Appendices to lectures

Here I put appendices to the lecture notes on Riemannian geometry
Manchester, 21 April 2020
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1 Examples of surfaces in E?

1.1 Hyperboloids and other quadratic surfaces

One-sheeted and two-sheeted hyperboloids.
These examples were not considered on lectures, but they are interesting for
learning purposes.
Consider surface given by the equation

Py -2 =c

If ¢ =0 it is a cone. We considered it already above.

If ¢ > 0 it is one-sheeted hyperboloid—connected surface in E3.

If ¢ < 0 it is two-sheeted hyperboloid— a surface with two sheets: upper
sheet z > 0 and another sheet: z < 0.

Consider these cases separately.

1) One-sheeted hyperboloid: x? + y* — 2% = a?. Tt is ruled surface.

Exercise’ Find the lines on two-sheeted hyperboloid

One-sheeted hyperboloid is given by the equation 2% +y? — 22 = a?. It is
convenient to choose parameterisation:

x = acoshfcosp
r(0,p): y = acoshfsinp (1.1)

z = asinh

22 +y* — 22 = a?cosh® — a®sinh? § = a?.

(Compare the calculations with calculations for sphere! We changed func-
tions cos, sin on cosh, sinh.)
Induced Riemannian metric (first quadratic form) is equal to

GHyperbolI = (d$2 + dy2 + dZZ) ‘ —

2=a cosh 6 cos p,y=a cosh fsin p,z=asinh §

(asinh 6 cos pdf—a cosh @ sin pdp)?+(a sinh 0 sin pdf-+a cosh 6 cos pdp)*+(a cosh 0df)* =
a® sinh? 0d#* + a® cosh? Ady? + a® cosh? dh* =
a?(1 + 2sinh?6) 0 )

o . 19 2, 2 2 2 =
: = a”(1+42sinh” 0)dO“+a” cosh” Ody* gasl| = ( 0 a? cosh? 0



2) Two-sheeted hyperboloid: z* — x? — y*> = a®. Tt is not ruled surface!

For two-sheeted hyperboloid calculations will be very similar.

In the same way as for one-sheeted hyperboloid (see equation (1.1)) it is
convenient to choose parameterisation:

x = asinhfcosp
r(0,p): y = asinh#sin ¢ (1.2)
2z =acoshf

22 — 2% —y* = a® cosh? 0 — a®sinh? 0 = o

(Compare the calculations with calculations for sphere and one-sheeted hy-
perboloid.

Induced Riemannian metric (first quadratic form) is equal to

GHype'rbolI = (dx2 + dy2 + dZQ) ‘ —

xz=asinh 0 cos ,y=asinh @ sin p,z=acosh§ ~—
(a cosh @ cos pdf—a sinh 6 sin pdp)*4-(a cosh 6 sin pdf+a sinh 0 cos pdp)*+(a sinh 0df)* =
a? cosh? 0d0* + a* sinh? 0dy? + a” sinh? #df* =
a?(1 + 2sinh® ) 0
0 a?sinh? 6
(1.3)

We calculated examples of induced Riemannian structure embedded in Euclidean space
almost for all quadratic surfaces.
Quadratic surface is a surface defined by the equation

: = a*(1+2sinh? §)df*+a” sinh® Odp? l|19asl| =

Az? + By? + C2* + 2Dxy + 2E22 + 2Fyz +ex + fy+dz+c =0

One can see that any quadratic surface by affine transformation can be transformed to
one of these surfaces

e cylinder (elliptic cylinder) a2 + 3% = 1
e hyperbolic cylinder: 2% — 3% = 1)

e parabolic cylinder z = 22

e paraboloid 22 + y? =

e hyperbolic paraboloid z2 — y? =

e cone 22 +y? —22=0

e sphere 22 + 32 + 22 =1

e one-sheeted hyperboloid 2 + ¢y — 22 =1
o two-sheeted hyperboloid 22 — 22 — 3% =1

(We exclude degenerate cases such as "point” x? + y? + 22 = 0, planes, e.t.c.)



1.2 Inversion and metric on circle and sphere in stere-
ographic cooridnates

Formulae (?7) and (??) for metric in stereographic coordinates are very im-
portant, look very nice, but everyone who tried to calculate them was forced
to do difficult calculations. In this paragraph we will explain how these
formulae can be derived almost automatically with use of inversion

Let O be an arbitrary point in Euclidean space E™ (Here we consider just
the case n = 2,3 1)

Let S, be a sphere of radius a with centre at the point 0.

If n' are coordinates of the point O, then points of the shere are defined
by equation (3.7 (2" —n%)? = a®. We call this sphere base of inversion.

We define inversion of E" with respect to the sphere S, as a map which
maps an arbitrary point P # 0 in E™ to the point P’ such

e point P’ belongs to the ray OP

0P| - ||OP'| = a® (1.4)

We see that in particular points of the inversion sphere remian fixed under
inversion.

It can be proved that transforms lines, k-dimensional, planes, circles,.spheres
to lines, planes, circles, spheres, and that the inversion does not change angel
between tangent vectors.

Stereographic projection is restriction of inversion.

Hence stereographic projection is conformal map. This is why in stereo-
graphic coordinates Riemannian metric has conformal appearance.

1.3 Induced metric on two-sheeted hyperboloid em-
bedded in pseudo-Euclidean space.

Consider the same two-sheeted hyperboloid z? — 22 — y? = 1 embedded R? (See

equation (1.2). For simplicity we assume now that a = 1.) Now we consider the

ambient space R3 not as Euclidean space but as pseudo-Euclidean space, i.e. in
R?3 instead standard scalar product

(X,Y) = X'Vt 4 x?v? + X3y?

!These considerations can be generalised for arbitrary n



we consider pseudo-scalar product defined by bilinear form
(X, Y) psewa = X'V 4+ X222 - X3Y3

The ”pseudoscalar” product is bilinear, symmetric. It is defined by non-degenerate
matrix. But it is not positive-definite. E.g. The ”pseudo-length” of vectors X =
(acosp,asinp, +a) is equals to zero (such vectors are called null vectors):

X = (acosy,asin g, +a) = (X, X)pseudo = 0,
The corresponding pseudo-Riemannian metric is:
Gpseudo = da® + dy* — dz? (1.5)

It turns out that the following remarkable fact occurs:

Proposition The pseudo-Riemannian metric (1.5) in the ambient 3-dimensional
pseudo-FEuclidean space induces Riemannian metric on two-sheeted hyperboloid
24yt -22 =1

Remark This is not the fact for one-sheeted hyperboloid (see problem 7 in
Homework 2)

Show it. (See also problems 5 and 6 in Homework 2. ) Repeat the calculations
above for two-sheeted hyperboloid changing in the ambient space Riemannian
metric G = dx? + dy? + dz? on pseudo-Riemannian dx? + dy? — dz*:

Using (1.2) and (1.5) we come now to

G = (d:L‘2 + dy? — dz2) ’

x=a sinh 0 cos p,y=a sinh 6 sin ,z=a cosh § =
(a cosh 6 cos pdf—a sinh 6 sin @dip)?+(a cosh 0 sin pdf+a sinh 0 cos pdyp)?—(asinh §d6)? =
a? cosh? 0d6? + a? sinh? dyp? — a? sinh? AdH?

0 sinh?0
The two-sheeted hyperboloid equipped with this metric is called hyperbolic or
Lobachevsky plane.

. G = a’d6® + a®sinh®0dg? Hga5|:<1 0 ) (1.6)

Now express Riemannian metric in stereographic coordinates. (We did it in
detail in homework 2)

Calculations are very similar to the case of stereographic coordinates of 2-
sphere 22 4 y? 4+ 22 = 1. (See homework 1). Centre of projection (0,0, —1): For

. . u g _ 1
stereographic coordinates u,v we have 3 = ¥ = 1-—. We come to

_ 2u

w= -Z T =122
14z _ 2v

Ty ) Y= 1202 (4)
v= 1+2 Py ui4v?+1
1—u2—v2



: : oo 2 a2 1 2,2 _ 2 4y®
The image of upper-sheet is an open disc u* + v* = 1 since u* + v* = a2 =
22—1 z—1

(142)? z+1°

: -1
Since for upper sheet z > 1 then 0 < §+1 < 1.

2u 2
_ 2 2 2 _
G = (dm +dy dz )‘x:z(u,v),y:y(u,v),z:z(u,v) o <d (1 —u2 = 1)2>) +

(f(i=)) - («(23523)) - G

These coordinates are very illuminating. One can show that we come to so called
hyperbolic plane (see in detail Homework 2)

2 Isometries and infinitesimal isometries (Killing
vector fields)

Let X be an arbitrary vector field on Riemannian manifold M. It induces infinites-
imal diffeomorphism

F:a' =2' +eX'(x), wheree?=0.

(the condition €2 = 0 reflects the fact that we ignore terms of order > 2 over
e.) Find a condition which guarantees that infinitesimal diffeomorphism is an
isometry. If 2 = z' 4+ X (), then one can see that the inverse infinitesimal
diffeomorphism is defined by the equation 2 = z% — eX’(2/) and equation (?7?)
implies that

OxP(z") 0z (z’) i i pXP(x) pX%(x)
Gir(z) = gpq(2'(2)) Tl gk = Gpg("+eX") | 67 + e oL+ o) =
9gin(x) 0X(x) 9XP(x)
gik(z) +¢ Xp(l’)w + gig(T) Dk gpk(l’)w )
Here we consider only terms of first and zero order over e since €2 = 0 (this

is related with the fact that transformation is infinitesimal). The last relation
implies that

Jgir(x) o 0X(2) 0XP(x)

Xp(x) axp gzq(x) axk + gpk‘('x) axl

= 0. (2.1)

Left hand side of this relation we denote LxG— Lie derivative of Riemannian
metric along vector field X. Vector field X induces isometry if Lie derivative of
metric along this vector field vanishes. We come to



Proposition Vector field X on Riemannian manifold (M, G) induces infinites-
imal isometry if LxG = 0:

£xG = x7(0) 20 4 ) OXD | @ g )

Definition) We call vector field X Killing vector field) if it preserves the metric,
i.e. if equation (2.2) is obeyed.

Example Consider plane (z,y) with Riemannian metric G = o(z,y)(dx? +
dy?). Find differential equation for infinitesimal isometries of this metric, i.e. write
down equations (2.2) for this metric.

We have ||gi(z, y)|| = (U(%’ 2 U(a?’ y)).

Let X = A(z,y)0, + B(x,y)0y. Write down equations (2.2) for components
g1l, 12, go1 and gos: We will have the following three equations

Az, ) + B(x, y) + 22 ( 7y)0 =0 for component gi;

Az, y) %2 + Bz, y) +22 ( 9Bw) ;- — () for component gy (2.3)
83;% v) + 8%(; Y =0 for components g12 and go1

Practically for sphere, Lobachevsky plane, e.t.c. it is much easier to find the
Killing fields not solving these equations, but considering the usual isometries (see
examples in solutions of Coursework and in the Appendix about Killing vector
fields for Lobachevsky plane.))

Another simple and interesting exercise: How look Killing vectors for Euclidean
space E™. In this case we come from (2.2) to equation

OK9(x OKP(x
,CKG = (5Zq($)ami) + 6pk($) 6x§ ) = O,

ie.

0K (x) N OK*(z)
oxk oxt

Solve this equation. Differentiating by x we come to

= 0. (2.4)

O’Ki(x) OKF(x)

- =0
Oxmozk  drmoxt
Consider tensor field P25
) Ki
= — 2.
mk T gym Pk (2:5)
It follows from equation (2.4) that

6



It is easy to see that this implies that Tfnk = ol

Top =T =T =Tni = Tipy = Ty = Lo = Lok = — Lok »

m m

O°K'(z) _ (), This implies that

: i
i.e. ka = Famagk =

Kl(m) =C'+ B,ixk

We come to

Theorem All infinitesimal isometries of E™ are translations and infinitesimal
rotations.

What happens in general case?

3 Invariance of volume element under chang-
ing of coordinates

Check straighforwardly that volume element is invariant under coordinate trans-
formations, i.e. if y!,... y" are new coordinates: z' = zl(y',...,y"), 2% =

22(yt .y, ‘ '
=xz'0P),i=1,....n ,p=1,...,n

and gpe(y) matrix of the metric in new coordinates:

. oz ox*
pq(y) = @gik(x(y»aiyq' (3.1)
Then
Vdet gixg(z) dotda® ... dz" = \/det Gye(y) dy'dy? . . . dy™ (3.2)

This follows from (3.1). Namely

n oz’ dak n
Vet gix(y) dy'dy® ... dy" = \/det <aypgik(fv(y))> dy'dy®...dy

oyt

Using the fact that det(ABC) = det A - det B - det C' and det (%) = det (%)2

we see that from the formula above follows:

oxt oz
. 14,2 n __ bl bl 1 2 n __
Vvdet gik(y) dy-dy” . ..dy" = \/det <6y1’glk<$(y)> 8y‘1>dy dy”...dy" =

2determinant of matrix does not change if we change the matrix on the adjoint, i.e.
change columns on rows.



oyP

(e (22)Y Varaatetaart o -

i

Ox 13 2 no_
Vdet gir(x(y)) det <8yp> dy dy®...dy" = (3.3)

Now note that

det <8x> dytdy? ... dy" =dz! ... da"
oyP

according to the formula for changing coordinates in n-dimensional integral 3.
Hence

vV det gir(x(y)) det (gi) dytdy? ... dy" = \/det gip(x(y))datdz? ... dz™ (3.4)
Y

Thus we come to (3.2).

