Homework 5b. Solutions.

Here we focus attention on calculations in Cartesian and polar coordinates

1 Calculate differential forms w = xdy — ydx, 0 = xdx + ydy and vector fields A =
20y +y0y, B = 20, — y0, in polar coordinates.

This exercise was done during the XII-th lecture (see the subsection 2.3.5 ” Differential
forms in arbitrary coordinates” in Lecture notes). Just recall the answers:

w = zdy—ydx = r’dy , 0 = vde+ydy = rdr, A =z—
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2 Consider differential forms w = xdy — ydz, 0 = xdx + ydy and vector fields A =
20y + Y0y, B =20y, — y0,
Calculate w(A),w(B), c(A),c(B).

We will solve this problem first in Cartesian coordinates then in polar coordinates

Cartesian coordinates

w(A) = (xdy — ydx) (m% + y%) —

z2dy 3 + xydy 2 —yxdx 3 —y?dx 3 =22 0+ay-1—yzr-1—9%-0=0.
Ox oy Ox dy

Later we often denote vector field % by 0., vector field % by 0y ...
w(B) = (zdy — ydzx) (0 — y0,) = 2dy(dy) — xydy(0,) — yxdx(0y) + y?dz(d,) = z* -1 —
ry-0—yr-0+y?-1=a2+y? =12
o(A) = (zdx + ydy) (20, + ydy) = x?dz(0y) + zydz(0y) + yrdy () + y>dy(d,) = z? - 1 +
zy-0+yr-0+y* 1=2a?+y>=r?
0(B) = (vdz +ydy) (x0y — y0y) = a?dx(0y) — 2ydx(0,) + yady(0y) — y*dy(0x) = 2* - 0 —
xy-1+yr-1—y%-0=0.
Polar coordinates
Using formulae (1.1) and (1.2) from previous problem we come to

0 0

0
w(A) =rdy (Tar) 0 ,w(B)=rdy (890) r“ =x+y° ,0(A) =rdr (rar) e =x"+y°

Note that for this exercise, the solution in polar coordinates is much more]]

shorter!



3 Consider a function f = 23 — 3.
Calculate the value of 1-form w = df on the vector field B = 20, — y0,.
In Cartesian coordinates

df(B) = O f = (20 — ydy)(2® — y°) = —3wy® — 3ya™ = — — Bwy(z +y).
Another solution in Cartesian coordinates w = df = 3x%dx — 3y%dy, thus

w(B) = 322dx — 3y*dy(20, — y0.) = —3x%ydx(d,) — 3y*dy(d,) = —3zy(z +y) .

in polar coordinates:

= 2% — y? = r3(cos® ¢ — sin® ) hence using (1.1) we come to
Y ¥

df(B) =0pf = % (r3(C033 @ — sin® ©)) = —3r? sin @ cos p(cos ¢ + sin ) = —3zy(z +y).

4 Calculate the derivatives of the functions f = x?>+y?, g = y*—a? and h = qlog |r| =
qlog <\/1‘2 + y2> (q is a constant) along vector fields A = x0, + y0, and B = 20, — y0,

a) calculating directional derivatives Oa f,0ag,0ah, O f,0Bg,OBI
b) calculating df (A),dg(A),dh(A),df(B),dg(B),dh(B).

First do using directional derivatives in Cartesian coordinates, then using formula
(1.1), (1.2) in polar coordinates:
For vector field A = xa% + ya% = r%, we have

in Cartesian coordinates Oa f = <:1:6% + y%) (22 +y?) =220 +y- 2y =2(z® +9?),

in polar coordinates: f =12, Oaf = ra r? = 2r? = 2(2? + 3?).

in Cartesian coordinates Jag = (x% + ya%) (y?—2?) = 2 (—22)+y-2y = 2(y*> —2?),

in polar coordinates: g = r2(sin2

@ — cos® ) = —2r? cos2p, Oag = r2-(—1? cos 2p) =
2r2 = —2r2 cos 2¢.
2

. . . _ .0k dh _ _
in Cartesian coordinates Jah = T3, + yay = 2+y =4q,

2 +

IE
in polar coordinates: dah = T%qlogr =q.

