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1 Riemannian manifolds

1.1 Manifolds. Tensors. (Recollection)
1.1.1 Manifolds

I recall briefly basics of manifolds and tensor fields on manifolds.

An n-dimensional manifold is a space such that in a vicinity of an arbi-
trary point one can consider local coordinates {z!,...,2"}. One can consider
different local coordinates. If coordinates {z',..., 2"} and {z",... 2™} both
are defined in a vicinity of the given point then they are related by bijective
transition functions which are defined on domains in R™ and taking values
also in R™:
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We say that n-dimensional manifold is differentiable or smooth if all transition
functions are diffecomorphisms, i.e. they are smooth. Invertability implies
that Jacobian matrix is non-degenerate:

ozt 9zt ozt
ozl dx? * dzn
9z? Oz? 022
det | 27 @ @ | £0. (1.2)
a9z dam dz"
ozl dx2 " Ozn
.o . . 5! ! N . . . .
(If bijective function z* = z'(z') is smooth function, and its inverse, the
. o i’
transition function z’ = z(2") is also smooth function, then matrices ||%%;
and || 2%]| are both well defined, hence condition (1.2) is obeyed.
Example

open domain in E"

A good example of manifold is an open domain D in n-dimensional vector
space R". Cartesian coordinates on R" define global coordinates on D. On
the other hand one can consider an arbitrary local coordinates in different
domains in R”. E.g. one can consider polar coordinates {r, ¢} in a domain



D = {xz,y: y > 0} of R? defined by standard formulae:

T =TCosp
{ , (1.3)

Yy =rsinp
gr Oz cosp —Trsine
8T @90 _= N ==
det % g_z det (singo rcos ¢ ) r (1.4)

or one can consider spherical coordinates {r, 0, ¢} in a domain D = {x,y, z: = >
0,y > 0,z > 0} of R? (or in other domain of R?) defined by standard for-
mulae

x =rsinfcosy

y=rsinfsiny

z=rcost
)
dz OJxz Oz . . .
or 00 o sinflcosp rcosfcosp —rsinfsing
det % % 6% = det | sinfsiny rcosfsing rsinfcose | =r?sinf
% % g—; cos 6 —rsinf 0

(1.5)
Choosing domain where polar (spherical) coordinates are well-defined we
have to be aware that coordinates have to be well-defined and transition
functions (1.1) have to obey condition (1.2), i.e. they have to be diffeomor-
phisms. E.g. for domain D in example (1.3) Jacobian (1.4) does not vanish
if and only if r > 0 in D.

Consider another examples of manifolds, and local coordinates on mani-
folds.
Example
Circle S* in E?
Consider circle 2% + y? = R? of radius R in E?.
One can consider on the circle different local coordinates
i) polar coordinate p:

y = Rsingp
(this coordinate is defined on all the circle except a point (R,0)),
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ii) another polar coordinate '

—Tnm <<,

x = Rcosyp
y = Rsingp

this coordinate is defined on all the circle except a point (—R,0),
iii) stereographic coordinate ¢ with respect to north pole of the circle

__ 2R%t
L= pime t = R (1.6)
o RtZ_RZ bl R . b .
y - t2+R2 y

this coordinate is defined at all the circle except the north pole,
iiii) stereographic coordinate t" with respect to south pole of the circle

_ 2R%
Sy v Rz
R2_t/2 ) - 9

this coordinate is defined at all the points except the south pole.

One can consider transition function between these different coordinates.

E.g. polar coordinate ¢ coincide with polar coordinate ¢’ in the domain
22 +y? > 0, and in the domain 2% +y* < 0 ¢’ = p — 2.

Transition function from polar coordinate i) to stereographic coordinates
tis t = tan (% + %—’), and transition function from stereographic coordinate ¢
to stereographic coordinate t" is

==

t

(see Homework 0.)
Example
Sphere S% in E3
Consider sphere z2 + y? + 22 = R? of radius a in E3.
One can consider on the sphere different local coordinates
i) spherical coordinates on domain of sphere 0, :

x = asinfcos
y=asinfsinp , 0<f<7m,—m<ep<m

z = acosb



ii) stereographic coordinates u, v with respect to north pole of the sphere

T = 2a2u

— Zrulio2

R r Yy a—=z U=

Y= i3 y = = ) o
a—iQ—u —L—v ) U v a v = -

Z:am a—z
a2+u2+v2

iii) stereographic coordinates u’, v" with respect to south pole of the sphere

T = 2a%u’
— 21,2402
y_a+2122;rv x_y_a+z u/:aofz
— 21,721 ,72 ) — = 5 — ;
a gu /JQr'U o ul U/ a Ul _ _ay
5 = aa —u“—=v a+z
a?+u?+4v?

(see also Homework 0)

Spherical coordinates are defined elsewhere except poles and the merid-
ians y = 0,z < 0. Stereographical coordinates (u,v) are defined elsewhere
except north pole; stereographic coordinates (u',v’) are defined elsewhere
except south pole. One can consider transition function between these dif-
ferent coordinates.E.g. transition functions from spherical coordinates i) to
stereographic coordinates (u,v) are

_ ax __ asinfcosy __ i
U= = " = acotan 3 cos ¢
ay __ asinfsingp __ 0 o
= . = T[_osg = Gcotan 3 sing

and transition function from stereographic coordinates u, v to stereographic

coordinates (u',v") are
2

/ a‘u

u =
u2+v?

! a?v )
u+v?

(see Homework 0.)

T One very important property of stereographic projetion which we do not use in this
course but it is too beautiful not to mention it: under stereographic projection all points
on the circle 22 +y? = 1 with rational coordinates = and y and only these points transform

to rational points on line. Thus we come to Pythagorean triples a® + b? = 2.

1.1.2 Tensors on Manifold

Recall briefly what are tensors on manifold. For every point p on manifold
M one can consider tangent vector space T, M— the space of vectors tangent
to the manifold at the point M.



Tangent vector A (x) = A’(x)-%. Under changing of coordinates it trans-

ozt
forms as follows:
At @ 7 a‘rm/(x) 8 om0 a
A= A = ) PO = A (@)
Hence
N 8xi/(x) i
A" () = o A'(x). (1.7)

Consider also cotangent space Tj; M (for every point p on manifold M )—
space of linear functions on tangent vectors, i.e. space of 1-forms which
sometimes are called covectors.:

One-form (covector) w = w;(x)dx’ transforms as follows

a m ! ! I
W = Wy (z)dz™ = wmm—@)dzm = Wy (2')dz™ .
oxm
Hence 9 (o
o (') = xax—g)wm(a:) | (1.8)
Differential form sometimes is called covector.
Tensors:

Definition Consider geometrical object such that in arbitrary local co-
ordinates (z') it is given by components

Q:{leljz_“;;axil(x)} Sy Ui Tl s g = 1,2, 00,m,

and under changing of coordinates this object is transformed in the following
way:

y y y . . .
. ox" Ox'2 Ox'» Ox’* Jx’? oxla i1i2...0p

Ozt Qa2 T daie Oadt Qe T Qadi Qi () (19)

Qz’lzéz; (x/)

J1d5+34

We say that this is p-times contravariant, q-times covariant tensor of valence
(2) , or shorter, tensors of the type (2)

Examples



Note that vector field (1.7) is nothing but tensor field of valency =

q
(é), and 1-form (1.8) is nothing but tensor field of valency (]Q) ) = (?),
One can consider contravariant tensors of the rank p
i 0 0 0
T =T A — Q- A
<x>8a7’1 ® Ox® R Oz
with components {T% %2} (z). Under changing of coordinates (z!, ..., 2") —
(¥, ..., 2") (see (1.1)) they transform as follows:
T2 % () = ——— ... —T""" (). 1.10
(') Oxt Oxt2 Ox'r (z) ( )
One can consider covariant tensors of the rank ¢
S = SjleH_jqujl & dl’m X ... dqu
with components {S;,;,.;,}. Under changing of coordinates (z',...,2") —
(zV,...,2") they transform as follows:
oz oz Ox'r
313534 () = Orh Oxis T O SJ1]2--~Jq ().
E.g. if S;; is a covariant tensor of rank 2 then
Ox'(x") Oz* (")
Si’ / ! — B Sz . ]-]-1
k (I) Oz ork’ k(‘x) ( )
If A is a tensor of rank (1) (linear operator on T, M) then
’ ox’ (z) 0z (2')
7 N 7
If S]; is a tensor of the type <;)) then
o 0x™ 02t 0xF



Transformations formulae (1.7)—(1.12) define vectors, covectors and in
generally any tensor fields in components.

Remark FEinstein summation rules

In our lectures we always use so called Einstein summation convention. it
implies that when an index occurs twice in the same expression in upper and
in lower postitions, then the expression is implicitly summed over all possible
values for that index. Sometimes it is called dummy indices summation rule.

Looking on righthand sides of equations (1.7)—(1.12) we see that Einstein
rules help essentially to write down formulae correctly.

1.2 Riemannian manifold

1.2.1 Riemannian manifold— manifold equipped with Rieman-
nian metric

Definition The Riemannian manifold (M, G) is a manifold equipped with a
Riemannian metric.

The Riemannian metric G on the manifold M defines the length of the
tangent vectors and the length of the curves.

Definition Riemannian metric G on n-dimensional manifold M" defines
for every point p € M the scalar product of tangent vectors in the tangent
space T, M smoothly depending on the point p.

It means that in every coordinate system (z',...,2") a metric G =
girdzidz" is defined by a matrix valued smooth function gy, (z) (i = 1,...,n;k =
1,...n) such that for any two vectors

. 0 , 0
A = Al e B - BZ p
(:B) axl7 ('x) 8$Z 9
tangent to the manifold M at the point p with coordinates x = (z!, 22, ..., 2")

(A,B € T, M) the scalar product is equal to:
Bl
gu(z) ... gu(z)

(A*...A") (1.13)

gnl.(':v) gn‘n‘(‘aj)

where



e G(A,B) =G(B,A), ic. gix(r) = gri(x) (symmetricity condition)
o G(A,A)>0if A#0, ie.

gir()uiuF > 0, gp(r)u'u® = 0 iff u* = -+ = u" = 0 (positive-
definiteness)

o G(A, B)|p:x, i.e. gix(z) are smooth functions.

The matrix ||g;x|| of components of the metric G we also sometimes denote
by G.

Now we establish rule of transformation for entries of matrix g;(z), of
metric G.

Notice that an arbitrary matrix entry g;. is nothing but scalar product
of vectors 0;, 0y at the given point:

gix(x) = <%, %> , in coordinates (z,...,z") (1.14)

Use this formula for establishing rule of transformations of g;x(x). In the new

coordinates 2 = (x,...,2") according this formula we have that

g (2) = < 0 9 > , in coordinates (z',...,2").

oz’ Ok

Now using chain rule, linearity of scalar product and formula (1.14) we see

that ‘
@y (2 9N _ ot 9 dat
i \(T) = 8[Ei” a.l’k/ - al’il amp axk/ axk

_ ox’ < o 0 > oxk  oxt oxk

oz \ oz’ ox* | ox¥ ~ Ox? gik(m)axk'
gik($)

(1.15)

This transformation law implies that g;; entries of matrix ||g;|| are compo-
nents of covariant tensor field G = gipdxidx® of rank 2(see equation (1.11)).

One can say that Riemannian metric is defined by symmetric covariant
smooth tensor field G' of the rank 2 which defines scalar product in the tangent
spaces T, M smoothly depending on the point p. Components of tensor field
G in coordinate system are functions g;(z):

G = gip(2)dr’ ® d*

8



(A,B) = G(A,B) = gy(v)d2’ ® dz* (A, B) . (1.16)

In practice it is more convenient to perform transformation of metric G under
changing of coordinates in the following way:

_ i k _ i k _
G = gpdx' @ dx" = g, <_(9xi' dx ) ® ((,%k, dx ) =

or' Oz
axi/ glk axk/ :

oxt  Ox*
axi/ glk} axk/
We come to transfomation rule (1.15).