4 Connection

4.1 Global aspects of existence of connection

We defined connection as an operation on vector fields obeying the special axioms
(see the subsubsection 2.1.1). Then we showed that in a given coordinates con-
nection is defined by Christoffel symbols. On the other hand we know that in
general coordinates on manifold are not defined globally. (We had not this trouble
in Euclidean space where there are globally defined Cartesian coordinates.)

e How to define connection globally using local coordinates?
e Does there exist at least one globally defined connection?

e Does there exist globally defined flat connection?

These questions are not naive questions. Answer on first and second questions
is ”Yes”. It sounds bizzare but answer on the first question is not ” Yes” 4

57
cobian. Here we consider the case if Jacobian is positive. If Jacobian is negative then
formulae above remain valid just the symbol of modulus appears.

4Topology of the manifold can be an obstruction to existence of global flat connection.
E.g. it does not exist on sphere S™ if n > 1.

3Determinant of the matrix ( ) of changing of coordinates is called sometimes Ja-



Global definition of connection

The formula (??) defines the transformation for Christoffer symbols if we go
from one coordinates to another.

Let {(2%),U,} be an atlas of charts on the manifold M.

If connection V is defined on the manifold M then it defines in any chart (local
coordinates) (x},) Christoffer symbols which we denote by (4)I,,. If (},), (leﬁ))
are different local coordinates in a vicinity of a given point then according to (?7?)

2 k

K’ '
3‘”(5)‘9@“( ) O2(a)

830
oxt

(ﬁ)FZ 833( )(930( )
Lon! %
- Oxfly) Ox7)

(8) p(ai
(@) (B)

Definition Let {(z%,),U,} be an atlas of charts on the manifold M

We say that the collection of Christoffel symbols {F } defines globally a
connection on the manifold M in this atlas if for every two local coordinates
(azéa)), (:cz ,3)) from this atlas the transformation rules (4.1) are obeyed.

Using partition of unity one can prove the existence of global connection con-
structing it in explicit way. Let {(z%),Ua} (o = 1,2,..., N) be a finite atlas on
the manifold M and let {p,} be a partition of unity adjusted to this atlas. Denote
by (Q)F};m local connection defined in domain U, such that its components in these

coordinates are equal to zero. Denote by Eg)) It Christoffel symbols of this local

connection in coordinates (x’@) (Eg)) It = 0). Now one can define globally the
connection by the formula:

B)ka Z Pa(x Z Pa(x

This connection in general is not flat connection®

(g 0%, (x)
0y O(5) )

(4.2)

4.2 Killing vectors, antisymmetric operator and anti-
symmetric bilinear form

We return to Killing vectors.
First consider the following construction.
Let K be an arbitrary vector field, then consider bilinear form

Sk(X,Y) =G (VxK,Y) = (VxK,Y) = (Y, VxK), (4.3)

5See for detail the text: ”Global affine connection on manifold” ” in my homepage:
”www.maths.mancheser.ac.uk/khudian” in subdirectory Etudes/Geometry



where V is an arbitrary connection, G Riemannian metric, defining scalar product
(, ), and K,X,Y arbitrary vector fields. One can see that for arbitrary functions

fy9
S(fX,gY) = fgS(X,Y)

This immediately follows from definition of connection (see condition (?7?) in ?7).
In local coordinates if X = X™0,,, Y = Y*9, then

Sk(X,Y) = S(VxK,Y) = S(Vxmp, K'0;, Y"0,) = X™Y" Sy
where

Sin = ((Om K'+T%, K"K 0;,0y) = ((Om K'+T0,, K")0;,0n) = (O K" + T2 K" g -
(4.4)
We see that this construction defines covariant tensor field.

Theorem Let V be Levi-Civita connection on Riemannian manifold (M, G).
Then vector field K is a Killing vector field on M if and only if tensor field
Sk(X,Y) is antisymmetric tensor field: Sk(X,Y) = —-Sk(X,Y).

Proof

First recall properties of Killing vector field.

Let M be Riemannian manifold with Riemannian metric G. Recall that a
vector field K is Killing vector field, i.e. it defines infinitesimal isometry, if

LxG =0,
Notice that for an arbitrary vector field Z and arbitrary vetor fields X,Y we have
Lz (G(X,Y)) =0zGX,Y) =

= (LzG)(X,Y)+G(LzX,Y)+G(X,LzY) = LzG(X,Y)+G([Z,X],Y)+G(X,[Z,Y]) .
. In the case if Z = K is Killing vector field then condition LgG = 0 and )

kG(X,Y)=G(LkX,Y)+GX, LxY) = G(K,X],Y) + G(X, [K,Y]). (4.6)

Now let V be Levi-Civita connection of Riemannian metric, i.e.
0zG(X,Y)=G(VzX,Y)+ G(X,VzY)

for arbitrary vector fields Z, X,
Y (see levicivitaconnectionl ). In particular for Z = K we have

aKG(X, Y) = G(VKX, Y) + G(X, VKY) .

10



Now transform the relation (4.6) and compare it with this relation. Performing
this transformation we will use the symmetricity of Levi-Civita connection, i.e.

VxY - VyX = [X,Y]. (4.7)
(see symmetricconnectioninvariant and Homework 4.) We have:

G(VkX — VxK,Y) + G(X,VKY — VyK) =
G(VKX, Y) + G(X, VKY) —G(VXK, Y) — G(X, VYK)

ok (X,)Y)

This implies that
G(VxK,Y)+ G(X,VyK) = Sk(X,Y) + Sk (Y,X) =0.

, i.e. Sk is antisymmetric. One can easy to see that converse implication is also
true.

Remark Note that the antisymmetric tensor field Sk defines antisymmetric
linear operator

A: X +— VxK.

5 Geodesics and Lagrangians

5.1 Variational principe and Euler-Lagrange equations

Here very briefly we will explain how Euler-Lagrange equations follow from varia-
tional principe.

Let M be a manifold (not necessarily Riemannian) and L = L(z%,i%) be a
Lagrangian on it.

Denote my ./\/l 22 the space of curves (paths) such that they start at the point
X1 at the ”time” t = tl and end at the point xo at the "time” ¢t = to:

MZ? L0 x(t),t <t < ts, x(t1) = x1,%(t2) = X2} (5.1)

x1,t1

Consider the following functional S on the space Mif:i

S x(t)] = / UL (2 (), #(8)) dt (5.2)

t1

11



for every curve x(t) € MZI?
This functional is called action functional.
Theorem Let functional S attaints the minimal value on the path xo(t) €

,t .
M2 e,

x1,t1 7

¥x(t) € M2 Slxo(t)] < S[x(1)]. (5.3)
Then the path x¢(t) is a solution of Fuler-Lagrange equations of the Lagrangian
L:
d (0L oL
pn (8xl> = 5 if x(t) =xo(t). (5.4)

Remark The path x(¢) sometimes is called extremal of the action functional
(5.2).
We will use this Theorem to show that the geodesics are in some sense shortest

curves 6 .

5.2 Geodesics and shortest distance.

Many of you know that geodesics are in some sense shortest curves. We will give
an exact meaning to this statement and prove it using variational principe:

Let M be a Riemannian manifold.

Theorem Let x; and Xo be two points on M. The shortest curve which joins
these points is an arc of geodesic.

Let C be a geodesic on M and x1 € C'. Then for an arbitrary point xo € C
which is close to the point x1 the arc of geodesic joining the points x1,Xo s a
shortest curve between these points’ .

This Theorem makes a bridge between two different approach to geodesic: the
shortest disntance and parallel transport of velocity vector.

Sketch a proof:

6The statement of this Theorem is enough for our purposes. In fact in classical mechan-
ics another more useful statement is used: the path xq(t) is a solution of Euler-Lagrange
equations of the Lagrangian L if and only if it is the stationary ”"point” of the action
functional (5.2), i.e.

Slxo(t) + 6x(t)] — S[xo(t) + ox(t)] = 0(5x(t)) (5.5)

for an arbitrary infinitesimal variation of the path xo(t): dx(t1) = dx(t2) = 0.

"More precisely: for every point x; € C there exists a ball Bs(x;) such that for an
arbitrary point xs € C'N Bs(x;) the arc of geodesic joining the points x1, X2 is a shortest
curve between these points.

12



”

Consider the following two Lagrangians: Lagrangian of a "free
gin(x)d' 3"
2

particle Liee =
and the length Lagrangian

Llength(xa .73) =\ ik ('r)xlxk =V 2Lfree -

If C: 2%(t),t; <t <ty isacurve on M then

Length of the curve C =

to . . to -
/ Liengen(x*(t), 2°(t))dt = / \/gik(w(t))il(t)dck(t)dt. (5.6)
tl tl

The proof of the Theorem follows from the following observation:

Observation Euler-Lagrange equations for the length functional (5.6) are equivalent
to the Euler-Lagrange equations for action functional (5.2). This means that extremals of
the length functional and action functionals coincide.

Indeed it follows from this observation and the variational principe that the shortest
curves obey the Euler-Lagrange equations for the action functional. We showed before that
Euler-Lagrange equations for action functional (5.2) define geodesics. Hence the shortest
curves are geodesics.

One can check the observation by direct calculation: Calculate Euler-Lagrange equa-

tions for the Lagrangian Liength = /i (2)&'EF = \/2Lree:

i 8Llength _ aLlemgth _ i 1 ) l‘k o 1 agkml‘kl‘m
dt ozt oz’ dt \ \/giriti* Gik 2/ Gindii* ox'

— i ( 1 aLfree) . 1 aLfree
dt Llength 6$l Llength Oz’

=0. (5.7)

To facilitate calculations note that the length functional (5.6) is reparameterisation
invariant. Choose the natural parameter s(¢) or a parameter proportional to the natural
parameter on the curve z*(t). We come t0 Liength = const and it follows from (5.7) that

i aLlcngth . aLlcngth o 1 i aLfrcc - 8Lfrcc -0
dt ozt ort Liength dt Ot ozt -

We prove that Euler-Lagrange equations for length and action Lagrangians coincide. m

In the Euclidean space straight lines are the shortest distances between two
points. On the other hand their velocity vectors are constant. We realise now
that in general Riemannian manifold the role of geodesic is twofold also: they are
locally shortest and have covariantly constant velocity vectors.
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5.2.1 Again geodesics for sphere and Lobachevsky plane

The fact that geodesics are shortest gives us another tool to calculate geodesics.

Consider again examples of sphere and Lobachevsky plane and find geodesics
using the fact that they are shortest. The fact that geodesics are locally the
shortest curves

Consider again sphere in E? with the radius R: Coordinates 6, ¢, induced
Riemannian metrics (first quadratic form):

G = R?(d#* + sin” 0dp?) . (5.8)

Consider two arbitrary points A and B on the sphere. Let (6o, ¢g) be coordinates
of the point A and (61, 1) be coordinates of the point B

Let Cyp be a curve which connects these points: Cap: 0(t), p(t) such that
0(to) = 0o,0(t1) = b1, @(to) = 0o, 0(t1) = 01 then:

Loy, = / R\/ef + sin? O(t)p7dt (5.9)

Suppose that points A and B have the same latitude, i.e. if (0, ¢p) are coor-
dinates of the point A and (61, ¢1) are coordinates of the point B then ¢y = ¢
(if it is not the fact then we can come to this condition rotating the sphere)

Now it is easy to see that an arc of meridian, the curve ¢ = g is geodesics:
Indeed consider an arbitrary curve 6(t),p(t) which connects the points A, B:
O(to) = 6(t1) = o, p(to) = @(t1) = ¢o. Compare its length with the length
of the meridian which connects the points A, B:

t1 t1
/ R\/62 + sin2 0,52t > R/ \o2dt = R tht R(61—6)  (5.10)

Thus we see that the great circle joining points A, B is the shortest. The great cir-
cles on sphere are geodesics. It corresponds to geometrical intuition: The geodesics
on the sphere are the circles of intersection of the sphere with the plane which
crosses the centre.