For vector field B = x% — yaa—w = %,

we have
in Cartesian coordinates dgf = (:c% 8Q> > +y?)=—y-2r+x-2y=0,
in polar coordinates: f =12, dgf = 81 = 0.
in Cartesian coordinates dpg = —y—g +x % =—y-(—2z)+ - 2y = 4duy,



in polar coordinates: g = —7?

cos2p, g = %(—r2 cos 2¢) = 2r? sin 2¢p = 472 cos psin ¢ :I
(4r cos @) (rsin @) = 4xy.
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in Cartesian coordinates Ogh = —y% + xg—Z =
in polar coordinates: dgh = %qlogr =0.

b) Now calculate using 1-form using the fact that da f = df (A):
We have that df = d(z? + y?) = 2zdz + 2ydy, dg = d (y* — 2?) = gdz + g,dy =

(2ydy — 2zdz), dh = d (q log \/x? + y2) = hydx + hydy = %.
Hence

in Cartesian: Oaf = df(A) = (2zdx + 2ydy)(x0, + ydy) = 222dx(0,) + 2y*dy(d,) =
222 4 212,

in polar f =172, =df =2rdr, Oaf = df(A) = (2rdr)(rd,) = 2r2.

in Cartesian: Jag = dg(A) = (2ydy — 2zdx)((x0, + y0y)) = 2ydy(y0y) — 2xdx(xd,) =
2y? — 222

in polar g = —7r2cos2¢p, dg = 2r? sin 2pdp — 2r cos 2pdr, Iag = dg(A) = (2r? sin 2pdp —
2r cos 2¢dr)(r0,) = —2r? cos 2.

2 2
in Cartesian Oah = dh(A) = % (x0y +y0y) = qxdm(x@;giggdy@ay) = qizigg —q

in polar h = qlogr dah = dh(A) = % (%) =q.

Now for vector field B
in Cartesian dgf = df(B) = 2zdr+2ydy)(—y0, +20,) = —2zxydx(0;)+2xydy(0,) = 0,
in polar, f =r?, df = 2rdr, Ogf = df (B) = (2rdr)(9,) = 0,
in Cartesian dgg = dg(A) = (2ydy — 2zdz)((20y — y0,)) = 2ydy(z0,) — 2xdx(—yd,) =
2zy + 2zy = 4zy.
in polar, g = —r%cos2yp, O8g = dg(B) = (—2r cos 2pdr+2r? sin 2pdyp) (%) = 2r2sin2¢p :I
472 sin  cos p = 4xy.

. . d d dx(—y0z)+qyd 0. —
in Cartesiandph = dh(A) = —qm;gig‘g Y (—y0y + 20y) = & el yx2)+y%y y(@dy) (fz?ﬂ:;,%w =I
0.

in polar h = qlogr, dh = % 9gh = dh(B) = 24 (%) _0.

T

5 Let f be a function on E? given by f(r,¢) = 73 cos 3¢, where v, are polar coordi-
nates in E2.

Calculate the 1-form w = df.

Calculate the value of the 1-form w = df on the vector field X = r0, + 0.

Express the 1-form w in Cartesian coordinates x,y")

D' You may use the fact that cos 3¢ = 4 cos® v — 3 cos .

3



w = 3r2cos3pdr — 3r3 sin 3pdep.
The value of the form w = df on the vector field X = r0, 4 0,, is equal to

w(A) = (3r? cos 3pdr — 3r? sin 3pdy) (rd, + 0,) = 3r® cos 3pdr(9,)—3r® sin 3pdp(9,,) = 3r°(cos 3p-

because dr(0,) = 1,dr(0,) = 0 and dr(d,) = 0,dp(0,) = 1.
Another solution

w(X) =df(X) =0xf = (T% + 82) (13 cos 3p) = r-3r? cos 3p—3r> sin 3¢ = 3r>(cos 3p—sin 3p) I
©

To express the form w in Cartesian coordinates it is easier to express f in Cartesian

coordinates and then to calculate w = df:

f=r3cos3p = r®(4cos® p—3cos ) = 4(rcos p)*—3r?(rcos p) = 42® —3x(2*+y?) = 2> —321°|]

Hence w = d(z® — 3zy?) = (322 — 3y?)dz — brydy.

We call 1-form w exact if there exists a function F such that w = dF

6 Show that 1-form w = xdy + ydx is exact.

Show that 1-form w = sin ydx 4+ x cos ydy is exact.

Show that 1-form w = x3dy is not an exact 1=form.

We have w = xdy + ydx = d(xy). Hence this is exact form.

We have w = sinydx 4+ x cos ydy = d(xsiny). Hence this is exact form.

Now show that 1-form w = z3dy is not an exact 1=form. Suppose it is an exat form.

Then there exists a function F' = F(z,y) such that
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