A

I-st case. A\ # 0. The ordered set {e],e),e5} is a basis because vectors are linear independent. This
basis is not orthogonal, because the length of vector e} is not equal to 1 ((e},e}) = |e4|?> = 2 + A\?). This
matrix is not orthogonal, because the new basis is not orthonormal.
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II-nd case A = 0. The ordered set {e}, e}, e4} is not a basis because vectors are linear independent:
e +e,—ef=0.

We answered this question in the previous exercise. Now we will answer yousing the transition matrix.
Calculate deterinant of the transition matrix: detT = —A. If A # 0, the matrix 7" is non-degenerate, and the
ordered set {e], e}, e} is a basis, but this basis is not orthonormal, because the matrix T is not orthogonal
( the second row of this matrix has not unit length.)

If A = 0, the matrix T is degenerate, the vectors e}, e}, e} are linearly dependent, thus the ordered set
{e},eh, es} is not a basis. (The transition matrix T has rank less or equal to 2, because vectors are linear
dependent. On the other hand vectors €], e}, are linear independent. Hence the rank of the matrix is equal
to 2.)

8 Prove the Cauchy—Bunyakovsky-Schwarz inequality

(x,y)* < (x,x)(y,y),

where x,y are arbitrary two vectors and (, ) is a scalar product in Euclidean space.
Hint: For any two given vectors X,y consider the quadratic polynomial At>+2Bt+C where A = (x,x),
B =(x,y), C =(y,y). Show that this polynomial has at most one real root and consider its discriminant.

Consider quadratic polynomial P(t) = Y7, (ta'+y*)* = At?+2Bt+C, where A = Y1 | (z")? = (x,x),
B =" (2"y) = (xy), C =1 ,u")? = (y,y). We see that equation P(t) = 0 has at most one root (
and this is the case if only vector x is collinear to the vector y). This means that discriminant of this equation
is less or equal to zero. But discriminant of this equation is equal to 4B% — 4AC. Hence B? < AC. It is just
CBS inequality. ((x,y)? = (x,x)(y,y), i.e. discriminant is equal to zero < vectors x, y are colinear.