Geodesics on Lobachevsky plane
Riemannian metric on Lobachevsky plane:
dx? + dy?
Y2
The length of the curve v: x = z(t,y = y(t)) is equal to

/ ll't_}—ytdt

G= (5.11)




In particularly the length of the vertical interval [1, €] tends to infinity if € — 0:

/ /:L‘t+yt / /tht 10g,

One can see that the distance from every point to the line y = 0 is equal to infinity.
This motivates the fact that the line y = 0 is called absolute.

Consider two points A = (z9,¥0), B = (1,y1) on Lobachevsky plane.

It is easy to see that vertical lines are geodesics of Lobachevsky plane.

Namely let points A, B are on the ray x = xg. Let C4p be an arc of the ray
x = xg which joins these points: Cap: x = zg,y = yo + t Then it is easy to see
that the length of the curve C'4p is less or equal than the length of the arbitrary
curve x = x(t), y = y(t) which joins these points: x(t) = xOvy(t)‘t:() = Yo,

1o

=Z0,Y ‘ttlz

0
/\/mdt /\/Tdt —dt log§zlength of Cap
0

Hence C4p is shortest. We prove that vertical rays are geodesics.

Consider now the case if zg # z1. Find geodesics which connects two points
A, B which are not on the same vertical ray. Consider semicircle which passes
these two points such that its centre is on the absolute. We prove that it is a
geodesic.

‘tt

Proof Let coordinates of the centre of the circle are (a,0). Then consider polar
coordinates (7, ¢):
xT=a-+rcosp,y=rsing (5.12)

In these polar coordinates r-coordinate of the semicircle is constant.
Find Lobachevsky metric in these coordinates: dx = —rsin@dp + cos pdr,
dy = r cos pdp + sin pdr, dz? + dy? = dr? + r?dp?. Hence:
d 2 d 2 d 2 4 Qd 2 d 2 d 2
G:xgy:r r2<p::90+ - (5.13)
Yy

r2sin® sin?p  r2sin®¢
We see that the length of the arbitrary curve which connects points A, B is greater
or equal to the length of the arc of the circle:

2
LAB:/ \/ L dt>/ (5.14)
4\ sin? go r2sin? ¢ 4o\ sin? <p

Y1 d t
/ . dt:/ dp _ g 1001
t, S o SN tan ¢

The proof is finished.
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5.3 Integrals of motions and geodesics.
5.3.1 Magnitudes preserving along geodesics—Integrals of motion

It is very useful to find magnitudes which are preserved along geodesics, functions
F = F(x,%) such that for geodesic C: z* = x'(t) the magnitude
. ; ; . . dI(t)
I(t) = F(x, :L’)’,:UI = z'(t) 1is preserved along geodesic z'(t), ——= =0.
(5.15)

Geodesics are solutions of equations of motions for the Lagrangian of a free particle
L = M One can consider such functions F' = F(z,%) for an arbitrary
Lagrangian L. In this case 2°(¢) is a solution of the Lagrangian L.

These magnitudes which are preserved along solutions of equations of motion
(in particular along geodesics in the case if L is the Lagrangian of a free particle)
are called integrals of motion (See in detail about integrals of motion in Appendix
to this lectures).

There is the following very useful criterion to find magnitudes, which are pre-
served on equations of motions, i.e. integrals fo motion.

Proposition Let Lagrangian L(x', i) in coordinates {x'} does not depend,

say on the coordinate x'. L = L(x?,... 2" &1, 2%, ... @"). Then the function
OL
Fi(z,2) = =—

is integral of motion. (In the case if L(x%, %) does not depend on the coordinate
x'. the function Fj(x, i) = % will be integral of motion.)

Proof is simple. Check the condition (5.15): Euler-Lagrange equations of mo-

tion are:
— | = —-— =0 (i=12,...
dt <8x’> ox? (i 02-om)

In particular for first coordinate z?, % =0 and
4oLy oL _d (oL _
dt \ 9! ozl dt \oz1)
i.e. the magnitude I(t) = F(x, %) is preserved if F = ngl. We see that exactly

first equation of motion is

d (0L d . . Ny
dt <axl) = 2 Fi(0.0) =0 since £ =0,

(if L(2%, &%) does not depend on the coordinate x* then the function Fj(z,) =
% is integral of motion since i — th equation is exactly the condition F; = 0.)

16



The integral of motion F; = 871:1 is called sometimes generalised momentum.
Consider examples of calculation of preserved mangnitudes along geodesics.
Example (sphere)

Sphere of the radius R in E?. Riemannian metric: G = Rd#? + R? sin? Od¢?

and Liee = % <R292 + R?sin? 9@232). Lagrangian does not depend explicitly on

coordinate . The integral of motion is

F= 8Lﬁ'ree
oty

It is preserved along geodesics, i.e. along great circles.

= R?*sin% 0y .

Example (cone)

x = khcosy
Consider cone { y = khsing . Riemannian metric:
z=h

G = d(khcos ¢)? + d(khsin p)? + (dh)? = (k* + 1)dh* + E*h?dp? .

and free Lagrangian .
(k* + D)h* + k*h2?

Liree = 2
Lagrangian does not depend explicitly on coordinate h. The integral of motion is
F = e _ k2h%p.
¢

It is preserved along geodesics.

Remark One has to note that for the Lagrangian of a free particle F' = L =
gind'@", kinetik energy, is integral of motion preserved along geodesic:it is nothing
that square of the length of velocity vector which is preserved along the geodesic.

5.3.2 Using integral of motions to calculate geodesics

Integrals of motions may be very useful to calculate geodesics. The equations for
geodesics are second order differential equations. If we know integrals of motions
they help us to solve these equations. Consider just an example.

For Lobachevsky plane the free Lagrangian L = lergyz We already calculated
geodesics in the subsection 3.3.4. Geodesics are solutions of second order Euler-

Lagrange equations for the Lagrangian L = xz;ZyQ (see the subsection 3.3.4)

x— 24—
g+ T =g

vy

e
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It is not so easy to solve these differential equations.
For Lobachevsky plane we know two integrals of motions:

2 + g2 oL &
E=1= d F="2==". 1
27 an TRy (5.16)
These both integrals are preserved in time: if z(t),y(t) is geodesics then
_ &) . 2
— y@)? T = Cly
{ = WL = o {y = £/2C2y2 — Cty?

These are first order differential equations. It is much easier to solve these equa-
tions in general case than initial second order differential equations.
We see how useful in Riemannian geometry to use the Lagrangian approach.
To solve and study solutions of Lagrangian equations (in particular geodesics
which are solutions of Euler-Lagrange equations for Lagrangian of free particle) it
is very useful to use integrals of motion

5.3.3 Integral of motion for arbitrary Lagrangian L(z, )

Let L = L(z,%) be a Lagrangian, the function of point and velocity vectors on
manifold M (the function on tangent bundle T'M).

Definition We say that the function F' = F(q,¢) on TM is integral of motion
for Lagrangian L = L(z, &) if for any curve ¢ = ¢(t) which is the solution of Euler-
Lagrange equations of motions the magnitude I(t) = F(x(t),4(t)) is preserved
along this curve:

F(x(t),2(t)) = const if z(t) is a solution of Euler-Lagrange equations(??).
(5.18)
In other words

d : e i/, d (OL oL
p (F(x(t),z(t))) = 0if 2*(¢): 7 (83}’) i T 0. (5.19)

5.3.4 Basic examples of Integrals of motion: Generalised momen-
tum and Energy

Let L(2*, 2*) does not depend on the coordinate x'. L = L(2?,... 2", &1 2% ... i").
Then the function oL

Fi(z,2) = 941
is integral of motion. (In the case if L(z*,4%) does not depend on the coordinate
x'. the function Fj(z,%) = % will be integral of motion.)

18



Proof is simple. Check the condition (5.19): Euler-Lagrange equations of mo-
tion are: 4 /oL oL
— | = —-—=0 (=12,...
dt <8xl> ox? (i=12....n)
We see that exactly first equation of motion is

d (0L d ' . Ny
dt (3171> - %Fl(q,Q) =0 since .7 =0,.

(if L(z*,4%) does not depend on the coordinate z* then the function Fj(z,i) =
ax.—% is integral of motion since i — th equation is exactly the condition F; = 0.)

The integral of motion F; = % is called sometimes generalised momentum.

Another very important example of integral of motion is: energy.

oL
o

E(x,#) = ~L. (5.20)

One can check by direct calculation that it is indeed integral of motion. Using

. d ( OL oL
Euler Lagrange equations = ( é:ci> — D

dt
d , d (. ;0L _0Ldi'  d (OLY ., dL _
g P®a) =2 <f‘f r L) “oidt (&;) Yow T

OL di' OLde' dL(z,&) dL(x,&) dL(z,%)

95 dt T oz dt dt dt dt

we have:

=0.

5.3.5 Integrals of motion for geodesics

Apply the integral of motions for studying geodesics.
The Lagrangian of "free” particle Lgee = M For Lagrangian of free
particle solution of Euler-Lagrange equations of motions are geodesics.
If F = F(z,) is the integral of motion of the free Lagrangian Leee = 9 (@)E1E"
then the condition (5.18) means that the magnitude I(t) = F(x*(t),#"(t)) is pre-

served along the geodesics:

I(t) = F(2'(t),2'(t)) = const,i.e. £I(t) =0 if 2'(¢) is geodesic. (5.21)

Consider examples of integrals of motion for free Lagrangian, i.e. magnitudes
which preserve along the geodesics:
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Example 1 Note that for an arbitrary ”free” Lagrangian Energy integral (5.20)
is an integral of motion:

(2)iP i A
oL, _ iﬂ.a <7g”q ; )  gil)iiit

E=3i-= :
Sy Dl 2

e g . k- .1 e k
y g gik(x)B'E" g (w)d'd
&' gig(z)2? — =
9iq() 9 9
This is an integral of motion for an arbitrary Riemannian metric. It is preserved
on an arbitrary geodesic

B & (a0 0i0) -0

(5.22)

. di

In fact we already know this integral of motion: Energy (5.22) is proportional to
the square of the length of velocity vector:

Iv| =/ gir(2)dizk = V2E . (5.23)

We already proved that velocity vector is preserved along the geodesic (see the
Proposition in the subsection 3.2.1 and its proof (?7).)

Example 2 Consider Riemannian metric G = adu®+bdv? (see also calculations
in subsection 2.3.3) in the case if a = a(u), b = b(u), i.e. coefficients do not depend
on the second coordinate v:

L (a(wyi + b(w)s?) (5.24)

G = a(u)du® + b(u)dv?, Liee = 5

We see that Lagrangian does not depend on the second coordinate v hence the

magnitude
aLfree

ov
is preserved along geodesic. It is integral of motion because Euler-Lagrange equa-
tion for coordinate v is

d 8Lfree 6Lfree d 8Lfree d . oL
= _— - F=0 OLtree _ )
it 0o v dt 9o dt T

F:

= b(u)v (5.25)

In fact all revolution surfaces which we consider here (cylinder, cone, sphere,...)
have Riemannian metric of this type. Indeed consider further examples.
Example (sphere)
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Sphere of the radius R in E?. Riemannian metric: G = Rdf#? 4+ R?sin® Od¢?
and Liee = % (R292 + R?sin? 9gb2) It is the case (5.24) for u = 0,v = ¢, b(u) =
R?sin? § The integral of motion is
OLtree

F=""% = R%*sin 0y
9p
Example (cone)
x = ahcosp
Consider cone { y = ahsing . Riemannian metric:

z = bh
G = d(ahcos ) + d(ahsin p)? + (dbh)? = (a® + b*)dh? + a*h*dp* .

and free Lagrangian

(a2+b2)h2+a2h2¢2

Liree = 2
The integral of motion is
aLfree

¢

F = = a?h%p.

Example (general surface of revolution)
Consider a surface of revolution in E3:

x = f(h)cosp
r(h,p): qy=[f(h)sine (f(h) >0) (5.26)
z=nh

(In the case f(h) = R it is cylinder, in the case f(h) = kh it is a cone, in the
case f(h) = vV R? — h? it is a sphere, in the case f(h) = vV R? + h? it is one-sheeted
hyperboloid, in the case z = cos h it is catenoid,...)

For the surface of revolution (5.26)

G = d(f(h) cos)? +d(f(h) sinp)® + (dh)* = (f'(h) cos pdh — f(h) sin pdp)*+
(f'(h)sinpdh + f(h) cos pdp)? + dh* = (1 + f(h))dh* + f*(h)de? .
The ”free” Lagrangian of the surface of revolution is

(L+ f2(n) b + f2(h)¢?
5 :

L free =

and the integral of motion is

F— oL ffee

_ f£2 :
95 = f(h)¢.
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5.3.6 Using integral of motions to calculate geodesics

Integrals of motions may be very useful to calculate geodesics. The equations for
geodesics are second order differential equations. If we know integrals of motions
they help us to solve these equations. Consider just an example.