Later by some abuse of notations we sometimes omit the sign of tensor
product and write a metric just as

dr’ @ da* = gypda’ ® da* | hence gy = (1.17)

G = gip(x)dz'da” .

1.2.2 Examples

e R" with canonical coordinates {z'} and with metric
G = (dz')?* + (dx®)* + - - - + (da™)?

Recall that this is a basis example of n-dimensional Euclidean space
E", where scalar product is defined by the formula:

GX,Y)=(X,Y) = g X'Y* = X'V + X2V2 .. 4 XY™,

In the general case if G = ||g;|| is an arbitrary symmetric positive-
definite metric then G(X,Y) = (X,Y) = g X'Y*. One can show that
there exists a new basis {e;} such that in this basis G(e;, e;) = d;. This
basis is called orthonormal basis. (See the Lecture notes in Geometry)

Scalar product in vector space defines the same scalar product at all
the points. In general case for Riemannian manifold scalar product
depends on a point. In Riemannian manifold we consider arbitrary
transformations from local coordinates to new local coordinates.

e Euclidean space E? with polar coordinates in the domain y > 0 (z =
7 Cosp,y = rsing):



dr = cospdr — rsinedp,dy = sinedr + rcospdy. In new coordi-
nates the Riemannian metric G = dz? + dy? will have the following
appearance:

G = (dx)*+(dy)* = (cos pdr—r sin pdp)*+(sin @dr+r cos pdp)* = dr*+r*(dp)?
We see that for matrix G = ||gix||

Joz Gz 10 Grr Gr 1 0>
G: y pr— y G: (p p—
. (gyx gyy) <O 1> . (gw 99090) (0 r? ’

J/

TV
in Cartesian coordinates in polar coordinates

Circle

Interval [0, 27) in the line 0 < z < 27 with Riemannian metric
G = a*dx® (1.18)

Renaming = — ¢ we come to habitual formula for metric for circle of
the radius a: 2% + y? = a? embedded in the Euclidean space E?:

G = a’dy? {x:acosgp O0<e<2m, or —T<p<T.

Yy =asiney
(1.19)
Rewrite this metric in stereographic coordinate t:
2
G = a*dy® = 4a*dt*(a®+1%)*, where t = ar _ ¢ COS‘@ — tan (Z + f) _
a—Yy a—asngp 4 2
(1.20)

(See (1.6) and Homeworks 0 and 2.)

Cylinder surface

Consider domain in R?, D = {(z,y):, 0 < r < 27 with Riemannian
metric
G = a*dz* + dy? (1.21)

We see that renaming variables © — ¢, y — h we come to habitual,
familiar formulae for metric in standard polar coordinates for cylinder

10



surface of the radius a embedded in the Euclidean space E3:

T = acosy
G = a*dy* + dh? y=asinp ,0<¢<2m,—00<h <00
z=h

(1.22)
(Coordinate ¢ is well defined for —m < ¢ < 7 also.)

e Sphere

Consider domain in R?, 0 < # < 27, 0 < y < 7 with metric G =
dy? + sin? ydz? We see that renaming variables © — ¢, y — h we
come to habitual, familiar formulae for metric in standard spherical
coordinates for sphere 22 + y? + 22 = a? of the radius a embedded in
the Euclidean space E?:

x = asinfcosp
G = a’df*+a® sin” Odp* y=asinfsinp , 0<0<m,0<p<2m.
z =acosf
(1.23)

(See examples also in the Homeworks.)

If we omit the condition of positive-definiteness for Riemannian metric we come to
so called Pseudoriemannian metric. Manifold equipped with pseudoriemannian metric is
called pseudoriemannian manifold. Pseudoriemannian manifolds appear in applications in
the special and general relativity theory.

In pseudoriemanninan space scalar product (X, X) may take an arbitrary real values:
it can be positive, negative, it can be equal to zero. Vectors X such that (X, X) = 0 are
called null-vectors.

For example consider 4-dimensional linear space R* with pseudometric

G = (dx°)? — (dz')? — (da?)? — (dz®)?.

For an arbitrary vector X = (a°,a',a?,a?) scalar product (X,X) is positive if (a")? >
(a1)?+ (a2)?+(a3)?, and it is negative if (a®)? < (a1)?+ (a2)?+ (a3)?, and X is null-vector
if (a)? = (a1)? + (a2)? + (a3)?. Tt is so called Minkovski space. The coordinate 2" plays a
role of the time: z° = ct, where c is the value of the speed of the light. Vectors X such that

(X, X) > 0 are called time-like vectors and they called space-like vectors if (X, X) < 0.

11



1.2.3 Scalar product — Length of tangent vectors and angle be-
tween them

The Riemannian metric defines scalar product of tangent vectors attached
at the given point. Hence it defines the length of tangent vectors and angle
between them. If X = X" 2 Y = Ymi are two tangent vectors at the

8 m ) ™
given point p of Riemannian manifold Wlth coordinates x!, ..., 2", then we
have that lengths of these vectors equal to
X] = V(X X) = V(@) XXF, Y] = V(YY) = Vou(2)YViYF,
(1.24)
and an ‘angle’ 6 between these vectors is defined by the relation
X, Y B X YR
cosf = X.Y) _ Jik (1.25)

X]- Y] Vi (2) X1 XF\ /g () YIYF

Remark We say ‘angle’ but we calculate just cosinus of angle.

Example Let M be 3-dimensional Riemannian manifold, and p € M a
point in it. Suppose that the manifold M is equipped with local coordinates
x,1, z in a vicinity of this point, and the expression of Riemannian metric in
these local coordinates is

da? + dy? + dz?

¢= (1+ 22 + 92+ 22)2° (1.26)

Consider the vectors X = ad, + b0, + c0, and Y = pd, + q0, + r0., attached
at the point p, with coordinates x = 2,y = 2,2z = 1. Find the lengths of
vectors X and Y and find cosinus of the angle between these vectors.

We see that matrix of Riemannian metric is

1
[(EEE— 0 0 .
gl = 8 T 0 Lega(®1:2) = Ty gy

(1+1.2+y2+22)2

where g;.(z) are entries of matrix: G = g, (z)dxida®, (5;, is Kronecker sym-
bol: 0; = 1 if i = k and it vanishes otherwise).
According to formulae above

O XXk
X[ = V(X,X) \/gzk (z,y,2) X Xk’ - \/( : ‘x=2,y=27z=1 -

1+ a2 4+ y? 4 22)?

12



1422422 412)2 10 ’

\/ a2 + b + 2 N
(

0 Y'Yk
Y| = V(YY) = Vgu(z,y, 2 YlY’“| \/( £ ‘x:Q,y:ZZ:l -

1422 +y? + 22)?

\/ @+ PP+
(

1+22+22—|-12)2_ 10 )
and
cosf = (X.Y) _ gur(, y, )XY }P - (Fat 212
|X||Y| \/gpq(x,y,z)XPXq\/gTS(Ly?Z)yrys |X||Y|
ap+bg+cr
% L ap + bq + cr

v VP @+ R+ P+ A r?
10 10

This example is related with the notion of so called conformally euclidean
metric (see paragraphl.2.5).

1.2.4 Length of curves

Let v: 2! =2'(t),(i =1,...,n)) (a <t < b) be a curve on the Riemannian
manifold (M, G).

At the every point of the curve the velocity vector (tangent vector) is
defined:

"(t)
The length of velocity vector v € T, M (vector v is tangent to the manifold
M at the point z) equals to

dxi(t) dzk(t
V]: =1/ (V,V)a \/gk'zﬂvk| \/ i ) dt()|x

13



For an arbitrary curve its length is equal to the integral of the length of
velocity vector:

/ el i = / o O F O ) dt (1.27)

Bearing in mind that metric (1.16) defines the length we often write metric
in the following form

G = ds® = gppda'ds®

For example consider 2-dimensional Riemannian manifold with metric

ot o] = (42000 2) 20

921(% U) 922(% U)
Then

G = ds* = gipdu'dv® = gy (u, v)du® 4 2g12(u, v)dudv + gas(u, v)dv? .

The length of the curve Yu=u t) v = v( ), where ty <t < t; according to

(1.27) is equal to L, —ft V (v, V) \/glk T)aizk =

/ \/911 (1) uf + 2g12 (u () , v (8) wve + goz (u (t) v (¢)) vidt .

(1.28)
The length of curves defined by the formula(1.27) obeys the following natural condi-
tions

e It coincides with the usual length in the Euclidean space E™ (R™ with standard
metric G = (dz')? + - - + (d2™)? in Cartesian coordinates). E.g. for 3-dimensional
Euclidean space

7*/ \/9“@ t)ik(t)dt = /\/w1 @2(t))? + (23(t))2dt

e It does not depend on parameterisation of the curve

/\/g,k )z (t)zk (t)dt = / \/gllC Tk (T)dr,

(xi(1) = 2*(t(7)), a’ < 7 < b while a <t < b) since under changing of parameteri-
sation

14



e It does not depend on coordinates on Riemannian manifold M

7—/ \/ng )ai(t)ak(t)dt = /\/gz’k’ “(E)ak (¢)de .

This immediately follows from transformation rule (1.69) for Riemannian metric:

v

i (08 ) = g (55505 ) (554 ) w00

e [t is additive: length of the sum of two curves is equal to the sum of their lengths. If a
curve v = y; +7, i.e. v: 24(t),a <t < b, y1: 2(t),a <t < cand yp: 2i(t),c <t < b
where a point ¢ belongs to the interval (a,b) then L, = L1 + L.

One can show that formula (1.27) for length is defined uniquely by these conditions.
More precisely one can show under some technical conditions one may show that any local
additive functional on curves which does not depend on coordinates and parameterisation,
and depends on derivatives of curves of order < 1 is equal to (1.27) up to a constant
multiplier. To feel the taste of this statement you may do the following exercise:

Exercise Let A = A (m(t),y(t), d‘zgt), d%—(tt)) be a function such that an integral

dt
reparameterisation of this curve and under an arbitrary isometry, i.e. translation and
rotation of the curve. Then one can easy show (show it!) that

(0 52250 o[ (52) "+ (4

where c is a constant, i.e. it is a usual length up to a multiplier

L=[A (x(t), y(t), da(t) dy(f)) dt over an arbitrary curve v in E? does not change under

1.2.5 Conformally Euclidean metric

Let (M, G) be a Riemannian manifold.

Definition We say that metric G is locally conformally Euclidean in a
vicinity of the point p if in a vicinity of this point there exist local coordinates
{z'} such that in these coordinates metric has an appearance

G = o(z)0ydr'da” = o(z) ((da')” + - + (dz")?) | (1.29)

i.e. it is proportional to ‘Euclidean metric’. We call coordinates {z'} confor-
mall coordinates or isothermic coordinates if condition (1.29) holds.

We say that metric is conformally Euclidean if it is locally conformally
Euclidean in the vicinity of every point. We say that Riemannian manifold
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(M.G) is conformally Euclidean if the metric G on it is conformally Euclidean
1

It is evident that coefficient o(z) in (1.29) has to be positive. It is conve-
nient sometimes to denote it as o(z) = e}®),

G = o(z)dgdride® = MO, da'dat (1.30)

One can see that if metric is conformally Euclidean in a vicinity of some
point p, then the angle between vectors, more precisely the cosinus of the
angle between vectors attached at this point (see equation (1.25)) is the same
as for Eucldean metric. Indeed, let G' be conformally Euclidean metric and let
z' be local coordinates such that the metric has an appearance (1.29) in these

coordinates. Let X,Y be two non-vanishing vectors X = X™(z)2-, Y =

Y™(z)52: (|1X] #0,|Y] # 0) attached at a same point. Then
(X,Y) g X'YF
cosf = =
1X] - |Y| Vi () X X*\/gir (2)YIY
Aa )5ikX"Y’“ S, Xky
V@) 031 (2) XX F /N () 0p () VIV F \/Zk ) XEXFR /S YEY RS

(1.31)

It is instructive to recall the example considered in subsection 1.2.3),

where Riemannian metric in a vicinity of a point had an appearance (1.26)

This is example of Riemannian manifold which is locally conformally Eu-
clidean in a vicnity of a point p.