For Lobachevsky plane the free Lagrangian L = 30222:2@’2 We already calculated
geodesics in the subsection 3.3.4. Geodesics are solutions of second order Euler-

Lagrange equations for the Lagrangian L = xz;ilﬁ (see the subsection 3.3.4)

It is not so easy to solve these differential equations.
For Lobachevsky plane we know two integrals of motions:
& + 9
292

L
oL _ & (5.27)

or  y?

, and F

These both integrals preserve in time: if x(t),y(t) is geodesics then

_ (@) .
= 2 L JE=0w
E— @(t)>+y(t)? _ Cy g = ++/205y2 — C%yzl
These are first order differential equations. It is much easier to solve these equa-
tions in general case than initial second order differential equations.
5.3.7 Killing vectors of Lobachevsky plane and geodesics

Killing vector field of Rimeannina manifold (M, G) is an infinitesimal isometry
of the Rimeannian metric G: under infinitesimal transform =z — z + cK,z* —
2’ +eK!(x) (¢2 = 0) metric does not change:

gir(x)dzidz® = g (2" + e KV (dx® + 9, Kida™)(dz® + 0, K*da™) . (1)
Expanding this formula by ¢ and using the fact that > = 0 we come to
Kiaigkm + 8kKTgT’m + 8mKrgrk =0 ) (10’)

(i.e. Lie derivative LgG = 0.)
Examples: Killings of plane, sphere, cylindre, Lobachevsky plane.....

Theorem Let V' be a vector space of all Killing vector fields of Riemannian

manifold M. Then the dimension of V is less or equal than %)H
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It means that for surfaces the number of independent Killing vector fields is
less or equal to 3.

One can prove that it is only for plane, sphere and Lobachevsky plane that
number of independent Killing vector fiels is equal to 3.

We calculate here Killing vector fields for Lobachevsky plane and use them for
finding geodesics.

Theorem Let K be Killing tor field on Riemannian manifold (M,G) , and
L= W Lagragian of ‘free’ particle on M. We know that geodesics are solutions
of its equations of motions.

The magnitude
OL(x, %)

o’

is an integral of motion, i.e. it is preserved along geodesics.

I =1Ix = K'(x)

The proof of the Theorem is obvious. The condition that K is Killing vector
field means that

L(z' +eK' ' + eK?), (2)
i.e. 5 5
. OL dK'OL
K@) g+ g am =0 (2)
Hence
d d (., OL(x, ) dK' OL(x, %) .d (OL(z,%)
—Igx=— K : = . K— [Z—=/22) =
at KTt < @)= ) i or Tt @\ ow
. OL dK'OL - (OL(z,4)  OL(z,)
K : : K’ L _ . =0.
@ o * e os T ( oz o 0
condition that K is Killing equations of motion

Use this Theorem to find geodesics.

First find Killing vector fields, i.e. infinitesimal isometries.

Since the dimension is equal 2, the dimension of space of Killing vector fields
is < 3. We will find three independent Killing vector fields.

2 2
There are two evident Killing vectors: Metric G = dzy%dy is evidently in-

T — A\x

variant with respect to translations x — x 4+ a and homothety:
Y= Ay
d(A\x)2+d(M\y)? _ da+dy?
(Ay)? oy

Infinitesimal translation is 2’ = z + ¢,7y’ = y, the vector field D; = a%' In-

finitesimal homothety is 2’ = x +ex,y’ = y + ey, the vector field Dy = x% + ya%_
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Now most interesting: find the third Killing vector field. Use the fact that

inversion O: (z,y) — ( preserves the metric. Consider the infinites-

imal transformation L. = O 0T, 0 O (Ly = id):

x
+e
22442

T =T 2 TE (72x 2+5>2+<‘2y 2)2
Le: o N = | Ny, et

Y Yy

6 Appendices to geometry on surfaces

6.1 Weingarten operator
6.1.1 Induced metric on surfaces.

Recall here again induced metric (see for detail subsection 1.4)
If surface M : r = r(u,v)is embedded in E? then induced Riemannian metric
G is defined by the formulae

(X, Y)=Gy(X,Y)=G(X,Y), (6.1)
where G is Euclidean metric in E3:

3 3 i 2
Gy = dz? + dy2 + dZQ‘r:r(u,v) - Z(d‘ri)z}r:r(u,v) - Z <8afjocdua>

i=1 =1

B ort Ox'

ag. B
- Ou® ouP du”du”,
ie. . .
oz 0x*
Gy = gapdu®, where gog = ENCE: du®du® .

We use notations x,y,z or z* (i = 1,2,3) for Cartesian coordinates in E3, u,v or
u® (o = 1,2) for coordinates on the surface. We usually omit summation symbol
over dummy indices. For coordinate tangent vectors

0 o
Oug, Y Qua 9at
—~~ —

Internal observer External observer

We have already plenty examples in the subsection 1.4. In particular for scalar
product
Jap = < > =z'ox' B .(ra,rg) . (6.2)

Uq Uug
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6.1.2 Recalling Weingarten operator

Continue to play with formulae .
Recall the Weingarten (shape) operator which acts on tangent vectors:

SX = —0xn, (6.3)

where we denote by n-unit normal vector field at the points of the surface M:
(n,ry) =0, (n,ry) = 1.

Now we realise that the derivative 0xR. of vector field with respect to another
vector field is not a well-defined object: we need a connection. The formula dx R in
Cartesian coordinates, is nothing but the derivative with respect to flat canonical
connection: If we work only in Cartesian coordinates we do not need to distinguish
between dx R and Vgg“'ﬂatR. Sometimes with some abuse of notations we will use
OxR instead Vggn'ﬂatR, but never forget: this can be done only in Cartesian
coordinates where Christoffel symbols of flat canonical connection vanish:

xR = VISR in Cartesian coordinates .
So the rigorous definition of Weingarten operator is
SX = —vgfien, (6.4)

but we often use the former one (equation (6.3)) just remembering that this can
be done only in Cartesian coordinates.
Recall that the fact that Weingarten operator S maps tangent vectors to tan-
gent vectors follows from the property: (n,X) =0 = X is tangent to the surface.
Indeed:

0 = 0x(n,n) = 2(0xn,n) = —2(SX,n) = 0 = SX is tangent to the surface

Recall also that normal unit vector is defined up to a sign, n — —n. On the other

hand if n is chosen then S is defined uniquely.

We use notations z,vy,z or (i = 1,2,3) for Cartesian coordinates in E3,
u,v or u® (a = 1,2) for coordinates on the surface. We usually omit summation
symbol over dummy indices. For coordinate tangent vectors

0 o, ozt 0
Oug, Y Que 9t
~~ —

Internal observer External observer

8In some sense differential geometry it is when we write down the formulae expressing
the geometrical facts, differentiate these formulae then reveal the geometrical meaning of
the new obtained formulae e.t.c.
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We have already plenty examples in the subsection 1.4. In particular for scalar

product

JoB = <a 8> =z'ax'p A(rq,rg). (6.5)

Uo U

6.1.3 Second quadratic form

We define now the new object: second quadratic form
Definition. For two tangent vectors X, Y A(X,Y) is defined such that

(vggmﬁé’“ﬂy)L — A(X,Y)n (6.6)

i.e. we take orthogonal component of the derivative of Y with respect to X.

This definition seems to be very vague: to evaluate covariant derivative we
have to consider not a vector Y at a given point but the vector field. In fact one
can see that A(X,Y) does depend only on the value of Y at the given point.

Indeed it follows from the definition of second quadratic form and from the
properties of Weingarten operator that

AX,Y) = <(v<);?n.ﬂatY)L 7n> _ <v§gn.ﬂatY’n> _

Ox (Y, n) — <Y, vggn-ﬂatn> = (S(X),Y) (6.7)

We proved that second quadratic form depends only on value of vector field Y
at the given poit and we established the relation between second quadratic form
and Weingarten operator.

Proposition The second quadratic form A(X,Y) is symmetric bilinear form
on tangent vectors X, Y in a given point.

A T,M @ ToM —» R, A(X,Y) = A(Y,X) = (SX,Y). (6.8)
In components
A= Aypdu®du® = (rog,n) = (%ajg;ﬁnl (6.9)
and o
S =g Arp = gz g0" (6.10)
ie.

A=GS,S=GA.

Remark The normal unit vector field is defined up to a sign.
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6.1.4 Gaussian and mean curvatures

Recall that Gaussian curvature
K =detS

and mean curvature

H=TrS

It is easy to see that for Gaussian curvature

1 det A
K =detS =det(G"A) = el

We know already the geometrical meaning of Gaussian and mean curvatures
from the point of view of the External Observer:

Gaussian curvature K equals to the product of principal curvatures, and mean
curvartures equals to the sum of principal curvatures.

Now we ask a principal question: what bout internal observer, ”aunt” living
on the surface?

We will show that Gaussian curvature can be expressed in terms of induced
Riemannian metric, i.e. it is an internal characteristic of the surface, invariant of
isometries.

It is not the case with mean curvature: cylinder is isometric to the plane but
it have non-zero mean curvature.

6.1.5 Examples of calculation of Weingarten operator, Second
quadratic forms, curvatures for cylinder, cone and sphere.

Cylinder

We already calculated induced Riemannian metric on the cylinder (see (?7)).
Cylinder is given by the equation 2+ = R2. One can consider the following
parameterisation of this surface:

x = Rcosy 0 ~Rsing
r(h, p): y=Rsinp , r,=[(0], r,=| Rcosp |, (6.11)
z = h 1 0

G eylinder = (d332 + dy2 + dzz) ‘

r=a cos p,y=asinp,z=h

. 1 0
= (—a sin gpd(p)Q + (a cos <pdg0)2 + dh? = a2d<,02 + dh? ) ”goﬁ” = (0 R2> :
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Ccos cos

Normal unit vector n = £ | sinp |. Choose n = [ sinp |. Weingarten
0 0
operator
cos
SO, = —Vﬁin'ﬂatn =—0p,n=—0 |sinp | =0,
0
cos sin ¢ 9
S0, = Vcanﬂat —Op,n = —0, singo = —COS(p :—ﬁ.
S <ah> = ( ) S = <0 0) (6.12)
Oy 0 5
0
Calculate second quadratic form: rp, = Oprp, = | 0 =Ty =
0
—Rsinp —Rsinp —Rcosyp
Op | Rcosp | =0, ry, =0, Rcoscp —Rsmgo = —Rn.
0
We have

Anp = (rag,n), A= (<rhh’n> <rh¢,n)) = (8 _OR) , (6.13)

<r<pha Il> <r<,0<,0? n>

1 0)/0 0 0 0
=os=(o w) @ )0 )

For Gaussian and mean curvatures we have

det A 0 O

and mean curvature

0 —% R

1
H:TrS:"hr(O 01):—. (6.15)
R

Mean curvature is define up to a sign. If we change n — —n mean curvature
H— % and Gaussian curvature will not change.

Cone
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We already calculated induced Riemannian metric on the cone (see (77).
Cone is given by the equation 224 y?—k?22 = 0. One can consider the following
parameterisation of this surface:

x =khcosy k cos ¢ —khsin g
r(h,p): y=khsing , r,=|ksing|, r,=/| khcosyp |, (6.16)
z=nh 1 0

— 2 2 2 —
Geone = (dl‘ +dy” +dz ) |x:khc0s<p,y:khsin<p,z:h -

= (—khsin pdp + k cos pdh)? + (khcos pdp + ksin pdh)? + dh? =

2
Rr2dg + 8+ 02, el = (© 51 2
0 k“h
COS
One can see that N = | siny | is orthogonal to the surface: N_Lry,r,. Hence
—k
CoS Ccos
normal unit vector n = £ l}i-kQ sinkcp . Choose n = \/1}%7 sinkcp . Wein-
garten operator
1 CoS
_ _ycanflat _ : _
SO = -V, n=—0,n=-0, 7\/1_’_7]{2 Sflkgo =0,
1 COS
59, = —venfaty — —Or,n = —0, | ——— | sing =
2
? 1+k _k
S S oo R I
V1+ k2 0 i khvVE2 + 1
0 0 0
S<§h>:<_ o, ) S:(O | ) . (6.17)
® khvk2+1 khvVE2+1
0
Calculate second quadratic form: vy, = Oprp, = | 0|, Thy =Ty =
0
—khsin @ —ksinp —khsin ¢ —khcos
On | khcosp | = | kcosyp |, ryp =0, | khcosep | = | —khsingp
0 0 0 0
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We have

Aag = (fag,m), A = <<rhh,n> <rh<pvn>> _ <8 %h ) , (6.18)

<r@h’ n) (ryp,n)

2 0 0 0 0
A=GS = (k J 1 k‘20h2> 0 —1 = 0 —kh )
khvE2+1 k2+1

For Gaussian and mean curvatures we have

A 0 0
K —det§ = 34 _ et 0 1 |=0, (6.19)
det & khv/RZ 41

and mean curvature

0 0 -1
H=TrS="Tr -1 = 6.20
< kh@) khvk? +1 (6:20)

Mean curvature is define up to a sign. If we change n — —n mean curvature
H— % and Gaussian curvature will not change.