1.3 Riemannian structure on the surfaces embedded
in Euclidean space

Let M be a surface embedded in Euclidean space. Let G be Riemannian
structure on the manifold M.

Let X,Y be two vectors tangent to the surface M at a point p € M. An
External Observer calculate this scalar product viewing these two vectors as
vectors in E? attached at the point p € E? using scalar product in E3. An
Internal Observer will calculate the scalar product viewing these two vectors

!One can show that arbitrary 2-dimensional Riemannian manifold is conformally Eu-
clidean, i.e. in a vicnitiy of arbitrary point there exist conformal coordinates.
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as vectors tangent to the surface M using the Riemannian metric G (see the
formula (1.36)). Respectively

If L is a curve in M then an External Observer consider this curve as a
curve in E3, calculate the modulus of velocity vector (speed) and the length
of the curve using Euclidean scalar product of ambient space. An Internal
Observer ("an ant”) will define the modulus of the velocity vector and the
length of the curve using Riemannian metric.

Definition Let M be a surface embedded in the Euclidean space. We
say that metric G); on the surface is induced by the Euclidean metric if the
scalar product of arbitrary two vectors A, B € T, M calculated in terms of
the metric G equals to Euclidean scalar product of these two vectors:

(A,B)c,, = (A,B) (1.32)

GEuclidean

In other words we say that Riemannian metric on the embedded surface is
induced by the Euclidean structure of the ambient space if External and
Internal Observers come to the same results calculating scalar product of
vectors tangent to the surface.

In this case modulus of velocity vector (speed) and the length of the curve
is the same for External and Internal Observer.

1.3.1 Internal and external observers

Tangent vectors, coordinate tangent vectors
Here we recall basic notions from the course of Geometry which we will need
here.
Let r = r(u,v) be parameterisation of the surface M embedded in the
Euclidean space:
z(u, v)

r(u,v) = | y(u,v)
z(u,v)

Here as always x,, z are Cartesian coordinates in E3.

Let p be an arbitrary point on the surface M. Consider the plane formed
by the vectors which are adjusted to the point p and tangent to the surface
M. We call this plane plane tangent to M at the point p and denote it by
ToM.

For a point p € M one can consider a basis in the tangent plane T, M
adjusted to the parameters u, v.

17



Tangent basis vectors at any point (u,v) are

Oz (u,v)
. - or(u,v) | g0y | _ Oz(w,v) O Oy(u,v) O N 0z(u,v) O
Y Ou 020 )  Ou Or ou 0y ou 0z
T ou

Definition We call basis vectors r,, r, adjusted to parameters (coordinates)
u,v coordinate basis vectors
Every vector X € T),M can be expanded over the basis of coordinate basis
vectors:
X = Xur, + erv7

where X, X, are coefficients, components of the vector X.

Internal Observer views the basis vector r,, € T,M, as a velocity vector
for the curve u = ug+t,v = vy, where (ug, vy) are coordinates of the point p,
and Internal Observer denotes this vector d,. Respectively the basis vector
r, € T,M for an Internal Observer, is velocity vector for the curve u =
up,v = vg + t, where (ug,vg) are coordinates of the point p, and Internal
Observer denotes this vector 0,.

Example Consider sphere of radius R in E3, 22 + y? + 22 = R?. In
spherical coordinates

x = Rsinfcos ¢
E’>r=r(0,¢) {y=Rsinfsing
x = Rcosf

these coordinates are well-defined for 0 < 6 < 7 and 0 < ¢ < 27. For
coordinate basis vectors rg and r, we have:

L orlh) 0 x(0, ) P Rsinf cos p

rp=——>=— |y(@,p) | == | Rsinfsinp | =
00 99 2(0, ) 09 Rcosf
Rcos@cgs © o ' P ;.
Rcosfsing | = Rcos&cosgoa— + Rcos@smgpa— — Rsmﬁa— )
—Rsind o Y ©
and respectively
z(0, ) Rsin 6 cos ¢
rwzwzg y(0, ) :a2 Rsinfsing | =
¥ 2(0, ) v Rcos?d



—Rsinfsin ¢ P P
Rsinfcosy | = —Rsinfsingp— + Rsinfcosp—. (1.33)
0 ox dy

Here is a table how observers look at the objects on sphere:

INTERNAL OBSERVER EXTERNAL OBSERVER
point on S? 2 coordinates 6, 3 coordinates r = r(6, @)
curve on S? 0(t), p(t) r(t) =r(0(t,o(t)))

coordinate tangent vectors to S % , % g, I,
tangent vector to S? aZ + b% AL + Ba% +C& =arg+ br,

Ezplicit formulae for induced Riemannian metric (First Quadratic form)

Now we are ready to write down the explicit formulae for the Rieman-
nian metric on the surface induced by metric (scalar product) in ambient
Euclidean space (see the Definition (1.32). We will return to induced metric
again in next paragraphl.3.2.

Let M: r = r(u,v) be a surface embedded in E3.

The formula (1.32) means that scalar products of basic vectors r, =
Oy, T, = 0, has to be the same calculated on the surface or in the ambient
space, i.e. calculated by Internal observer, or by External observer. For
example scalar product (0, 0,)y = guy calculated by the Internal Observer
is the same as a scalar product (r,, r,)gs calculated by the External Observer,
scalar product (9,, 0,) = guw calculated by the Internal Observer is the same
as a scalar product (r,,r,)gs calculated by the External Observer and so on:

| Guu Guv\ _ <aua au> <aua av) o <ru7 I'u>E3 <I'u, I'v>E3
“= (gvu gw) - (<av,au> <av,av>> - (<> <rv,rv>E3) (1:34)
where as usual we denote by (, )gs the scalar product in the ambient Eu-
clidean space.

Remark It is convenient sometimes to denote parameters (u, v) as (u', u?)
or u® (a = 1,2) and to write r = r(u!,u?) or r = r(u®) (a = 1,2) instead
r =r(u,v)

In these notations:

Ty, Ty)gs  (Ty,Ty)ES
GM = (911 912) = (< >E < >E ) y  Gap = <ra7r6>7

gi12 g22



Gy = gagduo‘duﬁ = g1 du® + 2gradudv + goodv? (1.35)

where (, ) is a scalar product in Euclidean space.

The formula (1.35) is the formula for induced Riemannian metric on the

surface r = r(u,v) 2.

If X,Y are two tangent vectors in the tangent plane 7,C then G(X,Y)
at the point p is equal to scalar product of vectors X, Y:

(X,Y) = (X'r; + X%y, Y, + Y1) = (1.36)

Xl(rl, I'l)Yl + Xl(rl, I'Q)Y2 + XQ(I'Q, I'1)Y1 + X2(I'2, I'2)Y2 =
X%(ra,15)Y? = XYY" = G(X,Y)

1.3.2 Formulae for induced metric

We obtained (1.35) from equation (1.32).

We can do these calculations in a little bit other way.

The Riemannian structure of Euclidean space— standard Euclidean met-
ric in Euclidean coordinates is given by

Ggs = (dr)? + (dy)* + (dz)*. (1.37)

Then the induced metric (1.32) on the surface M defined by equation r =
r(u,v) is equal to

= ((da})Q + (dy)2 + (dz)2) | =Gy = gaﬁduaduﬁ

(1.38)

r=r(u,v)

ie. ((dx)®+ (dy)* + (dz)?) | -

r=r(u,v)

Ox(u,v) dx(u,v)  \> [ 0y(u,v) Ay(u,v) , \°> [ 9z(u,v) dz(u,v) , \° B
( ou dut ov dv) + ou dut ov v+ ou dut ov ) =

(22 + 92 + 2D du? + 2(2uy + YuYo + 2u20)dudv + (22 + y2 + 22)dv?
We see that

Gy = gagduo‘duﬁ = gridu® + 2gradudv + goodv? (1.39)

2it is called sometimes First Quadratic Form of this surface.
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where for matrix ||gas|, (o, 8 = 1,2),

(911 912\ _ (Guu Guv) _
|gasl| = = =
op g21 922 Gou  Guv
(w +ye+20) (Tl + Yulo + 2u20)
(ﬁul’v + YuYo + Zqu) (373 + yg + 212;)

(1.40)
We come to same formula (1.35).

Example Consider again sphere of radius R in E?, 22 + y? + 22 = R? in
stereographic coordinates. We calculated coordinate tangent vectors to this
sphere in (1.33). Now calculate induced Riemannian metric:

Gg2 = (dx2 + dy* + sz) ‘

2=Rsin 6 cos p,y=Rsin fsin p,e=Rcosfcosd

[d(Rsin 6 cos ¢)]* + [d(R sin 0 sin p)]* + [d(R cos 0)]* =
[R cos 0 cos pdf — Rsin 0 sin ¢dyp]*+[R cos 6 sin pdf + R sin 6 cos pdyp]*+[— R sin 0dA]* =
(R?sin? §sin? o+ R? sin? # cos? ) dw?+(R? cos? 6 cos® o+ R*sin? 0)dH* = R*d6*+R? sin® 0dp* .
We see that

R? 0
Gg = R2dO*+ R2sin2 0d? , ||gus|| = gu g2\ _ (9ee Yoy \ _ ' .
S Sl ¥ Hg ,BH Go1 G2 9ot G 0 RZ2%sin?4
(1.41)

Remark Sometimes it is useful to use the following “condensed” nota-
tions. We denote Cartesian coordinates (x,y, z) of Euclidean space by z°,
(i = 1,2,3). Let surface M be given in local parameterisation ' = z*(u®).
Riemannian metric of Euclidean space (1.37) has appearance

Gg = dr'S;da” . (1.42)
and calculations (1.38) —(1.40) for induced metric (1.38) has appearance

_ Oa'(u) . Oz (u)

T 5,
wt=at (ue) dux " gup

du®du’ = gop(u)du®du®

(1.43)
(See also remark above before equation (1.35)). One can rewrite (1.43) in
the following way:

0z (u) . 07 (u)
a8 = “gya % ouP

(o, 6=1,2)).
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It is instructive to come to this equation straightforwardly from equation
(1.32) and definition (1.16). We have that due to (1.32)

a0 o 0
Gap = Grpda”™dz’ (%’ W) =Gy (%7 W) = Ggs (To,Tp) =

oxt 0 027 0 ox’ o 0 oxi Ozt . 0x!
e - = 5pqupd.Iq =y - = ij .
Ou® Oxt’ Oub OxI oue oz’ OxJ ouP  Oue 7 oub

Representation (1.43) in condenced notations is very useful. It is easy to see that this
formula works for arbitrary dimensions, i.e. if we have m-dimensional manifold embedded
in n-dimensional Euclidean space. We just have to suppose that in this case ¢ =1,...,n
and a = 1,...,m; manifold is given by parameterisation z¢ = z*(u®) (o = 1,...,m).
Moreover in the case if manifold is embedded not in Euclidean space but in an arbitrary
Riemannian space then one can see that we come to the induced metric

dpgdxPdx? <

~ Ox'(u) Ox* (u)

Ginr = g () 42y = o g () T2 s = g (o) ds”

Check explicitly again that length of the tangent vectors and curves on
the surface calculating by External observer (i.e. using Fuclidean metric
(1.37)) is the same as calculating by Internal Observer, ant (i.e. using the
induced Riemannian metric (1.35), (1.39)). Let X = X“r, = ar, + br, be a
vector tangent to the surface M. The square of the length |X| of this vector
calculated by External observer (he calculates using the scalar product in
E3) equals to

IX|? = (X,X) = (r, + br,, ar, + br,) = a*(r,, r,) + 2ab(r,, r,) + b*(r,,r,)
(1.44)
where (, ) is a scalar product in E3. The internal observer will calculate the
length using Riemannian metric (1.35) (1.39):

a
G(X,X) = (C% b) : @; Lg;;) : (b) = g11a” + 2g12ab + gb®  (1.45)

External observer (person living in ambient space E3) calculate the length
of the tangent vector using formula (1.44). An ant living on the surface
calculate length of this vector in internal coordinates using formula (1.45).
External observer deals with external coordinates of the vector, ant on the
surface with internal coordinates. They come to the same answer.