Sphere

Sphere is given by the equation 22442 +2% = a?. Consider the parameterisation
of sphere in spherical coordinates

x = Rsinfcosp
r(0,p): y = Rsinfsing (6.21)
z = Rcost

We already calculated induced Riemannian metric on the sphere (see (6.1.5)).
Recall that

Rcosfcosp —Rsinfsin
rg = | Rcosflsinp | , r,= [ Rsinfcosy
—Rsin 6 0

and
Gge = (dz® + dy? + d2?) |x:Rsin9cosgp,y:Rsin95in ¢ z=Rcosl —
(R cos @ cos pdf — Rsin @ sin pdp)? 4 (R cos §sin pdf + Rsin 6 cos pdp)?+
(—Rsin0d0)? = R? cos® 0d6? + R?sin? dp* + R?sin® 0d6* =

= R?d0? + R?sin? 0dp? l|gas]] = R 0
v Jop 0 RZ?sin’6) -
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For the sphere r(6, ) is orthogonal to the surface. Hence normal unit vector

sin 6 cos p sin 6 cos @
n(d,p) = j:r(i?a) =+ | sinfsing |. Choosen = = | sinfsiny | . Weingarten
cos 6 cos
operator
_ can.flat = __ _ ry_To
S0y = —vErlain — _gyn = —, (E) -2,
can.fla r r
89y = =V2t¥n = —9on = —0d, <E> = —E‘p.
o ~% Lo
s< >: Al S:—(R | (6.22)
9, <,z§ 0
—Rsinfcos p
For second quadratic form: rgg = Ogrg = | —Rsinfsing |, rg, =ryy =
—Rcosf
—Rsinfsin g —Rcosfsin @ —Rsinfsin g —Rsinfcosp
Op | Rsinfcosep | = | Rcosfcosyp |, ro, =0, | Rsinflcosp | = | —Rsinfsingp
0 0 0 0
We have
_ _ <I'@9, n> <r9305 n> _ —R 0
AOA,B - <r04,37 n>7 A - <<r¢97 n> <I‘§D§07 n> — 0 —Rsin2 0 5 (623)
R? 0 o 1 0
A_GS_<0 R2sin29><0 = =0 sine)
For Gaussian and mean curvatures we have
det A -L 0 1
K =detS = = det i == 6.24
T et G e(o —}2> R’ (6:24)
and mean curvature
1
-+ 0 2

Mean curvature is define up to a sign. If we change n — —n mean curvature
H— }% and Gaussian curvature will not change.

We see that for the sphere Gaussian curvature is not equal to zero, whilst for
cylinder and cone Gaussian curvature equals to zero.
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6.2 Derivation formula

Let M be a surface embedded in Euclidean space E3, M: r = r(u,v).

Let e, f, n be three vector fields defined on the points of this surface such that
they form an orthonormal basis at any point, so that the vectors e, f are tangent
to the surface and the vector n is orthogonal to the surface®. Vector fields e, f,n
are functions on the surface M:

e=-¢e(u,v), f=f(u,v),n=n(u,v).
Consider 1-forms de, df, dn:

Oe Oe of of On On
de = —d dv, df = —d dv,dn = —d —d
T TR T aa" T a0
These 1-forms take values in the vectors in E2, i.e. they are vector valued
1-forms. Any vector in E3 attached at an arbitrary point of the surface can be
expanded over the basis {e,f,n}. Thus vector valued 1-forms de,df,dn can be
expanded in a sum of 1-forms with values in basic vectors e, f,n. E.g. for de =

de de : Oe de :
Fodu + godv expanding vectors g2 and 3 over basis vectors we come to

gz = Ai(u,v)e + By(u,v)f + Cy(u,v)n, gj = As(u,v)e + Ba(u,v)f + Ca(u,v)n
thus
Oe de
de %d u + 8—dv = (Aje+ Bif + Cin) du + (Aze + Bof + Con) dv
= (Aldu + Agdv) e+ (Bldu + BQdU) f+ (C’ldu + ng?./) e, (6.26)
M11 M12 Mll
i.e.

de = Myie + Miof + Mian,

where M1, M2 and M3 are 1-forms on the surface M defined by the relation
(6.26).
In the same way we do the expansions of vector-valued 1-forms df and dn we

come to
de = M11e + M12f + M13n

df = Msie + Moof + Mogn
dn = Mgle + M32f + M33n

90ne can say that {e,f,n} is an orthonormal basis in T, E* at every point of surface
p € M such that {e,f} is an orthonormal basis in T, E? at every point of surface p € M.
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This equation can be rewritten in the following way:

e My Mio Mg e
dlf] =M Mo Moy |t (6.27)
n M3z Mss Mss n

Proposition The matrix M in the equation (6.27) is antisymmetrical matriz,
i.e.
My = Mag = M33 =0
My =—-My =a

Mus = —May = b (6.28)
Msz = —M3z2 = —b
i.€.
e 0 a b e
dlf]=|-a 0 ¢ f1l, (6.29)
n —-b —c 0 n

where a, b, c are 1-forms on the surface M.

Formulae (6.29) are called derivation formula.

Prove this Proposition. (Here I give the detailed proof, but later in Remark,
very short proof in condensed notations.)

Recall that {e,f,n} is orthonormal basis, i.e. at every point of the surface

(e,e) = (f,f) = (n,n) =1, and (e,f) = (e,n) = (f,n) =0
Now using (6.27) we have
(e,e) =1=d(e,e) =0 =2(e,de) = (e, My1e + Miof + Misn) =

M11<e7e> + M12<e, f> + M13<e, Il) = My = M1 =0.
Analogously

<f, f> =1= d<f, f> =0= 2<f, df> = <f,M21e+ Moof + M23n> = Moy = Mo =0,

<Il, Il) =1= d<n, Il> =0= 2(n,dn> = (n, M31e+M32f+M33n> = M33. = M33 =0.

We proved already that My, = Moy = Ms3 = 0. Now prove that Mo = — Moy,
M13 = —M31 and M13 = —Mgl.

(e,f) =0=d(e,f) =0= (e, df) + (de,f) =

(e, More + Maof + Moagn) + (My1e + Miof + Misn, ) = Moy + Mo = 0.
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Analogously
(e,n) =0 = d(e,n) =0 = (e,dn) + (de,n) =

(e, M31e + Msaof + Mssn) + (Mi1e + Myof + Misn,n) = Ms; + M3 =0

and
(f,n) =0=d(f,n) =0= (f,dn) + (df ,n) =

(f, M31e + Msaof + Mssn) + (Moye + Maof + Mosn, n) = Mso + Moz = 0.

Remark This proof may be be performed much more shortly in condensed
notations. Derivation formula (6.29) in condensed notations are

de; = M;ey, (6.30)
Orthonormality condition means that (e;,er) = d;;. Hence

d{ei,er) = 0 = (de;, ex)+(e;; dey) = (Mimem, ex)+(ei, Minen) = Mip+Mp; =0 g
(6.31)
Much shorter, is not it?

6.2.1 Gauss condition (structure equations)

Derive the relations between 1-forms a, b and ¢ in derivation formula.

Recall that a, b, c are 1-forms, e, f, n are vector valued functions (0-forms) and
de, df , dn are vector valued 1-forms. (We use the simple identity that ddf = 0 and
the fact that for 1-form w A w = 0.) We have from derivation formula (6.29) that

d*e =0 = d(af +bn) = daf — a Adf +dbn — b A dn =

daf —aN(—ae+cn)+dbn —bA (—be — cf) =
(da+bNnc)f+(ana+bAble+ (db—aAce)n= (da+bAc)f+ (db+cAa)n=0.

We see that
(da+bANO)f+ (db+cAhan=0 (6.32)

Hence components of the left hand side equal to zero:
(da+bANc)=0(db+cAha)=0. (6.33)
Analogously
d’f =0 =d(—ae+cn) = —dae + a Ade +den — ¢ A dn =

—dae + a A (af + bn) + den — c A (—be — cf) =
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(—da+cANAb)e+ (dec+aANbn=0.

Hence we come to structure equations:

da+bAc=0
db+cNha=0 (6.34)
dc+aNa=0

6.2.2 Geometrical meaning of derivation formula. Weingarten op-
erator (shape oeprator) in terms of derivation formula.

Let M be a surface in E3.

Let e, f, n be three vector fields defined on the points of this surface such that
they form an orthonormal basis at any point, so that the vectors e, f are tangent
to the surface and the vector n is orthogonal to the surface. Note that in generally
these vectors are not coordinate vectors.

Describe Riemannian geometry on the surface M in terms of this basis and
derivation formula (6.29).

Induced Riemannian metric
If G is the Riemannian metric induced on the surface M then since e, f is
orthonormal basis at every tangent space T, M then

Gle,e) = G(f,f) =1, G(e,f) = G(f,e)=0 (6.35)

The matrix of the Riemannian metric in the basis {e, f} is

G = <(1) (1’> (6.36)

Induced connection Let V be the connection induced by the canonical flat connection
on the surface M.

Then according equations (??) and derivation formula (6.29) for every tangent vector
X

Vxe = (8Xe>tangent = (de(X>)tangent = (a(X)f + b<X)n)tangent =a(X)f. (6.37)

and

va = (axf)tangent = (df(X))tangent = (_a(X)e + C(X)n)tangent = —a(X)e . (638)

In particular

(6.39)



We know that the connection V is Levi-Civita connection of the induced Riemannian
metric (6.37) (see the subsection 4.2.1)1°.

Second Quadratic form Second quadratic form is a bilinear symmetric function A(X,Y)
on tangent vectors which is well-defined by the condition A(X,Y)n = (9xY )orthogonal (S€€
e.g. subsection 6.4 in Appendices.)

Let A(X,Y) be second quadratic form. Then according to derivation formula (6.29)
we have

A(e, e) = (Oece,n) = (de(e),n) = (a(
A(f,e) = (Ore,n) = (de(f),n) = (a( ,
Ale,) = (Dof,m) = {dE(e), m) = (—a(e)E + cle)n, n) = cle).

A(f,f) = (O¢f,n) = (df(f),n) = (—a(H)f + c(f

The matrix of the second quadratic form in the basis {e, f} is

a= (s 459 -(a %) =

This is symmetrical matrix (see the subsection 4.3.2):

df
df

~—
B
=
~
I
Q
—~
[EN
~

A(f,e) = b(f) = A(e,f) =c(e). (6.42)

Weingarten (Shape) operator
Let S be Weingarten operator: SX = —dxn (see the subsection 6.4 in Ap-
pendix, or Geometry lectures). Then it follows from derivation formula that

SX = —-0xn=—dn(X) = — (=b(X)e — ¢(X)f) = b(X)e + ¢(X) f
In particular
S(e) =b(e)e + c(e)f , S(f) = b(f)e + c(f)f
and the matrix of the Weingarten operator in the basis {e, f} is
_ (ble) b(f)>
5= () (04

Remark According to the condition (6.42) the matrix S is symmetrical. The relations
A = GS,S = G A for Weingarten operator, Riemannian metric and second quadratic
form are evidently obeyed for matrices of these operators in the basis e,f where G = 1,

A=2S.

10Tn particular this implies that this is symmetric connection, i.e.

Vie — Vf — [f,e] = a(f)f + a(e)e — [f,e] =0. (6.40)
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6.2.3 Gaussian and mean curvature in terms of derivation formula

Now we are equipped to express Gaussian and mean curvatures in terms of deriva-
tion formula. Using (6.43) we have for Gaussian curvature

K =det S =b(e)c(f) — c(e)b(f) = (b Ac)(e, f) (6.44)
and for mean curvature
H="TrS =b(e)+ c(f) (6.45)

What next? We will study in more detail formula (6.44) later.
Now consider some examples of calculation of Weingarten operator, e.t..c. for
using derivation formula.

6.2.4 Calculations with use of derivation formulae

6.2.5 Examples of calculations of derivation formulae and curva-
tures for cylinder, cone and sphere

Last year we calculated Weingarten operator and curvatures for cylinder, cone and
sphere (see also the subsection 6.4 in Appendices.). Now we do the same but in
terms of derivation formula.

Cylinder

We have to define three vector fields e, f, n on the points of the cylinder surface
22 4 y? = a:

T = acosp
r(h,p): Yy =asing (6.46)
z=nh

such that they form an orthonormal basis at any point, so that the vectors e, f are
tangent to the surface and the vector n is orthogonal to the surface. We calculated
many times coordinate vector fields ry,r, and normal unit vector field:

0 —asing cos
r,=10], ro=| acosy |, n=|sng]|. (6.47)
1 0 0

Vectors rp, vy, and n are orthogonal to each other but not all of them have unit
length. One can choose

0 r —singp Cos
e=r,=(0|,f=—2=| cosp |,n=|sing (6.48)
1 @ 0 0
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These vectors form an orthonormal basis and e, f form an orthonormal basis in
tangent space.

Derive for this basis derivation formula (6.29). For vector fields e, f, n in (6.48)
we have

—sinp —Ccos
de=0,df =d| cosp | = | —sine | dp = —ndy,
0 0
Cos —sin
dn=d |sinp | = | cosp | =fdy,
0 0
e 0 a b e 0 O 0 e
d{f|=[-a 0 ¢ fl=10 0 -—do fl, (6.49)
n b —c 0 n 0 dp O n
i.e. in derivation formula 1-forms a,b vanish a = b =0 and ¢ = —dp.

The matrix of Weingarten operator in the basis {e, f} is

_[b(e) c(e)\ (0 —de(e)\ (0 O
5= (b(f) c(f)> - (o —dcp(f)> B (0 —})
According to (6.44) and(6.45) Gaussian curvature K = b(e)c(f) —b(e)c(f) = 0 and
mean curvature

H = bfe) + () = ~dp(f) = ~dp () =

Remark We denote by the same letter a the radius of the cylinder surface
(6.46) and 1-form a in derivation formula. I hope that this will not lead to the
confusion. (May be it is better to denote the radius of the cylindrical surface by
the letter R.)

Cone
For cone:
x = khcosp
r(h,p): y=khsingp
z=h

kcos —khsinp 1 cos ¢
rp,= | ksinp |, r,=| khcosp |, n= sin
1 i 0 VIR g
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Tangent vectors rp,r,, are orthogonal to each other. The length of the vector rj, equals to
V14 k? and the length of the vector r, equals to kh. Hence we can choose orthonormal

basis {e, f,n} such that vectors e, f are unit vectors in the directions of the vectors ry, r,,

- 1 ];;C.OSQO T —singp 1 cos ¢
= = sin ,f=—=1 cos ,n=—— | sin
VI+Ek2  V1+k? 180 hk 090 1+ k2 _,f
Calculate de, df and dn:
o= [ | = e (7)o ke
1 v V14 k2 O(p VI+E2
—sing —cosp
df =d| cosp | = | —sing | dp =
0 0
(g ) a1 (g ) = e e,
L+ k2 1(p RN f/;p CVIARE VitR2
and )
; 1 ] cos dop —sing
n=——d| sin = ———=| cos
V1+ k2 _,f V1+ k2 0<P
We come to
kd
e 0 a b e l?d \/H% 2 e
d{f]=|-a 0 ¢ f —\/H% 0 \/% fl, (6.50)
n b —c 0 n 0 1d<Fk2 0 n
+

i.e. in derivation formula for 1-forms a =

_ _ —dp

2,b 0 and and ¢ = e

Remark Note that calculation of df are httle bit hard. On the other hand the answer
for df follows from answers for de and dn since the matrix in (6.50) is antisymmetric. So
we can omit the straightforward calculations of df

The matrix of Weingarten operator in the basis {e, f} is

= (i )= )0 )

Vi1+k2 kh/1+k2

since dp(f) = dp (r )

= 7 de(0,) = ;
Accordlng to (6.44),

E.
(6.45) Gaussian curvature

K =b(e)c(f) —b(e)c(f) =0

39



and mean curvature

_ = dp(f) = —dp (Fe) = -]
H =b(e) + c(f) = —dp(f) = dgp(R) A
Sphere
For sphere
x = Rsinfcosp
r(6,p): y = Rsinfsinp (6.51)
z = Rcosf
P Rcosfcosp —Rsinfsinp
r , or :
rg(0,p) = ke Rcosfsing | , ry(0,¢) = Er Rsinfcosyp |,
—Rsiné v 0
. sin 6 cos
n(f,o) = —= = | sinfsingp
R
cos 6

Tangent vectors rg,r, are orthogonal to each other. The length of the vector rg
equals to 12 and the length of the vector r, equals to Rsin . Hence we can choose
orthonormal basis {e, f,n} such that vectors e, f are unit vectors in the directions
of the vectors rg, ry:

. cosfcosp . —sinp .
e(@,tp):ﬁe: cosﬁ'simp ’f(e’(p):RsanZ Cos @ ,n(9,<p):§: sin 6 sin
—sinf 0
Calculate de, df and dn:
cosf cosp
de=d | cosfsing | =
—sinf
—cosfsiny sin @ cos @
cosfcosp | dp— | sinfsing | df = cosfdpf — dfn,
0 —cosf
—sine cos
df =d| cosp | =—|sing | dp=
0 0
cos f cos ¢ sin 6§ cos ¢
—cosfdy | cosfsing | —sinfdp | sinfsiny | = — cosfdpe — sinfdpn ,
—sinf cos 6
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sin @ cos cosfcos p —sinfsin g

dn=d | sinfsing | = | cosfsing | dd + | sinfcosp | dp
cos —sinf 0
= dfe + sin Odf .

ie.

e 0 a b e 0 cos Bdy —db e

dlf|=|-a 0 c f| =|-—cosbldy 0 —sin Odyp fl,
n -b —c 0 n de sin 8dp 0
(6.52)

i.e. in derivation formula a = cos0dy, b = —df, ¢ = — sin Odp.

Remark The same remark as for cone: equipped by the properties of deriva-
tion formula we do not need to calculate df. The calculation of de and dn and
the property that the matrix in derivation formula is antisymmetric gives us the
answer for df.

The matrix of Weingarten operator in the basis {e, f} is

= (i @)= Can “eald) = (3 5)

R
since df(e (89) +d0(0p) = £, dp(e) = dp (ﬁ) = +dp(dp) =
Accordlng to (6.44) and(6 45) Gaussian curvature
1
K =b(e)c(f) — b(e)e(f) = 7

and mean curvature 9

=b(e) +¢(f) = 7
Notice that for calculation of Weingarten operator and curvatures we used only
1-forms b and ¢, i.e. the derivation equation for dn, (dn = dfe + sin 0df).
Mean curvature is define up to a sign. If we change n — —n mean curvature
H— % and Gaussian curvature will not change.
We see that for the sphere Gaussian curvature is not equal to zero, whilst for
cylinder and cone Gaussian curvature equals to zero.

6.2.6 Proof of the Theorem of parallel transport along closed
curve

We are ready now to prove the Theorem. Recall that the Theorem states following;:
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If C'is a closed curve on a surface M such that C' is a boundary of a compact
oriented domain D C M, then during the parallel transport of an arbitrary tangent
vector along the closed curve C' the vector rotates through the angle

AD =/ (X,R¢eX) = / Kdo (6.53)
D

where K is the Gaussian curvature and do = +/det gdudv is the area element
induced by the Riemannian metric on the surface M, i.e. do = \/det gdudv.

(see (77).

Recall that for derivation formula (6.29) we obtained structure equations

da+bNne=0
db+cha=0 (6.54)
de+aNa=0

We need to use only one of these equations, the equation
da+bAc=0. (6.55)

This condition sometimes is called Gauf$ condition.

Let as always {e,f,n} be an orthonormal basis in TpE3 at every point of
surface p € M such that {e, f} is an orthonormal basis in T, M at every point of
surface p € M. Then the Gaul condition (6.72) and equation (6.44) mean that
for Gaussian curvature on the surface M can be expressed through the 2-form da
and base vectors {e, f}:

K =bAc(e,f) =—da(e,f) (6.56)

We use this formula to prove the Theorem.

Now calculate the parallel transport of an arbitrary tangent vector over the
closed curve C on the surface M.

Let r = r(u,v) = r(ua) (o = 1,2, (u,v) = (u',v!)) be an equation of the
surface M.

Let u® = u®(t) (o = 1,2) be the equation of the curve C. Let X(t) be the
parallel transport of vector field along the closed curve C, i.e. X(t) is tangent to
the surface M at the point u(t) of the curve C' and vector field X(¢) is covariantly
constant along the curve:

VX(t)
dt
To write this equation in components we usually expanded the vector field in the
coordinate basis {r, = d,,r, = 9,} and used Christoffel symbols of the connection
I, V30, = ngﬁa.

=0
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Now we will do it in different way: instead coordinate basis {r, = Oy, 1, = Oy}
we will use the basis {e,f}. In the subsection 3.4.4 we obtained that the connection
V has the following appearance in this basis

Vve =a(v)f, |V f = —a(v)e (6.57)

(see the equations (6.37) and (6.38))
Let
X = X(u(t)) = X' ()e(u(t)) + X*(t)f (u(t))
Lbe an expansion of tangent vector field X(t) over basis {e,f}. Let v be velocity
vector of the curve C. Then the equation of parallel transport V)d(t(t) = 0 will have
the following appearance:

VX(t)

5 0=V (X' (t)e(u(t)) + X2 () (u(t))) =

1 2
<dth(t) _ X?(t)a(v)> e(u(t)) + <d)ilt(t> + Xl(t)a(v)> f(u(t)) =0.

Thus we come to equation:

X't)—a(v(t)X2=0
X2(t)+a(v(t) X' =0

There are many ways to solve this equation. It is very convenient to consider

complex variable
Z(t) = X1 (t) +iX%(t)

We see that

i.e.

20— ia(v(t)Z(t) (6.58)

The solution of this equation is:
(6.59)
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Calculate fo (7))dr for closed curve u(0) = u(t;). Due to Stokes Theorem:

/0 ))dt = /a—/da

Hence using Gauss condition (6.72) we see that

/0 ))dt = /a—/da— /b/\c
/b/\c——/da—/Kda (6.60)

Theorem follows from this claim:

Claim

Z(t1) = Z(0)e " Je® = Z(0)e! /o AC (6.61)
Denote the integral i [, b A C by A®: A® =4 [, b A C. We have

Z(t1) = X (t1) +iX2(t1) = (X1(0) +iX?(0)) '2® = (6.62)

It remains to prove the claim. The induced volume form do is 2-form. Its
value on two orthogonal unit vector e, f equals to 1:

do(e,f) =1 (6.63)

(In coordinates u, v volume form do = /det gdu A dv).
The value of the form b A ¢ on vectors {e,f} equals to Gaussian curvature
according to (6.73). We see that

bAc(e f)=—da(e f) = Kdo(e,f)

Hence 2-forms b A ¢, —da and volume form do coincide. Thus we prove (6.77).

6.3 Formula for Gaussian curvature in isothermal (con-
formal) coordinates
Now we will consider one very beautiful and illuminating formula to calculate
Gaussian curvature for surfaces.
Let M: r = r(u,v) be a surface in E3.
Definition We say that coordinates (parameters) u, v are isothermal (or con-
formal) if the induced Riemannian metric 77 is equal to

G = o(u,v)(du® + dv?)
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Consider examples. For example if (u,v) are stereographic coordinates for sphere
of radius R we know that

4R (du? + dv?)

(R? 4+ u? +v2)2)

G:

i.e. stereographic coordiantes are conformal coordiantes:

AR*
(R +u2 +02)2°

G = o(u,v)(du* + dv?) with o =

Another example: an arbitrary locally Euclidean surface, i.e. surface with induced
Riemannian metric G = du® + dv? in some local coordinates u, v.

One can show that locally one can always find conformal (isothermal) coordi-
nates on surface in E3 11

Theorem Let surface M is given in conformal coordinates: r = r(u,v) such
that induced Riemannian metric is equal to G = o (u, v)(du?+dv?). Then Gaussian
curvature K of the surface M is given by the formula

1A(logo)

K=— ,
2 o

foad fo
In particular this formula states that Gaussian curvature is expressed in terms of
Riemannian metric. This implies Gaufl Theorema Egregium.

If u, v are conformal coordinates, G = o(du? + dv?), then it is often convenient
to introduce a function ®(u,v) such that ® = logo, i.e. ¢ = ¢®®), Then

G = V) (du? + dv?). (6.65)
Then formula (6.64) will have the following appearance:

1 1 0?®(u,v) N 82<I>(u,v)>

_ 19 __1 9
K = 5¢ A(D) 5¢ <

92 902 (6.66)

What about existence of conformal (isothermal) coordinates? Proposition
For surface M in E?

e in a vicinity of an arbitrary point there exist isothermal coordinates i.e.
coordinates such that induced metric G = e®(du? + dv?) = e®dzdz.

e If (u,v) and (v/,v") are two arbitrary isothermal coordinates then the func-
tion z = f(w) is holomorphic function or anti-holomorphic function,

' The existence of local isothermal coordiantes is a part of famous Gauss theorem, which
can be formulated in modern terms in the following way: every surface has a canonical
complex structure (z = u + iv, Z = u — iv). We will consider this question later.
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We denote u + iv = z,u — iv = Z. Recall that if z = u 4 v then

F_aF_1<a i) aF_1<a 5

Function F' = f + ig is holomorphic < F; = 0 < (f, +igy) +i(fuv +igy) =0 &
fu = gy and f, = —g, (Cauchy Riemann conditions). Function F' = f +ig is anti-
holomorphic < F, = 0 & (fu +igu) — i(fs —igy) = 0. E.g. F =22 = (u+iv)* =
u? — v? 4 2iuv is holomorphic function, F' = €* = %~ = e¥%(cosv — isinv) is
anti-holomorphic function (See also ?7).