Let r(t) = r(u(t),v(t)) a <t < b be a curve on the surface.
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Velocity of this curve at the point r(u(t),v(t)) is equal to

v=X=¢r, +nr,where {E =w,n=v,: v= dz(tt) = WLy + VT .

The length of the curve is equal to

L= /ab [v(t)|dt = /ab Vv (E), v(t))gsdt = /ab VAt + vy, w4 vy ) gadt =

(1.46)

b
/ \/<ru, vy )Esus + 2(ry, Ty ) g3ty + (Ty, Ty ) gavidr =

b
/ \/911%? + 2g12UsV; + goovidt (1.47)

An external observer will calculate the length of the curve using (1.46).
An ant living on the surface calculate length of the curve using (1.47) using
Riemannian metric on the surface. They will come to the same answer.

1.3.3 Induced Riemannian metrics. Examples.

We consider already an example of induced Riemannian metric on sphere in
spherical coordinates. Now we consider here other examples of induced Rie-
mannian metric on some surfaces in E?. using calculations for tangent vectors
(see (1.35)) or explicitly in terms of differentials (see (1.38) and (1.39)).

First of all consider the general case when a surface M is defined by the
equation z — F(x,y) = 0. One can consider the following parameterisation
of this surface:

r(u,v): y=uv (1.48)
z = F(u,v)

Then coordinate tangent vectors r,, r, are

1 0
r,=| 0 r,=| 1 (1.49)
F, F,



and induced Riemannian metric (first quadratic form) (1.35) is equal to
g1 9gi12 (I'u, ru) (rua rv) 1 + F2 Fqu
p—y p— g u ]_'
||ga[3|| <912 922) <<ru7 rv) (rva rv) Fqu 1+ FE ( 50)
Gy = ds® = (1 + F3du? + 2F,F,dudv + (1 + F?)dv? (1.51)

and the length of the curve r(t) = r(u(t),v(t)) on C' (a < ¢t < b) can be
calculated by the formula:

b
L= // \/(1 + F2)u? + 2F, Fyugv + (1 + F,)202dt

One can calculate (1.51) explicitly using (1.38):

Gy = (da* + dy* + dz°) | )= (du)? + (dv)? + (F,du + F,dv)* =

r=u,y=v,z2=F(u,v
= (1+ F)du* + 2F,F,dudv + (1 + F?)dv* . (1.52)
Cylinder

2

Cylinder is given by the equation 22 + 3% = a?.
following parameterisation of this surface:

One can consider the

T =acosp
r(h,): y = asinp (1.53)
z=nh

We have Geylinger = t*Grs = (dz? + dy* + dz?) | =

T=acos p,y=asin p,z=h
= (—asin pdp)? + (acos pdp)? + dh* = a*dp? + dh? (1.54)

The same formula in terms of scalar product of tangent vectors:

0 —asin e
coordinate basis vectorsr, = [ 0] , r,= | acosy (1.55)
1 0

(rp,rp) =1, (rp,r,) =0, (r,r,) =a

24



and
Yap (ry,r,) (ry,ry) 0 a?)’
G = dh? + a*dy? (1.56)

and the length of the curve r(t) = r(h(t), p(t)) on the cylinder (a <t < b)
can be calculated by the formula:

b
= / h? + a?@,dt (1.57)

Cone
Cone is given by the equation z? + y* — k?22 = 0. One can consider the
following parameterisation of this surface:

x = khcosp
r(h,): y = khsin @ (1.58)
z=nh

Calculate induced Riemannian metric:
We have

_ = (2 2 2 ‘ -
Gconus =t GE3 T (d.ﬁl} + dy +dz ) x=kh cos p,y=khsin p,z=h

(k cos pdh — khsin odp)? + (ksin odh + kh cos pdp)? + dh?
1+k* 0

o hQ) (1.59)
The length of the curve r(t) = r(h(t), p(t)) on the cone (a <t < b) can be
calculated by the formula:

Gooms = K2124% + (1+ K2, ||gasl] = (

b
L= / \/(1 + k2)hi + k2h2pidt (1.60)

Circle (again)
Circle of radius R is given by the equation x? + y?> = R2.
standard parameterisation ¢ of this surface:

x = Rcosy
r(ep): .
y = Rsiny

Consider
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Calculate induced Riemannian metric (first quadratic form)

Gg1 = 1"Ggs = (de + dy2) !

z=R cos p,y=Rsin ¢ -
(—Rsin pdp)? + (acos pdp)?* = (R* cos®* ¢ + R*sin® p)dy® = R*dy? .

One can consider stereographic coordinates on the circle (see Example in
the subsection 1.1) A point z,y: 2% + y* = R? has stereographic coordinate
t if points (0,1) (north pole), the point (x,y) and the point (¢,0) belong to
the same line, i.e. £ = &% je.

t R
2
Rx xr = 2§R2 .
t= Frp 5 since 2% + ¢y = R?.
Y Y= lt

Induced metric in coordinate t is

2R2 \\’ 2—R> \\’
. 2 2 _ _ —
G = (dz° + dy )|x:z(t)7y:y(t) = <d (—R2 n t2)> + (d <R2 e R)) —

2Rt ARt \®  (  ARMdt \®  AR'de
R2+12  (R?+12)? 2+ R?)?)  (R*+2)?
(See for detail Homework 23.

Remark Stereographic coordinates very often are preferable since they
define birational equivalence between circle and line.

(1.61)

Sphere (again...)
Sphere of radius R is given by the equation 2% 4 y? + 2?2 = R?. Consider
first stereographic coordinates

x = Rsinfcos g
r(0,¢): y = Rsinfsin ¢ (1.62)
z = Rcosf

We already calculated the coordinate basis in (1.33) and we calculated
induced Riemannian metric in (1.41):

R? 0
o p2p2 L P2 247 2 _
: Gg2 = R°dO” + R*sin” 0dy”,  ||gasl| = (0 12 gin? 9> (1.63)

30ne can also obtain this formula in a very beautiful way using inversion (see Appen-
dices)
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One comes to the same answer calculating scalar product of coordinate
tangent vectors:

Rcosfcosp —Rsinfsin g
coordinate tangent vectors arerg = | Rcosfsing | , r, = | Rsinfcosy
—Rsin6 0

(rg,r9) = R?, (rp,ry) =0, (ry,1,) = R?sin%6

ol — <E> <ru,rv>> _

2
(R 0 ) . Gg = ds® = R?d#* + R?sin® 0dy?

and

0 RZ%sin?6

The length of the curve r(t) = r(6(t), »(t)) on the sphere of the radius a
(a <t <) can be calculated by the formula:

b
L:/ R\/9t2+sin26’-g0§dt (1.64)

One can consider on sphere as well as on a circle stereographic coordi-
nates:

T = 2uR?
u = Rx - R2+u2;-v2
~ R—z _ 2R
Ry Y= frrore (1.65)
" R—z _ u240v2—R?
<= u2+v2+R2R

In these coordinates Riemannian metric is

G = (do” + dy* + d2*)| =

z=z(u,v),y=y(u,v),z=2(u,v)

2uR? ? 2v R? ? 2R? ?
i 1= ——- =
(d (R2+u2+v2>) +(d(R2+u2+v2>) +<d( R2+u2+v2)R)
4 4 2 2
_ 4R (du® + dv*) ' (1.66)
(R2+U2+U2)2

(See for detail Homework 2%.

Notice that we showed that metric on sphere is conformally Euclidean.

4Another beautiful deduction of this formula see in Appendices (Inversion)
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Saddle (paraboloid)

Consider paraboloid z = 22 — 3%, It can be rewritten as z = axy and

it is called sometimes “saddle” (rotation on the angle ¢ = 7/4 transforms

z = 2° — y? onto z = 2xy.) We considered this example in homework 3
Paraboloid and saddle they are ruled surfaces which are formed by lines.

Examples of otherquadratic surfaces see in in Appendix.

1.4 Isometries of Riemannian manifolds.
1.4.1 Riemannian metric induced by map

Let M be a manifold, and let (N,G(N)) be a Riemannian manifold. Let F'
be a map from M to N,
F M — N

We do not suppose that F' is diffeomorphism, we even do not suppose that
manifolds M and N have the same dimension®.

We can define F*G, a Riemannian metric on manifold M induced by the
map F': M — N.

Describe the metric F*G on M in local coordinates.

Let 2%, (a = 1,...,m) be local coordinates on m-dimensional manifold
M in a vicinity of some point py; on M. Consider a point py = F(pys) on
manifold N and let y*, (i = 1,...,n) be local coordinates on n-dimensional
manifold NNV in a vicinity of point py. If in local coordinates 3°, Riemannian

metric G™) on N has appearance
(N) _ (N) i
G =g (y)dy'dy’

then in local coordinates %, Riemannian metric F*(G™)) on M has appear-
ance

oy () oy’ (x)
) e w1 b a0y (N) 9y r) :
F (G(N)> =g, (x)dx da’ = dx ngj (y(x)) Oxb dxb’
o0y = (@) @ v
ob (aj‘) = oga Jid ( (13)) orb (167>

where y* = y*(z) is expression of map F in local coordinates z* and ',

5We just suppose that F is differentiable map, i.e. local expressions for F are smooth
functions
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Remark The metric F*(G™)) on M is called pull-back of metric GV
under the map F': M — N.

Example The induced metric on surfaces in E? is a special example of
this general construction. Indeed embedding ¢: M — E? is a map from points
of 2-dimensional manifold M to points of 3-dimensional Euclidean space E3.
Applying (1.67) to this map we come to formulae (1.39) for induced metric:

Gy = 1"Ggs = *(d2® + dy? + d2?) =
G|,y = ((d2)? + (dy)? + (d2)?)|

(or another manifestation of this formula, equation (1.43)).

Gu = gapdu®du’®

r=r(u,v r=r(u,v) -

1.4.2 Diffeomorphism, which is an isometry

Let (M1, Gqy), (M, G(2)) be two Riemannian manifolds— manifolds equipped
with Riemannian metric G(;y and G o) respectively.

Loosely speaking isometry is the diffeomorphism of Riemannian manifolds
which preserves the distance.

Definition Let F' be a diffeomorphims (one-one smooth map with smooth
inverse) of manifold M; on manifold Ms.

We say that diffeomorphism F' is an isometry of Riemannian manifolds
(My,G1y) and (M, G(9)) if it preserves the metrics, i.e. G is pull-back of
G(g)i

G =Gy (1.68)

According (1.67) this means that

F <g<2)ab(y)dy“dy”> = Goyan(y)dy“dy’| =

y=y(z)

oy(x) 0y (x .
9zyab(y(2)) a;,; ) 4o a;k ) g — Gpyin(@)da'da”,

gor) = LDy (a2 (169

where y® = y*(x) is local expression for diffeomorphism F'. We say that dif-
feomorphism F' is isometry of Riemanian manifolds (M;, G 1)) and My, G (9.
The difference of this equation with equation (1.67) is that F in (1.67) was
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just a differentiable map, which is not a diffeomorphism. In (1.69) diffeo-
morphism F' establishes one-one correspondence between local coordinates
on manifolds M; and M,. The left hand side of equation (1.69) can be con-
sidered as a local expression of metric G () in coordinates 2' on M, and the
right hand side of this equation is local expression of metric Gy in coordi-
nates ' on M;. Diffeomorphism F' identifies manifolds M; and M, and it
can be considered as changing of coordinates.

Example Consider surface of cylinder C, 22 +3? = a? in E? with induced
Riemannian metric Go = a?dp? + dh?* (see equations (1.53) and (1.54)). If
we remove the line [: = = a,y = 0 from the cylinder surface C we come
to surface C' = C'\l. Consider a map F' of this surface in Euclidean space

E? with Cartesian coordinates u,v (with standard Euclidean metric Gp,q =
du® + dv?):

F: {u:agp 0<¢p<2r. (1.70)
v=~h

One can see that F' is the diffeomorphism of C” on the domain 0 < u < 27a
in E? and this diffeomorphism is an isometry: it transforms the metric G gyq
on Euclidean space in metric G¢ on cylinder, i.e. pull-back condition (1.68)
is obeyed:

F*Gpua = F* (du® + dv*) = (du® + dv?) | = a’dy® + dh* = G .

u=ap,v=h

We see that cylinder surface with removed line is isometric to domain in E?
and the map F' establishes this isometry.

Remark Notice that if F' is diffeomorphism of manifold M; on a Riemannian manifold
(M3, G (), then it defines Riemannian structure, the pull-back G; = F*(G(2)) on My, and

F is isometry of Riemannian manifold (M7, G(1)) on Riemannian manifold (Mz, G(2)).

1.4.3 Isometries of Riemannian manifold on itself

Definition Let (M, G) be a Riemannian manifold. We say that a diffeomor-
phism F'is an isometry of Riemannian manifold on itself if it preserves the
metric, i.e. F*G = G. In local coordinates this means that

() = gy () 22V OT ), (11)

where ' = 2/(x) is a local expression for diffecomorphism F'. Example Let
E? be Euclidean plane with metric dz? + dy? in Cartesian coordinates x, .

30



Consider the transformation
¥ =p+ar+by
Y =q+cr+dy

is isometry if and only if the matrix A = is an orthogonal matrix,

b
d
i.e. if the trasformation above is combination of translation, rotation and
reflection.

Another example Example Consider Lobachevsky (hyperbolic) plane:
an upper half-plain (y > 0) in R? equipped with Riemannian metric

B dx? + dy?

G o

One can see that the map

{“”:M (A >0)

y=\y

(A > 0) is an isometry of the Lobachevsky plane on itself. Are there other
isometries? Yes there are (See the disucssion of these questions in Home-
works.)

1.4.4 Locally Euclidean Riemannian manifolds

It is useful to formulate the local isometry condition between Riemannian
manifold and Euclidean space. A neighbourhood of every point of n-dimensional
manifold is diffeomorphic to R™. Let as usual E" be n-dimensional Eu-
clidean space, i.e. R" with standard Riemannian metric G = dz'0;,dz* =
(dz')? + - -+ + (dz™)? in Cartesian coordinates (z',...,z").

Definition We say that n-dimensional Riemannian manifold (M, G) is
locally isometric to Euclidean space E", i.e. it is locally Euclidean Rieman-
nian manifold, if for every point p € M there exists an open neighboorhood
D (domain) containing this point, p € D such that D is isometric to a do-
main in Euclidean plane. In other words in a vicinity of every point p there

exist local coordinates u',...,u" such that Riemannian metric G in these
coordinates has an appearance
G = du'Sypdu® = (du')? + - + (du™)?. (1.72)
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Consider examples.

Example Consider again cylinder surface..

We know that cylinder is not diffeomorphic to plane (cylinder surface
is S! x R, E? = R x R, and circle is not diffeomorphic to line ). In the
previous subsection we cutted the line from cylindre. Thus we came to
surface diffeomorphic to plane. We established that this surface is isometric
to Euclidean plane. (See equation (1.70) and considerations above.) Local
isometry of cylinder to the Euclidean plane, i.e. the fact that it is locally
Euclidean Riemannian surface immediately follows from the fact that under
changing of local coordinates u = ap,v = h in equation (1.70), the standard
Euclidean metric du® + dv? transforms to the metric G eylinder = a’dyp?® + dh?
on cylinder.

Remark Strictly speaking we consider all the points except the points
on the cutted line (with coordinate ¢ — 0). On the other hand for the
points on cuttng line we can consider instead coordinate ¢ another coordinate
o =p—m —1 < ¢ <7, and we will come to the same answer. In this case
the cutted line will be the line ¢/ = 7.

Example Now show that cone is locally Euclidean Riemannian surface,
i.e, it is locally isometric to the Euclidean plane. This means that we have to
find local coordinates u, v on the cone such that in these coordinates induced
metric G|. on cone would have the appearance G|. = du® + dv®. Recall
calculations of the metric on cone in coordinates h, ¢ where

x = khcosp
r(h,o): S y=khsing
z=h
22+ y? — k22?2 = k2h? cos? o + k?h?sin® ¢ — k2h? = k?h? — k?h? = 0. We have
that metric G\. on the cone in coordinates h, ¢ induced with the Euclidean

metric G = dx? + dy? + dz? is equal to

Ge = (da® + dy* + d2?) ‘w:khmwy:khsiwz:h = (k cos pdh — khsin pdp)*+

(ksin pdh + kh cos pdp)? + dh? = (k* + 1)dh* + k*h*dy? .
In analogy with polar coordinates try to find new local coordinates u, v such

u = ahcos fp

that , where a, 3 are parameters. We come to du?®+ dv? =

v = ahsin Sy
(avcos Bdh — afhsin Bodp)*+(asin fedh + afh cos Bedp)® = a’dh*4+a?F2h2dp?.
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Comparing with the metric on the cone G, = (1+k?)dh?*+k*h*dp? we see that
if we put = Vk2+ 1and 3 = ﬁ then du?+dv? = o?dh?+a? 5 h%dp? =
(1+ k?)dh* + k*h*de?.

Thus in new local coordinates

u = vk?+ lhcos ﬁgp
v=+Vk?+ 1hsinﬁgp

induced metric on the cone becomes G|. = du® + dv?, i.e. cone locally is
isometric to the Euclidean plane

Of course these coordinates are local.— Cone and plane are not homeo-
morphic, thus they are not globally isometric.

Example and counterexample
Consider domain D in Euclidean plane with two metrics:

Gy = du® +sin*vdv?, and Gy = du® + sin® udv? (1.73)

Thus we have two different Rimeannian manifolds (D, G (1)) and (D, G ().
Metrics in (1.73) look similar. But.... It is easy to see that the first one is
locally isometric to Euclidean plane, i.e. it is locally Euclidean Riemannian
manifold since sin? vdv? = d(— cosv)?: in new coordinates u’' = u, v’ = cosv
Riemannian metric Gy has appearance of standard Euclidean metric:

(du')® + (dv')? = (du)® + (d(cosv))? = du® + sin®* vdv® = G(y)..

This is not the case for second metric G(z). If we change notations u + 0,
v — @ then Gg) = db? + sinf*dp®. This is local expression for Riemannian
metric induced on the sphere of radius R = 1. Suppose that there exist
coordinates u' = u/(0, ) v' = v'(0, ) such that in these coordinates metric
has FEucldean appearance. This means that locally geometry of sphere is as a
geometry of Euclidean plane. On the other hand we know from the course of
Geometry that this is not the case: sum of angles of triangels on the sphere
is not equal to m, sphere cannot be bended without shrinking. Later in this
course we will return to this question....

There are plenty other examples:

2) Plane with metric AR (do? +dy?)

TR 1) is isometric to the sphere with radius R.

. . . 2 2 . . . . .

3) Disc with metric % is isometric to half plane with metric
da?+dy?
4y2

(see also exercises in Homeworks and Coursework.)

33



1.5 Volume element in Riemannian manifold

The volume element in n-dimensional Riemannian manifold with metric G =
gindx'dz® is defined by the formula

Vdet gdatda?®. .. da". (1.74)

If D is a domain in the n-dimensional Riemannian manifold with metric
G = g;pdx’ then its volume is equal to to the integral of volume element over

this domain.
V(D) = / Vdet gdztda® ... dz". (1.75)
D

Note that in the case of n = 1 volume is just the length, in the case if
n = 2 1t is area.
Volume form (1.74) is invariant with respect to changing of coordinates®.

In the next paragraph we will give motivation of this formula.
Remark Students who know the concept of exterior forms can read the volume ele-
ment as n-form \/det gdxz! Adax? A --- A dz™

1.5.1 Motivation: Gram formula for volume of parallelepiped

In this short paragraph we consider formulae for volume of n-dimensional
parallelepiped, and we explain how formulae (1.74), (1.75) are related with
basic formulae in geometry. For simplicity one can consider just the case if
n=2,3.

Let E" be Euclidean vector space equipped with orthonormal basis {e;}.

Let {a;} = {a1,...,a,} be an arbitrary row of n-vectors in E". Con-
sider n-dimensional parallelepiped I, formed by these vectors: Ilja,y: r =
tiv;,0 < t* < 1. The volume of this parallelepiped is equal to

VOl(H{ai}) =det A, (1.76)

where the matrix A = [|a*|| is defined by expansion of vectors {a;} over
orthonormal basis {e;}: a; = e,,a’, (Volume vanishes (Vol(Il,,) = det A = 0)
< if {a;} is not a basis.)

Now consider the scalar product (Riemannian metric) in E™ in the basis
ar,...,ddp:

gix = (@i, ax) (1.77)

Ssee paragraph ?? in Appendices
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where (, ) is scalar product in E": (e;,e;) = d;;. We see that in (1.77)

gij = (a;,a) = (Z al*en, Z ajen) = a; Omna; = (AT A);; = det G = (det A)?,

where G' = ||g;j||. Comparing with formula (1.76) we come to formula:

Vol(Il,,) = /det g (1.78)

This formula is called Gram formula, and the matrix G = ||g;|| is called

Gram matrix for the vectors {a;}. Gram formula justifies equations (1.74)
and (1.75) "

Remark One can easy see that formula (1.78) works for arbitrary n-dimensional
parallelogramm in m-dimensional space. Indeed if a4, ..., «a, are just arbitrary n vectors
in m-dimensional Euclidean space then if n < m, the formula (1.76) s failed (matrix A is
m X n matrix), but formula (1.78) works. For example the area of parallelogram formed
by arbitrary vectors a;,as in E™ is equal to

Jao (0 0y = oo () femn).

1.5.2 Examples of calculating volume element

Consider first very simple example: Volume element of plane in Cartesian
coordinates, metric ¢ = dz? + dy*. Volume element is equal to

v/ det gdxdy = | det ( (1) (1) >dmdy = dxdy
Volume of the domain D is equal to

V(D):/D\/detgdxdy:/Ddxdy

"We see that n-dimensional parallelepiped {4,y in new coordinates ' corresponding
to the basis {a;} becomes n-dimensional cube, Standard Euclidean metric G = dx'8;,dz®
(in orthonormal basis {e;}) transforms to G = dz'dydz® = (ai,dt™)d(akdt™) =
(AT A),pdt™dt™ and

VolumelIy, ; = / de' ... da" = VGdt .. .dt" = Vdet G = Vdet ATA.
x€ell

0<t;<1
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If we go to polar coordinates:
T =TCcosp,y =rsinp (1.79)

Then we have for metric:
G = dr* + r?dy*
because
dz® + dy® = (dr cos ¢ — rsin pdp)® + (dr sin @ + 7 cos pdp)® = dr* + r’dy?
(1.80)

Volume element in polar coordinates is equal to

v/ det gdrdyp = \/det ( (1) 792 )drdap = rdrdy .