This Proposition immediately implies the following important corollary-Theorem:

Two-dimensional surface in E? has canonical complex structure, i.e. one can
consider a canonical atlas of local complex charts such that transition funtctions
are analytic.

Idea of Proof of this Proposition

Let (£,m) be arbitrary parameters of surface and G = Ad¢? + 2Bdédn + Cdn?
(11 = A, 912 = g21 = B, g22 = C). The positive-definiteness of the metric implies
that G = ww where w = df + idg is 1-form. Use the fact that an arbitrary
1-form up to a mulitplier function is an exact form: w = AdF. We come to
isothermal coordinates: G = A\dFdF. To prove the second part of Proposition
we just perform straightforward calculation. Let G = e®(du?® + dv?) = e®dzdz
in local coordinates z = u + v, and in new local coordinates w = v’ + v’ G =
e® (du + dv'?) = ® dwdw, where Let w = F(z). Then

G = e®dzdz = e® (Fydw + Fgdw) (Fydw + Fgdw) =

e? (FuFpdw? + (|Fy|* + |Fs)?|) dwdw + FgFpdw?) (6.68)

The condition that new coordinates are isothermal too means that F,,Fgz = 0,
i.e. F, =0, ie. F is anti-holomorphic function or Fz = 0, i.e. F is holomorphic
function.
Iustrate this idea on the example: Let G = d2z?+ f?(x)dy? be a metric on a do-
main of Riemannian manifold (e.g. for sphere x = 6,y = ¢, f(x) = sin? , for cone
x=h,y =, f(x) =x). Then G = (dx + ifdy)()dz — if(z)dy). For 1-form w =
dz+if(xz)dy we have that de+if(x)dy = f(x) (dG(x) +idy) = f(x)d (L(x) + iy),
where L(x) is antiderivative of a function % and dx?+f?(x)dy? = f2(x)d (L(x) +iy) d (G(x) — iy) =
e®(du?® + dv?), where e® = f2(x), u = L(z),v = y 12

1

2in general case we use essentially the condition of analiticity. This proof was done by
Gauss. The general smooth case was proved only in the beginning of XX century.
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6.4 Curvatures for surface z = F(x,y)

Now using derivation formulae we calculate curvature for arbitrary surface z =
F(z,y) and later we will calculate curvatures for surfaces in conformal (isometric
coordinates).

We will caclulate curvature not at an arbitrary point but only at the points of
extrema of function F'(x,y). (In fact this condition is not very demanding.)

Derivation formulae become very useful tool for solving these questions 3.

A surface z = F(z,y) can be defined by parameterisation

T=1u
r(u,v): <y=
z = F(u,v)

Conisder coordinate vector fields of the surface

B LY\ 9 0

87 — Ty = 0 ,87 — Ty = 1 ,

U P, v F,
and unit normal vector field
—F,

1
— | -F,
VIHFZ+F2\

It is obviously orthogonal to r,,r, and it has unbit length.

n(u,v) =

1
Ty 1 . .
One can see that e = vl T i 0 | is unit vector field tangent to
F,
0
surface. The vector field Fu = —= 1 | is also tangent to surface, it is also

lrol = \/14+F2
Fy

unit, but in general it is not orthogonal to vector field e, (r,,r,) = F, F,. To find
a second tangent vector field orthgonal to e we may consider the vector field f
which is vector product f = n x e:

—F, 1

1 1
f=nxe=———|-F, | XxX—| 0 | =

VIR 1) Vi+F\p,

13In the previous section we calculated curvatures of cylinder, and sphere using deriva-
tion formulae. These calculations may be even easier to perform using just usual methods
which we studied in the course of Geometry.
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1 _Fqu
; > - 1+F2 | x
VA+F+FHO+F) \ g

Since vector field n is orthogonal to surface, and it is unit, hence vector fields
{e,f,n} form orthonormal basis, e, f are tangent. Thus we constructed orthonor-
mal basis {e,f,n} attached to the surface. We want to calculate curvatures at
the origin a point p with coordinates © = v = 0 Put the following condition: the
surface z = F(z,y) has extremum at the origin, i.e.

Fu‘p = Fv‘p =0, (p it has coordinates u =v = 0). (6.69)

This conidition is not demanding. For every point A on the surface on the surface
one can find adjusted Cartesian coordinates such that in these coordinates this
surface will have extremum at the point A. On the other hand this condition
drastically simplifies calculations. Note that if condition (6.69) is obeyed then at
the point p vector fields e, f, n look in a very simple way:

1 0 0
e}p = e(uav)u:v:(] = 8 7f|p = f(ua U)u:v:O = é 7n‘p = H(U,U)u:vzo = (i)

Now obtain derivation formulae (at the point p) We will calculate everything just
at the point p. Note that if condition (6.69) is obeyed then

1 1 0
de| =d| (o] |=(o ~ (ndF,), .
’ VI+E\F, dF, v
P u=v=0
1 —Fqu 0
df| =d 1+ F, =10 = (ndFy,), ,
}P V(L + F2+ F2)(1+ F2) 5 AF vp
v P U/ u=v=0
and
1 -k, 0
dn| =d| ———= | —F = 0 = (—edF, — tdF,)_ ,
}p /—1 + FE + F[g 1 v dF ( u ’U)p
P U/ u=v=0
since all other terms vanish at © = v = 0. Comparing with derivation formula
e 0 a e
dlf|]=-a 0 c|d|f
n -b —c 0 n
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we see that forms a, b, ¢ at origin are equal to
a‘p = O,b‘p = dFu‘p = (Fuudu + Fypdv)p ,c‘p = dFU|p = (Fyudu + Fypdv)p,

Now calculate the values of these forms on vectors e, f at origin. We have that
b(e) = dF,(e)p = (Fuudu + Fyydv)(r,) = Fu,. Analogously b(f) = dF,(f)p =
(Puudu + Fupdv)(ry) = Fyuy, c(e) = dFy(e)p = (Fyudu + Fypdv)(ry) = Fiy, and
c(f) = dF,(f)p = (Foudu + Fyydv)(ry) = Fyy,

Hence we have that matrix of Weintegarten (shape) operator at the origin is
equal to

S — (b(e) C(e)) — (Fuu Fu’u> ,K — det S — Fuquv_F2 H — TI‘S — Fuu—'l_Fvv
14

b(f) c(f) Fou Fu wr

Theorem For surface z = F(x,y), Wengarten (Shape) operator in extremum point is
given by quadratic form (Hessian) of function.

Example

Consider surface defined by equation z = Az?+2Bxy+y?, The point x =y = 0
is extremum point. All derivatives F,, = 2Au + 2Bv, F,, = 2Bu + 2Cv vanish t
origin.

Then Gaussian curvature at point x = y = 0 is equal to

K = Fy,Fyy — ng

Gaussian curvature at arbitrary point of surface z = F(z,y) is equal to

FmFyy—Fﬁy

(1+ F2 + F2)3/2

6.4.1 Proof of the Theorem of parallel transport along closed
curve

We are ready now to prove the Theorem. Recall that the Theorem states following;:

If C'is a closed curve on a surface M such that C' is a boundary of a compact
oriented domain D C M, then during the parallel transport of an arbitrary tangent
vector along the closed curve C' the vector rotates through the angle

AD =/ (X,R¢cX) = / Kdo, (6.70)
D

where K is the Gaussian curvature and do = y/det gdudv is the area element
induced by the Riemannian metric on the surface M, i.e. do = \/det gdudv.
(see (77).
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Recall that for derivation formula (6.29) we obtained structure equations

da+bAc=0
db+cNha=0 (6.71)
dc+aNa=0

We need to use only one of these equations, the equation
da+bANc=0. (6.72)

This condition sometimes is called Gauf$ condition.

Let as always {e,f,n} be an orthonormal basis in TpE3 at every point of
surface p € M such that {e,f} is an orthonormal basis in T, M at every point of
surface p € M. Then the Gaul condition (6.72) and equation (6.44) mean that
for Gaussian curvature on the surface M can be expressed through the 2-form da
and base vectors {e, f}:

K =bAc(e,f) =—da(e,f) (6.73)

We use this formula to prove the Theorem.

Now calculate the parallel transport of an arbitrary tangent vector over the
closed curve C' on the surface M.

Let r = r(u,v) = r(ua) (o = 1,2, (u,v) = (u',v')) be an equation of the
surface M.

Let u® = u®(t) (o = 1,2) be the equation of the curve C. Let X(t) be the
parallel transport of vector field along the closed curve C, i.e. X(t) is tangent to
the surface M at the point u(t) of the curve C' and vector field X(¢) is covariantly
constant along the curve:

VX(t)
dt
To write this equation in components we usually expanded the vector field in the
coordinate basis {r, = d,,r, = 0,} and used Christoffel symbols of the connection
5, Vgdy = ngﬁa.

Now we will do it in different way: instead coordinate basis {r, = Oy, ry, = Oy}
we will use the basis {e,f}. In the subsection 3.4.4 we obtained that the connection
V has the following appearance in this basis

=0

Vve =a(v)f, ,V f = —a(v)e (6.74)

(see the equations (6.37) and (6.38))
Let
X = X(u(t)) = X' (te(u(t)) + X*(O)f (u(?))
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Lbe an expansion of tangent vector field X(t) over basis {e,f}. Let v be velocity

VX — 0 will have

vector of the curve C. Then the equation of parallel transport
the following appearance:

Vi;(’f) = 0=V (X (t)e(ult) + X2(OE(u(t))) =
B etuw) + X 0 %vetu(t) + 2o + X200 vttt =
B etuw) + X et + s - x2(0atvietu(n) =
(C”i;(” - XQ(t)a(v)) e(ult)) + (d‘i(t) + X 1(t)a(v)> f(u(t)) =0.

Thus we come to equation:
Xl(t) a(v(t) X2 =0
X2(t)+a(v(t) X' =0

There are many ways to solve this equation. It is very convenient to consider

complex variable
Z(t) = X' (t) +iX%(t)

We see that

ie.

dZdit) = —ia(v(t))Z(t) (6.75)
The solution of this equation is:
Z(t) = Z(0)e~t Jo alv(m)dr (6.76)
Calculate fo (1))dr for closed curve u(0) = u(t1). Due to Stokes Theorem:

/ ))dt = /a—/da

Hence using Gauss condition (6.72) we see that

/Otla(v(t))dt:/caz/l)da:—/Db/\c
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Claim

/Db/\c:—/Ddaz/Kda. (6.77)

Theorem follows from this claim:
Z(t) = Z(0)e e = Z(0)e! /o 0\ (6.78)
Denote the integral i [, b A C by A®: A® =i [, b A C. We have

Z(t1) = X' (t1) +iX%(t1) = (X1(0) +iX2(0)) 2% = (6.79)

It remains to prove the claim. The induced volume form do is 2-form. Its
value on two orthogonal unit vector e, f equals to 1:

do(e,f) =1 (6.80)

(In coordinates u, v volume form do = y/det gdu A dv).
The value of the form b A ¢ on vectors {e,f} equals to Gaussian curvature
according to (6.73). We see that

bAc(e f)=—da(e f) = Kdo(e,f)

Hence 2-forms b A ¢, —da and volume form do coincide. Thus we prove (6.77).

6.5 Proof of the Theorem on curvature of surfaces
given in conformal coordinates using derivation
formulae

We return here to subsection 6.3 where we formulated the Theorem about Gaussian

curvatureof surface r = r(u,v) in E? in conformal coordinates(6.64) . Let (u,v) be

local conformal coordinates, and metric G = o (u, v)(du? 4 dv?) = e®(du? + dv?).
Consider vectors

e:e_%g fze_%ﬁ

ou’ ov’

It is evident that {e,f,n} form orthonoromal basis:

n=exf.

(e,e) =1,(e,f) =0,(e,n) =0, (f,f) =1(f,n) =0,(n,n) =1.