Lobachesvky plane.
In coordinates z,y (y > 0) metric G =

2
G = (1/ Y ) /22 ) Volume element is equal to v/det gdzdy = dz% _
0

Sphere in stereographic coordinates In stereographic coordinates
AR (du? + dv?
G = A+ dv’) (1.81)
(R+u?+v?)?

2 2 . .
4w 4dy” the corresponding matrix

(It is isometric to the sphere of the radius R without North pole in stere-
ographic coordinates (see the Homeworks.))
Calculate its volume element and volume. It is easy to see that:

4R*
S 0 16 RS
G = | EHu?te?)? det g = 1.82
( 0 = wrerey (9

and volume element is equal t? Vvdet gdudv = (R‘Qlﬁ% .
One can calculate volume in coordinates u, v but it is better to consider

homothety u — Ru,v — Rwv and polar coordinates: w = Rrcos @, 0 =
. . 4

Rrsin . Then volume form is equal to y/det gdudv = ( R4R dudy  _ AR rdrdp

2+U2+’U2)2 (1+T’2)2
Now calculation of integral becomes easy:

2 [e%¢] e’}
V:/M:87R2/ L:@TR?/ d—u:4ﬂR2.
(14 1r2)2 o (147r2)2 o (14 u)?

36



Domain in Lobachevsky plane.
Consider in Lobachevsky plane the domain D, such that

D, ={x,y: 2> +y*> 1|yl <a},(la| <1). (1.83)

Remark Note that vertical lines and half-circle are geodesics. One can see
that the distance between these lines tends to zero. (We will studly it later).
If we denote by A a point (a,v1 —a?) and by B the point (—a, V1 — a?),
then the domain D, can be cinsidered as a ‘triangle’ with vertices at the
point A, B, C' where C'is a point at infinity. The meaning of this remark we
will study later.

One can calculate the area of this domain, using area form on Lobachevsky
plane

V(D,) = / dx;ly = 2arcsina (1.84)
—a<y<a a?+y2>1 Y

(See in detail Homework) We will discuss later the geometrical meaning of
this formula.

Segment of the sphere.
Consider sphere of the radius a in Euclidean space with standard Rie-
mannian metric
a’df* + a® sin? Gdy?
This metric is nothing but first quadratic form on the sphere (see (1.3.3)).
The volume element is

2
/et gdfdy = \/ det ( ‘6 0 )dé’dgp = a2 sin AdOdy

a?siné

Now calculate the volume of the segment of the sphere between two parallel
planes, i.e. domain restricted by parallels #; < 6 < 6y: Denote by h be the
height of this segment. One can see that

h = acosfy — acost = a(cosby — acosb)

There is remarkable formula which express the area of segment via the height

h:
0t 27
V= / (a2 sin 0) dfdy = / </ (a2 sin 6) d<p> do =
61 <0<0o 60 0
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00
/ 2ma® sin 0df = 2ma®(cos Oy — cos 01) = 2wa(acos By — acosdy) = 2wah
01

(1.85)
E.g. for all the sphere h = 2a. We come to S = 4mwa®. It is remarkable
formula: area of the segment is a polynomial function of radius of the sphere
and height (Compare with formula for length of the arc of the circle)

2 Covariant differentiaion. Connection. Levi
Civita Connection on Riemannian mani-

fold

2.1 Differentiation of vector field along the vector field.—
Affine connection

How to differentiate vector fields on a (smooth )manifold M?

Recall the differentiation of functions on a (smooth )manifold M.

Let X = X!(x)ej(x) = 5% be a vector field on M. Recall that vector
field 8 X = Xle; defines at the every point xy an infinitesimal curve: x%(t) =
xf +tX" (More exactly the equivalence class [y(t)]x of curves z'(t) = x} +
X))

Let f be an arbitrary (smooth) function on M and X = Xi%. Then
derivative of function f along vector field X = X* 21‘ is equal to
of
ozt
The geometrical meaning of this definition is following: If X is a velocity
vector of the curve z'(t) at the point z{ = z'(¢) at the "time” ¢t = 0 then
the value of the derivative Vx f at the point zj, = 2°(0) is equal just to the
derivative by ¢ of the function f(x%(t)) at the ”time” ¢ = 0:

_da(t)

if XZ (.CE) ’xozaz(O) - dt }tZO’

Oxf=Vxf=X

then Vxf

d i
zt=x%(0) - %f (.17 (t)) ’t:O
(2.1)
Remark In the course of Geometry and Differentiable Manifolds the
operator of taking derivation of function along the vector field was denoted

8here like always we suppose by default the summation over repeated indices. E.g. X =
X'e; is nothing but X = Y7 | X',
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by ”0x f”. In this course we prefer to denote it by ”Vx f” to have the uniform
notation for both operators of taking derivation of functions and vector fields
along the vector field.

One can see that the operation Vx on the space C*° (M) (space of smooth
functions on the manifold) satisfies the following conditions:

o Vx (Af 4+ ng) = A\Vx f+uVxg where A\, u € R (linearity over numbers

)

o Vixigy(f) =hVx(f)+9Vvy(f) (linearity over the space of functions)

o Vx(Afg) = fVx(Ag) + gVx(Af) (Leibnitz rule)

(2.2)

Remark One can prove that these properties characterize vector fields:operator
on smooth functions obeying the conditions above is a vector field. (You will

have a detailed analysis of this statement in the course of Differentiable Man-
ifolds.)

How to define differentiation of vector fields along vector fields.

The formula (2.1) cannot be generalised straightforwardly because vec-
tors at the point zy and zy + tX are vectors from different vector spaces.
(We cannot substract the vector from one vector space from the vector from
the another vector space, because apriori we cannot compare vectors from
different vector space. One have to define an operation of transport of vec-
tors from the space T, M to the point T}, ,x M defining the transport from
the point 7,,M to the point Ty 4 ixM).

Try to define the operation V on vector fields such that conditions (2.2)
above be satisfied.

2.1.1 Definition of connection. Christoffel symbols of connection

Definition Affine connection on M is the operation V which assigns to every
vector field X a linear map, (but not necessarily C(M )-linear map!) (i.e. a
map which is linear over numbers not necessarily over functions) Vx on the
space of vector fields on M:

Vx (AY + uZ) = A\VxY + uVxZ, for every A\, u € R (2.3)
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(Compare the first condition in (2.2)).
which satisfies the following conditions:

e for arbitrary (smooth) functions f, g on M

Vixigy (2) = [Vx(Z)+gVy (Z)  (C*(M)-linearity)  (2.4)

(compare with second condition in (2.2))

e for arbitrary function f

Vx (fY)=(Vxf) Y + fVx (Y) (Leibnitz rule) (2.5)

Recall that Vx f is just usual derivative of a function f along vector

field: Vxf =0xf.
(Compare with Leibnitz rule in (2.2)).

The operation VxY is called covariant derivative of vector field Y along
the vector field X.

Write down explicit formulae in a given local coordinates {z'} (i =
1,2,...,n) on manifold M.

Let 5 P
© or’ © ox’

The basis vector fields % we denote sometimes by 0; sometimes by e;
Using properties above one can see that

VxY = Vyig, Y0, = X' (V; (Y*0)),  where V; =V, (2.6)
Then according to (2.4)
Vi (Y*0) = Vi (Y*) 0 + Y*V,0,
Decompose the vector field V;0, over the basis 0;:
Vidx = [0y, (2.7)

and oyt
v, (Y*0,) = axﬁ%k + Y*I™,,, (2.8)
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Y™ (x)

VxY = X'——~ 5 Om + XY TR0, (2.9)
In components
m (oY
(VxY)™ = XZ( axfx)+ykr;g) (2.10)

Coefficients {T'}} are called Christoffel symbols in coordinates {z'}. These
coefficients define covariant derivative—connection.

If operation of taking covariant derivative is given we say that the con-
nection is given on the manifold. Later it will be explained why we us the
word ” connection”

We see from the formula above that to define covariant derivative of vector
fields, connection, we have to define Christoffel symbols in local coordinates.

2.1.2 Transformation of Christoffel symbols for an arbitrary con-
nection

Let V be a connection on manifold M. Let {I'}, } be Christoffel symbols
of this connection in given local coordinates {z'}. Then according (2.7) and
(2.8) we have

oYy' o
Oz™ O

0

UxY = X" g

kYk

and in particularly .

Use this relation to calculate Christoffel symbols in new coordinates z*
%00 = Vo O

We have that 0, = 83387”, = aaz:’axim = g;"’:, Om. Hence due to properties
(2.4), (2.5) we have

k
T = Vo 0 = Vi (ﬂak) (ax )va o+ -2 (a‘” )ak

ox¥ ox¥ ox™ \ Oz*

Oxk 0?2k oxk ox™ 0% xk
(%) V2,00t g 0 = g i Von Ok ¥ G
oxh Ox™ o + 0%k O oxk dxz™ &Ei/@- N 0%zh da”
02t oL kI T G O = 5 g Lk i O G g 9k O
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Comparing the first and the last term in this formula we come to the trans-
formation law:

If {T%, } are Christoffel symbols of the connection V in local coordinates
{2'} and {T'}, ,} are Christoffel symbols of this connection in new local
coordinates {z*} then

s 02k 0™ 9a¥ N Pam Ox” (2.11)
Km0k 9gm’ 9xi” P 9k xm O )

Remark Christoffel symbols do not transform as tensor. If the second
term is equal to zero, i.e. transformation of coordinates are linear (see the
Proposition on flat connections) then the transformation rule above is the the
1
5 (see the formula
(1.9)). In general case this is not true. Christoffel symbols do not trans-
form as tensor under arbitrary non-linear coordinate transformation: see the
second term in the formula above.

Remark On the other hand note that difference of two arbitrary connections is a
tensor. If Tt and I':  are corresponding Chrstoffel symbols then it follows from (1.9))

km km
that their difference T}, =17, —I'},, transforms as a tensor:

same as a transformation rule for tensors of the type

0z 9™ da 0z 9™ da”

i’ _ i i’ ) e
Tk’ Fk’m/ - Fk’m’ = WW Ot (ka - ka) T Oxk o™ Hrt km

m’

(See for detail the Homework 5.)

2.1.3 Canonical flat affine connection

It follows from the properties of connection that it is suffice to define con-
nection at vector fields which form basis at the every point using (2.7), i.e.
to define Christoffel symbols of this connection.

Example Consider n-dimensional Euclidean space E™ with Cartesian
coordinates {z',... z"}.

Define connection such that all Christoffel symbols are equal to zero in
these Cartesian coordinates {z'}.

Veer=1%e, =0 TI;=0 (2.12)

Does this mean that Christoffel symbols are equal to zero in an arbitrary
Cartesian coordinates if they equal to zero in given Cartesian coordinates?
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Does this mean that Christoffel symbols of this connection equal to zero
in arbitrary coordinates system?

it follows from transformation rules (2.11) for Christoffel symbols that
Christofel symbols vanish also in new coordinates z* if and only if

0?rt

ErCE =0, ie. ' =b + a}%xk (2.13)

i.e. the relations between new and old coordinates are linear. We come to
simple but very important

Proposition Let all Christoffel symbols of a given connection be equal to
zero in a given coordinate system {x'}. Then all Christoffel symbols of this
connection are equal to zero in an arbitrary coordinate system {x} such that
the relations between mnew and old coordinates are linear:

2’ = b+ ala® 2.14
k

. . . . . 2 .0
If transformation to new coordinate system is not linear, i.e. % # 0

then Christoffel symbols of this connection in general are not equal to zero in
new coordinate system {x%}.

Definition We call connection V flat if there exists coordinate system
such that all Christoffel symbols of this connection are equal to zero in a
given coordinate system.

In particular connection (2.12) has zero Christoffel symbols in arbitrary
Cartesian coordinates.

Corollary Connection has zero Christoffel symbols in arbitrary Cartesian
coordinates if it has zero Christoffel symbols in a given Cartesian coordinates.

Hence the following definition is correct:

Definition A connection on the Euclidean space E™ which Christoffel
symbols vanish in Cartesian coordinates is called canonical flat connection.

Remark Canonical flat connection in Euclidean space is uniquely defined,
since Cartesian coordinates are defined globally. On the other hand on arbitrary
manifold one can define flat connection locally just choosing any arbitrary local
coordinates and define locally flat connection by condition that Christoffel symbols
vanish in these local coordinates. This does not mean that one can define flat
connection globally. We will study this question after learning transformation law
for Christoffel symbols.
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Remark One can see that flat connection is symmetric connection.

Example Consider a connection (2.12) in E? Tt is a flat connection.
Calculate Christoffel symbols of this connection in polar coordinates

{x:rcosgo {r:\/a:2+y2

2.15
Yy =ysinp ¢ = arctan £ (2.15)

Write down Jacobians of transformations—matrices of partial derivatives:

z __y
(acr yr) _ ( CoS ¢ singp) <7"x gpx) _ Varty? 22 4y?
Ty Yy —rsing rcosp/’ Ty Py \/Ig+y2 inyQ
(2.16)

According (2.11) and since Chrsitoffel symbols are equal to zero in Cartesian
coordinates (x,y) we have

~ O0xF 9z dar’
where (2',2?) = (z,y) and (2", 2%) = (r, »). Now using (2.16) we have
. OPx or 0%y or

L (2.17)

T 87’87’%+8r8r8y =0
. . O*x or 0%y Or _ _
L,=1, = aragO%jL@r&pa_y:_SIHSOCOSSO+SIH¢COS¢:0'
. 0%z or 9%y or r Yy

# T 0pdpdx | Ordpdy YT
re _ Pz 0p Py Jp _
" Qror dx  Oror dy

0.

Px dp 0%y Op —y r 1
wr " 0rdp dx  Ordy dy S r2 +cos Spr2 r
0%x Oy 0%y Oy —y T
J — — — = —g— —y— =0. 2.18
e 0pdp Ox + 0pdp Oy v r2 r2 ( )

Hence we have that the covariant derivative (2.12) in polar coordinates has
the following appearance

‘A T 8
V,0, =T5,0,+T50,= 0., V.0, =T},0, + 15,0, = -~
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9
Vodr =T0,0, + T80, = 2. V0, =T}0, +T%,0, = —rd, (219)

Remark Later when we study geodesics we will learn a very quick method
to calculate Christoffel symbols.

2.2 Connection induced on the surfaces

Let M be a manifold embedded in Euclidean space”’. Canonical flat connec-
tion on EV induces the connection on surface in the following way.

Let X, Y be tangent vector fields to the surface M and V@2t 3 canonical
flat connection in EV. In general

Z = V™Y s not tangent to manifold M (2.20)
Consider its decomposition on two vector fields:

7 — Ztangent + ZLj vggn.ﬂat’Y — (vgzgn.ﬂatY> + (vggn.ﬂatY)L ’ (221)

tangent
where Z, is a component of vector which is orthogonal to the surface M
and Z)| is a component which is tangent to the surface. Define an induced
connection VM on the surface M by the following formula

vM. VX Y: = (VErhry) (2.22)

tangent
One can see that this formula really defines the connection on surface M,
i.e. the operation defined by this relation obeys all axioms of connection.
Indeed it is easy to see that for arbitrary vector fields X and Y, the vector
field VXY is tangent vector field, and this operation obeys relations (2.3),
(2.4) and (2.5). For example check Leibnitz rule:
Vx (fY) = (V™ (fY)) = (OxfY + fVgHtY) =

tangent - tangent -

OxfY + [V Y e = Ox [Y + [VEY .

We mainly apply this construction for 2-dimensional manifolds (surfaces)
in E3.

9We know that every n-dimensional manifold can be embedded in 2n 4 1-dimensional
Euclidean space
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2.2.1 Calculation of induced connection on surfaces in E3.

Let r = r(u,v) be a surface in E3. Let Va8t he a flat connection in E?.
Then

VM VYY: = (vggn-ﬂatY)H = Vriaty _pn(veEriety n), o (2.23)

where n is normal unit vector field to M. Consider a special example
Example (Induced connection on sphere) Consider a sphere of the radius
R in E3:
x = Rsinfcos p
r(f,9): {y= Rsinfsinyp

z = Rcos#
then
Rcosf cos —Rsinfsin ¢ stnb cos @
ro= | RcosOsing | ,;r, = | Rsinflcosy | ,n= | sinfsiny |,
—Rsind 0 cos 6
where rg = %7 r, = argi;@) are basic tangent vectors and n is normal unit
vector.

Calculate an induced connection V on the sphere.
First calculate Vy,0p.

81‘9
V(‘) 89 = <_) = (1‘99) angent *
’ 89 tangent tangent
—Rsinf cos
On the other hand one can see that rg9 = | —Rsinfsinp | = —Rn is
—Rcost
proportional to normal vector, i.e. (rgg),,, gent = 0. We come to

vaeae = (ree)tangent = 0 = er = Fge = 0 : (224)

Remark Notice that equation (2.24) follows from teh fact that rgy is
centripetal acceleration which is directed along r ~ n.

Now calculate Vg,0, and Vg, 0p.

or or
v(%a@ - (8_;> - (rew)tangent’ vawae - (6_809) - (rﬁﬂe)tangem
tangent tangent
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We have

—Rcosfsinp
Rcosfcosp
0

V@ﬁw = V&pa@ = (rlpe)tangent -

tangent

We see that the vector rgy is orthogonal to n:

(ro9,n) = —Rcosfsingsinf cos ¢ + Rcosf cos psinfsin g = 0.

Hence
—Rcosfsin
Va,0p, = Vo,0p = (rsﬂG)mngem =ry= | Rcosfcosy | =cotanfr,.
0

We come to
Vo,0p = Vi,0p = cotan 00, = Ty, =T, =0, Ty =T%) = cotan @ (2.25)
Finally calculate V5,0,
—Rsinf cos ¢

Vawago = (r¢¢)tangent = —-R Sin@singp
0

tangent

Projecting on the tangent vectors to the sphere (see (2.23)) we have

Vo,0, = (rw)tangent =Tpp — NN, Tyy) =

—Rsinfcos ¢ sin f cos ¢
—Rsinfsing | — | sinfsing | (—Rsinf cos psinf cos p — Rsinfsin psin fsin p) =
0 cosf
Rcosfcos ¢
—sinfcosf | Rcosfsiny | = —siné cos fry,
—Rsinf

1.e.

Vs,0, = —sinf cosry = Fiw = —sinfcost, I'Y, =17, =0. (2.26)

©

47



2.3 Levi-Civita connection
2.3.1 Symmetric connection

Definition. We say that connection is symmetric if its Christoffel symbols
[ are symmetric with respect to lower indices

L, =10 (2.27)
The canonical flat connection and induced connections considered above are
symmetric connections.
Invariant definition of symmetric connection
A connection V is symmetric if for an arbitrary vector fields X, Y
VxY - VyX - [X,Y]=0 (2.28)
If we apply this definition to basic fields Ok, 9, which commute: [0, 0] = 0 we
come to the condition

Vo,0m — Vo, O =% ,0; —T%,.0; =0

and this is the condition (2.27).

2.3.2 Levi-Civita connection. Theorem and Explicit formulae

Let (M, G) be a Riemannian manifold.

Definition-Theorem

A symmetric connection V is called Levi-Civita connection if it is com-
patible with metric, i.e. if it preserves the scalar product:

Ox(Y,Z) = (VxY,Z) + (Y, VxZ) (2.29)

for arbitrary vector fields X, Y, Z.
There exists unique levi-Civita connection on the Riemannian manifold.
In local coordinates Christoffel symbols of Levi-Civita connection are given

by the following formulae:

i 1 ij (agjm IGjr 89mk) ‘

oxk  Oxm oxJ (2.30)

mk 5

where G = gydx'dx® is Riemannian metric in local coordinates and ||g™*|| is
the matrixz inverse to the matriz ||gix||.

48



Proof
Suppose that this connection exists and ank are its Christoffel symbols. Con-
sider vector fields X = 0y,,, Y = 0; and Z = 0, in (2.29). We have that

Omik = (U0, Ok) + (0i, Tk 0r) = T0iGrk + gir L - (2.31)
for arbitrary indices m, 1, k.
Denote by I'yix = I .9, We come to
8mgik = szk + kaiv ie.
Now using the symmetricity I';,;x = I'jmi since T’ ﬁ“ = Ffm we have
ik = Om8ik — Dimki = OmGik — Tkmi = Omik — (Okgmi — Liim) =
OmYik — OkGmi + Lkim = OmGik — Ok9mi + Likm = OmGik — Okgmi + (Oigkm — Limk) =
amgik - akgmi + aigk:m - szk .
Hence
1 1
Fmik = 5(877192143 + 8i.gmk: - alcgml) = Ffm = §ng (amgir + aigmr - argmi) (232)

We see that if this connection exists then it is given by the formula(2.30).

On the other hand one can see that (2.30) obeys the condition (2.31). We
prove the uniqueness and existence.

since Vi, 0 = I'[0m.

Consider examples.

2.3.3 Levi-Civita connection of E"

For Fuclidean space E™ in standard Cartesian coordinates

Gooy = (d2')? + - + (d2™)? = 6y da’da”

Eucl

Components of metric are constants (they are equal to 0 or 1). Hence obvi-
ously Christoffel symbols of Levi-Civita connection in Cartesian coordinates
according formula (2.30) vanish:

I'f,, = 0 in Cartesian coordiantes

Recalling canonical flat connection (see 2.1.3) we come to simple but impor-
tant observation:

Observation Levi-Civita connection coincides with canonical flat con-
nection in Euclidean space E™. They have vanishing Cristoffel symbols in
Cartesian coordinates.
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2.3.4 Levi-Civita connection on 2-dimensional Riemannian mani-
fold with metric G = adu? + bdv?.

Example Consider 2-dimensional manifold with Riemannian metrics

_ 2 2 _ (9 g2 _ (alw,v) O

Calculate Christoffel symbols of Levi Civita connection.
Using (2.32) we see that:

T = %(31911 + 01911 — Oign1) = %31911 = %au

Ton =Tior = 5(0ig1a + Dogin — Dig12) = 3091 = 34,

L2 - % (Oag12 + O2g12 — O1922) = —%(91922 = — %bu
(2.33)

Tiio = % (01912 + 01912 — Oagn1) = —%(92911 = — %av

Do =To12 =3 (02go1 + 01922 — Bago1) = 501900 = 1b,

22 = % (0222 + O2g22 — Oaga2) = %32922 = %bv

To calculate Iy, = ¢ Tt note that for the metric a(u,v)du® + b(u, v)dv?

112 1 0
- g g al(u,v
Gh=(" 7= (1) 1
g g 0 b(u,v)

Hence
1 11 _ a 1 _pl o 11 _ a 1 11 _
I'y= g Tm= %, Iy =Tp= g Tm= g, Loy = g Tom =
2 _ 922 _ —a 2 _ 12 _ 22 _ b 2 _ 922 _
'y = 97T = 5, 5 =T = g7 T = 3, I35y = g Tan =

(2.34)

2.3.5 Example of the sphere again

Calculate Levi-Civita connection on the sphere.
On the sphere first quadratic form (Riemannian metric) G = R*d6?* +
R?sin? Odg?. Hence we use calculations from the previous example with
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a(f,p) = R%,b(0,p) = R*sin?6 (u = 0,v = ). Note that ayg = a, = b, = 0.
Hence only non-trivial components of I" will be:

—b — sin 20 —R?sin 20
0 6 _ _
Fgogo - 2 - 9 ; (Fcpcpé — 9 ) s (235)
by  cosf R?sin 20
7 =I%, = — = oo, = ——— 2.
00 " ¢ 2p T sind < O 2 ) (2.36)

All other components are equal to zero:
0 0 0
Fee = FOQ@ - F(,OG == Fge == Fiw == 0

Remark Note that Christoffel symbols of Levi-Civita connection on the
sphere coincide with Christoffel symbols of induced connection calculated in
the subsection ”Connection induced on surfaces”. later we will understand
the geometrical meaning of this fact.