Consider derivation formula (6.29) for this basis:

e 0 a b e
dl{f]=|-a 0 ¢ f1l, (6.81)
n b —c O
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To calculate Gaussian curvature we need to calculate 1-form a in this equations
since accordind equations (6.44) and (6.34) K =bAc(e,f) and da+bAc =0, ie.
K = —da(e,f). Now calculate 1-form a. We have

de =d <e_%ru> =af + bn.
Taking scalar product of this equation of f we come to
g s
a=(de,f) =(d (e_fru> ,€72ry). (6.82)
Calculate it. Since (r,,r,) = 0 then

<d (e_%ru> 7€_§I‘v> = e_q)(dru, r,) = e_q’(ruu, r,)du + e_q><r1w, r,)dv.

P

Now using the fact that (r,,r,) = (ry,r,) = €® and (r,,r,) = 0 calculate (ry,, ry)

and (ry,,r,). We have

1 0 1 d ¢ 1 o
(w20} = 5 5, e te) = 55, (€7) = 5 ue
and
=3, = = fﬁ _12 N _ x5 O
<ruuarv> - au<ruarv> <r’u,7ru1)> =0 <I‘U7ruv> = 590 <rv,rv> — 550 (6 ) _ q)ve

Hence we see that 1-form a in (6.82) is equal to

]

a = (de,f) = <d (e*%ru) ) (e*Erv> > = efq)(ruu7 rv>du+e*©<ruv, r,)dv = = (P, dv—P,du),

(6.83)

N

and 2-form

1 1
da=d <2(<I>udv — @vdu)> = §(<I>uudu/\dv—<1>wdv/\du) = — (Pyy + Poyy) doAdu.

1
2
Now using Gauss formula (6.34) and (6.44) we come to

1 ;
K= b/\c(e,f) - _da(e’f) = "9 ((I)uu + (I’vv) du A dv (e_ga,e_q> 9 ) =

5
ou ov
@
e 2 8 8 e_q) e_q)
o (P + Pow) du A dv ((f)uv 81}) =T (P + Pow) = - AD,

: _0? 92
where Laplacian A = 5 + 5.



It is useful to write down this fiormula in complex coordinates Write down the
formula in holomorphic coordinates: z = u + iv,zZ = u — iv. We have that

e=® [ 02 0? e® (0 0 0 0 0?®
K=-°" (L 1% )o=-" (212 ) (L il )p=—2"7

> <au2 * aﬂ) > <au “au) <8u Z@v) ¢ Bz0z

(6.84)

(for definition of % and % see (6.67)). This expression is sometimes very conve-

nient for calculations.
Example Consider sphere of radius 1 in stereographic coordinates. Then G =

4(du?4dv30 : _ 4dzdz  _ _® — & _ 4 :
Traon?) In complex coordinates G = Ttes2 = © dzdz with e* = ez e
O = log4 — 2log(l + zz). We see that ¢, = —H_sz and ®,; = —ﬁ, ie. K =
726—@)@22 =1.

Exercise Let z = f(w) be an holomorphic changing of complex coordinates. Due to
Theorem new coordinates u’,v' (w = v’ +iv’, z = u+4v ) are isothermal coordinates too:
If

G = ®(du® + dv?) = e®dzdz = e® dwdw = e® (du + dv'?).

It is very illuminating to check straightforwardly that calculating of Gaussian curvature
in new coordinates we will come to the same answer. Do it. According to (6.68) we see
that e®dzdz = e® f,, fudwdw, i.e. ® = ® + log f,, + log f.,. Hence

9%’ B 9% n 9?
owdw  dwdw = dwdw

(log fu +10g fu) -
Notice that the function log f,, is holomorphic function < (% log f,, = 0 and the function
log f., is anti-holomorphic function < % log f., = 0 too. Hence

2

Owow

(log fu + log fu) =0.

This implies that

0%’ B 9%d

owdw  dwdw
Again using the fact that functions z = f(w) and z,, = f,, are holomorphic functions we
see that

0%’ 0% 0 0D, —
— = — (I)z w) — — Jw — (I)Ez wJw-
owow  Owdw  Ow (®- fu) ow ! Fuf
Finally we come to
. 02’ - — 0%
K=-92 —P —_9 —®—log fu,—log fuw (I)Ez - -9 —P .
¢ Baoow ¢ Juf ¢ Bz0-

Thus we check by straightforward calculations that Gaussian curvature remains the same.In
these calculations In these calculations we used intensively properties (6.67) of holomorphic
and anti-holomorphic functions.
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6.6  Straightforward proof of the Proposition: K =

L = Rispdetg (?7)

(Content of this paragraph is similar to the content of the solution of exercise 6 in
Homework 6. It is useful to read them both.)

We prove this fact by direct calculations. The plan of calculations is following:

Let M be a surface in E3 For an arbitrary point p of the surface M we con-
sider Cartesian coordinates x,y, z such that origin coincides with the point p and
coordinate plane OXY is the palne attached at the surface at the point p and the
axis OZ is orthogonal to the surface. In these coordinates calculations become
easy. (See the subsection 6.4) The surface M in these Cartesian coordinates can
be expressed by the equation

r=u
y=uv (6.85)
z = F(u,v)

where F'(u,v) has local extremum at the point u = v = 0. We calculated in
subsection 6.4 Gaussian curvature at this point: Gaussian curvature at the point
p equals to

K =detS = Fy Fy, — F2,. (6.86)

(all the derivatives at the origin).

Now it is time to calculate the Riemann curvature tensor at the origin.

First of all recall the expression for Riemannian metric for the surface M in a
vicinity of origin is

_((ruyrn) (ruor)\ _ (1+F2 E,F,
G_(<rvvru> <ry,rv> - FvFu 1+Fv2 . (6.87)

This immediately follows from the expression for basic vectors ry, r,

Note that Riemannian metric g;; at the point v = v = 0 is defined by
unity rr;atrix Juu = Gov = 1, Guv = Gou = 0 since p is extremum point: G =
(1Ft£” 1@?3) !p = ((1) (1]> since p is stationary point, extremum (F, =
F, =0). Hence the components of the tensor Rikmn and Rpmn = ginj
point p are the same.

For 2-dimensional surface Riemann curvature tensor has oessentially only one
not-vanishing component R%12- All other components vanish all are equal up to a
sign to this component:

at the

kmn

Ri212 = —Ra112 = Ro121 Ri112 = -+ = R2111 = 0.
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So in fact we need to calculate only one component, the component Ri212.
In our calculations we will use the fact that Riemannian metric at the point
p is defined by unity matrix, and that first derivatives of metric at p vanish,
i.e.Christoffel symbols in coordinates u,v vanish at the point p.
Recall that the components of R', are defined by the formula
Rlprn = Ol + T4 TP — 0,0, —T% TP

kmn n mp np* mk °

(see equation (?77)). Notice that at the point p not only the matrix of the metric
gir equals to unity matrix, but more: Christoffel symbols vanish at this point in
coordinates u, v since the derivatives of metric at this point vanish. (Why they
vanish: this immediately follows from Levi-Civita formula applied to the metric
(6.87), see also in detail the file " The solution of the problem in the coursework”).
Hence to calculate R}'mm at the point p one can consider much more simple formula
than formula (77):

i _ i i
R kmn‘P - aank’P - anrmk|p
Try to continue calculations in a more ”economical” way. Due to Levi-Civita

formula
i 1 (agjm 0g,k _ 89mk>

mk = 5 oxk  Oxm ozl

0 ?) at the point p hence g% is

i 10 i
gk|p:<0 1>:5k

(We denote 6°* the unity matrix: all diagonal components equal to 1, all other
components equal to zero. (It is so called Kronecker symbols)) Moreover we know
also that all the first derivatives of the metric vanish at the point p:

Since metric g;; equals to unity matrix g = (

unity matrix also:

0gik
Oxm

lp =0.
Hence it follows from the formulae above that for an arbitrary indices i, j, k, m,n

0 < kmang>‘ - aqkm‘ 8gpr
P

2 2
| o km 0" Gpr

Oxt oxJ 9zt P 9gd ‘P P Ozidxi ’P - Oxt0xI ‘P '

Now using the Levi-Civita formula for the Christoffel symbols of connection:

i lgz‘j 9Yjm X 99,k _ Gk
mk 9 oxk ~ Oxz™  OxJ
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i _ 8 (1.5 (0%m 99k _ Ogmk —
we come to anka\p = ggn (29 ( ok T aam OxJ ‘p -

1 [ 0%gjm d%g; % gm,
5w< Gjm_ gk Gk ) - (6.88)

2 dzndxk T dxndz™  dxnOxi

since first derivatives of metric vanish at the point p.

Now using this formula we are ready to calculate Riemann curvature tensor
Ri, . Remember that it is enough to calculate RYyj, and RYyj, = Ry212 at the
point p since g;x = ;1 at the point p. We have that at p R1212]p = 811“%2\1) -
9oT1,|p. Now using equation (6.88) we come to

1 1 1 10 Jdg12  0g22 1 0 (0gi1 0Ogi2 0gi2
Bouzle = Ol oalo =0l hale = 557\ 29,7 ~ 301 ) 79022 \ 022 T 0t 01 )P

aZqu| _ 18291)1;‘ _ lazguu|
oudv'® 2 ouz '® 2 o2 P

(6.89)

Now return to the surface (6.85) We have that gy, = 1+ F2, gu = F,F, and
g = 1+ FU2 ,hence

62
au‘gg;})h) - (Fuqu+FuFuv)U :Fuquv+F3va
82
aigv lp = 2FFo), = 2F3v )
0%g
(%ZU ‘p = (FuuFu)u = 2F3v )

Hence
R1212|p - ((Fuquv + Fu21)) - 2F31;)p - (Fuquv - ng)p == Kp .

The proof is finished: we showed by straightforward calculations that R}, is equal
to Gaussian curvature K. On the other hand at the point p, det g = 1. Thus we
come to the statement of Proposition??.

Repeat again: all other components of Riemann curvature tensor R};mn are
equal to Rj212 up to a sign or vanish. Hence we calculated Riemann curvature
tensor at the point p and showed that it is essentially is defined by Gaussian
curvature.

It is important to note that in our calculations of Rj212 (see formula (6.89))
we used only the fact that Riemannian metric at the point p is defined by unity
matrix, and all first derivatives at this point vanish.(see also Statement 1 in the
solution of exercise 6 of Homework 9)
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6.6.1 Curvature of surfaces in E*>. Theorema Egregium again (an-
other proof)

For surfaces in E? Gaussian curvature is equal to half of scalar curvature:

k=1 (6.90)
2
where R = R, ¢"" is scalar curvature of Riemann curvature tensor.
Equation (6.93) is the fundamental relation which claims that the Gaus-
sian curvature (the magnitude defined in terms of External observer) equals
to the scalar curvature (up to a coefdficient), the magnitude defined in terms
of Internal Observer. This gives us another proof of Theorema FEgregium.
Prove this formula.
Express Riemannian curvature of surfaces in E? in terms of derivation formula (6.29).
Consider derivation formula (6.29) for the orthonormal basis {e, f,n, } adjusted to the
surface M:

e 0 a b e
d{f|=-a 0 ¢ fl, (6.91)
n b —c O n

where as usual e, f,n vector fields of unit length which are orthogonal to each other
and n is orthogonal to the surface M. As we know the induced connection on the surface
M is defined by the formula (6.37) and (6.38):

er = (de(Y))tangent = a(X)f ? VYf = (df(Y)) _a(X)67 (692)

tangent =
According to the definition of curvature calculate
R(e, f)e = Vere — vaee — V[e)f]e.

Using these formulae one can calculate straightforwardly that for surfaces in E3 Gaussian
curvature is equal to half of the scalar curvature:

K= g (6.93)

Detailed calculations are following:
Note that since the induced connection is symmetrical connection then:

Vef — Vie —[e,f] =0.
hence due to (6.92)
[e,f] = Vef — Vie = —a(e)e — a(f)f
Thus we see that R(e,f)e =

VeVie — VeVee — V[e}f]e = Ve (a(f)f) — Vs (a(e)f) + Va(e)e+a(f)fe =
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Oea(E)f + a(f)Vef — Ora(e)f — a(e)Vef + a(e)Vee + a(f)Vee =
Oea(f)f — a(f)a(e)e — dra(e)f + a(e)a(f)e + a(e)a(e)f + a(f)a(f)f =
[Oea(f)f — Opa(e)f —a[—a(e)e — a(f)f]] f =
= [Oea(f)f — Opa(e)f — a ([e,f])]f = da(e, )f .
Recall that we established in 6.73 that for Gaussian curvature K
K =bAc(ef)=—da(e,f)
Hence we come to the relation:
R(e,f)e = da(e,f) = —Kf.

This means that
R%lQ =-K

(in the basis e, f), i.e. the scalar curvature
R= 2R1212 =2K

Thus we come to equation (6.93).
The proof of Theorema Egregium by straightforward calculations see in the previous
subsection.
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