2.4 Levi-Civita connection = induced connection on
surfaces in E?

We know already that canonical flat connection of Euclidean space is the Levi-
Civita connection of the standard metric on Fuclidean space. (see section
2.3.3.) Now we show that Levi-Civita connection on surfaces in Euclidean
space coincides with the connection induced on the surfaces by canonical flat
connection. We perform our analysis for surfaces in E3.

Let M:r = r(u,v) be a surface in E3. Let G be induced Riemannian
metric on M and V Levi-Civita connection of this metric.

We know that the induced connection V™) is defined in the following
way: for arbitrary vector fields X,Y tangent to the surface M, V'Y equals
to the projection on the tangent space of the vector field VE»iaty:

Vé\(/[Y = (vcxan.ﬂatY)tangent ?
where Vearflat s canonical flat connection in E? (its Christoffel symbols
vanish in Cartesian coordinates). We denote by Aiangent & projection of
the vector A attached at the point of the surface on the tangent space:
A, = A —n(A,n), (n is normal unit vector field to the surface.)
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Theorem Induced connection on the surface r = r(u,v) in E3 coincides
with Levi-Ciwita connection of Riemannian metric induced by the canonical
metric on FEuclidean space E3.

Proof

Let VM be induced connection on a surface M in E3 given by equations
r = r(u,v). Considering this connection on the basic vectors ry,r, we see
that it is symmetric connection. Indeed

vgiav = (ruv>tangent = (I‘vu) = Vggau - = FZ’U =T,

tangent — v F:}w = FZu :
Prove that this connection preserves scalar product on M. For arbitrary
tangent vector fields X,Y,Z we have

Ox (Y, Z)gs = (V™Y Z)gs + (Y, V" 1 Z)gs .

since canonical flat connection in E3 preserves Euclidean metric in E3 (it

is evident in Cartesian coordinates). Now project the equation above on
the surface M. If A is an arbitrary vector attached to the surface and

A angent 1s its projection on the tangent space to the surface, then for ev-

ery tangent vector B scalar product (A, B)gs equals to the scalar product
(Atangent; B)Es = (Atangent, B)ar since vector A — Aygangent 1 orthogonal to

the surface. Hence we deduce from (2) that 0x(Y,Z)y =

(TR ), B HY L (VE2), e = (VXY Z)0 (Y, VX )

tangent ’ tangent

We see that induced connection is symmetric connection which preserves
the induced metric. Hence due to Levi-Civita Theorem it is unique and is
expressed as in the formula (2.30).

Remark One can easy to reformulate and prove more general statement: Let M be
a submanifold in Riemannian manifold (E, G). Then Levi-Civita connection of the metric
induced on this submanifold coincides with the connection induced on the manifold by

Levi-Civita connection of the metric G.

3 Parallel transport and geodesics

3.1 Parallel transport
3.1.1 Definition

Let M be a manifold equipped with affine connection V.
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Definition Let C': x(t),ty < t < t; be a curve on the manifold M,
starting at the point py = z(¢y) and ending at the point p; = z(;) ((with
coordinates ' = x'(t))). Let X = X(ty) be an arbitrary tangent vector
attached at the initial point py = x¢ (with coordinates x*(ty)) of the curve
C, ie. X(ty) € Tp,M is a vector tangent to the manifold M at the point
po with coordinates x’(ty). (The vector X is not necessarily tangent to the
curve ()

We say that X(t), to < ¢ < t; is a parallel transport of the vector X(ty) €
To, M along the curve C': x° = x%(t), ty <t <ty if

e For an arbitrary ¢, top <t <t, vector X = X(t), (X(¢)|t=t, = X(to)) is

a vector attached at the point x(¢) of the curve C, i.e. X(t) is a vector
tangent to the manifold M at the point x(¢) of the curve C.

e The covariant derivative of X(¢) along the curve C' equals to zero:

vX
7 Vv 0 (3.1)

In components: if X™(¢) are components of the vector field X(¢) and
v™(t) are components of the velocity vector v of the curve C',

0 dx(t) dz' 0
X(1) = X" ()= |y, v =) 9
(t) O gmlxw, V=07 = o Tl
then the condition (3.1) can be rewritten as
dX(t)
dt

+ R, (2 (1) X™(t) = 0. (3.2)

Remark We say sometimes that X(t) is covariantly constant along the
curve C' if X(t) is parallel transport of the vector X along the curve C. If
we consider Euclidean space with canonical flat connection then in Cartesian
coordinates Christoffel symbols vanish and parallel transport is nothing but
X = VX =0, i.e. X(t) is a constant vector.

3.1.2 Parallel transport is a linear map. Parallel transport with
respect to Levi-Civita connection

We usualy consider parallel transport on Riemannian manifold with respect
to Levi-Civita connection. If (M, G) is Riemannian manifold then we con-
sider parallel transport with respect to connection V which is Levi-Civita
connection of the Riemannian metric G.
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Consider again curve C: x = x(t),tg < t < t; on manifold M starting
at the point py and ending at the point p; (see above). Let X € T}, be an
arbitrary tangent vector at the point pg, and X(¢) be parallel transport (3.1)
of this vector along the curve C:

VX (1)

=0.
dt

X(t> ‘tzto =X ’

Taking value of X(t) at the final point p; of the curve C' we come to the new
vector X' = X(t)|t:t1 tangent to the manifold M at the point p;. Thus we
define the map between tangent vectors at the initial point py of the curve
C and tangent vectors at the ending point p; of this curve:

Po: ToM3X — Po(X)=X' €T, M. (3.3)

Sure this map depends on the curve C' which joins starting and ending points
(if we are not in Euclidean space).

Proposition

Let C' be a an arbitrary curve with starting point py and ending point
p1. Then the map (3.3) defines linear operator P which does not depend
on parameterisation of the curve, providing the initial and ending points of
the curve are not swapped; i.e. operator is not changed under reparameter-
isations of the which do not change the orientation of the curve. (One can
say that linear operator Pg is an operator defined for oriented curve, since
we fix initial and ending poitns of the curve.):

In the case if connection V is Levi-Civita connection, then Pg is an orthog-
onal operator: for two arbitrary vectors X,Y € Ty, M

<X7Y>p0 = <X/aY/>P1 X' = Po(X) € 1, M, Y'= Po(Y) € 1, M,
(3.5)
where as usual (, ), is the scalar product at the point p.
In particular the length of the vector is preserved during parallel trans-
port.

Proof The fact that it is a linear map follows immediately from the fact
that differential equations (3.1) is linear equation. If vector fields X(t), Y (¢)
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are covariantly constant along the curve C i.e. they obey differential equa-
tion (3.2), then their linear combination AX(¢) + 1Y (¢) obeys this equation,
also, This implies (3.4).

The fact that the map (3.3) does not depend on the parameterisation (if
it does not change the orinetation) follows from differential equation (3.1) (or
the same equation in components, the equation (3.2).) Indeed let t = ¢(7),
70 < 7 < 71, t(70) = to,t(71) = 71 be another parameterisation of the curve C,
which does not change orientation, i.e. initial and ending points of the curve

dt

do not interchange. Then multiplying the equation (3.1) on §- and using the

fact that velocity v/(7) = t,v(t) we come to the differential equation in new
parameterisation:

VX(i(r)) dt dt VX(t)
SETE = VX () = Vi X () = ZVX() = - =0,
or in components
—dX’Cg—(T)) + U/k(t(T))Fzm(flﬁi(t(T)))Xm(t(T)) =0. (3.6)

The functions X (¢(7)) with the same initial conditions are the solutions of
this equation.

It remains to prove that Pg is orthogonal operator.

It follows immediately from the definition (3.1) of a parallel transport and
the definition (2.29) of Levi-Civita connection that during parallel transport
the scalar product (X(t), Y (t))x() is preserved:

d

(X0, Y (1)) = 0u(X(2). Y (1)) = (Vo X(2), Y())+(X(2), V Y () = {0, Y (£))+(X(t),0) = 0.

(3.7)
This implies (3.5).

3.2 Geodesics
3.2.1 Definition. Geodesic on Riemannian manifold

Let M be Riemannian manifold equipped with Levi-Civita connection V.
Definition A parameterised curve C:  z’ = 2'(f) in Rieamannian man-

ifold is called geodesic if velocity vector v(t): vi(t) = % is covariantly
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constant along this curve, i.e. parallel transport of velocity vector along the
curve preserves the velocity vector:

Vv = % = dv(;gt) + "L (x(t)™(t) =0, i.e. (3.8)
2xi .fll'k ) m
d dtQ@ 4+ @ dt“) i)Y dt“) —0. (3.9)

These are linear second order differential equations. One can prove that
this equations have solution and it is unique'® for an arbitrary initial data
(2"(to) = x5, 2" (to) = 2. )

In other words the curve C': z(t) is a geodesic if parallel transport of
velocity vector along the curve is a velocity vector at any point of the curve.

Remark One can see that our definition of geodesic works for arbitrary
connection. However we will consider here only geodesics on Riemannian
manifold, defined only with Levi-Civita connection.

Since velocity vector of the geodesics on Riemannian manifold at any
point is a parallel transport with the Levi-Civita connection, hence due to
Proposition above (see equation (3.4), (3.5) and (3.7)) the length of the
velocity vector remains constant:

Proposition If C': x(t) is a geodesics on Riemannian manifold then the
length of velocity vector is preserved along the geodesic.

Proof Since the connection is Levi-Civita connection then it preserves
scalar product of tangent vectors, (see (2.29)) in particularly the length of
the velocity vector v:

Example 1 Geodesics of Euclidean space. In Cartesian coordinates
Christoffel symbols of Levi-Civita connection vanish, and differential equa-
tion (3.8), (3.9) are reduced to equation

d?z'(t)
dt?

dz'(t)

e v =1t =l +u't. (3.10)

=0,=>

We come to straight lines.

Example 2 Geodesics of cylindrical surface One can see that if Rieman-
nian metric G = Gypdu’dv* have constant coefficients in coordinates u’ then

10this is true under additional technical conditions which we do not discuss here
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Christoffel symbols of Levi-Civita connection vanish in these coordinates,

(see formula (2.30)) and according to (3.10) geodesics are “straight lines” in

coordinates u’. In particular this is a case for cylinder: If surface of cylin-
T = acosp

der is given by equation ¢ y = asingy  then Riemannian metric is equal to

z=nh
G = a’dyp? + dh? and we come to equations:
de(t) _ det) _ ) _
d2dif?t) - = dﬁlft) - = d‘iizt(t)_ po+ : (3.11)
. =0 & = ¢ “a = hottc

In general case we come to helix:

x = acosp(t) = acos (py+ Q)
y = asinp(t) = asin (pg + Q) (3.12)
z=h(t) = ho+ct
If ¢ = 0 then geodesics are circles 2% + y? = a?, 2z = hy. If angular velocity
2 = 0 then geodesics are vertical lines ©x = xg,y = o, 2 = ho + ct.

3.2.2 Geodesics and Lagrangians of ”free” particle on Riemannian
manifold.

Lagrangian and Fuler-Lagrange equations
A function L = L(x, &) on points and velocity vectors on manifold M is a
Lagrangian on manifold M.
We assign to Lagrangian L = L(x, &) the following second order differen-
tial equations

d (0L\ 0L
dt (aj;i) ~ O (3:13)
S N AN L oL
d (a?) B T A (3.14)

These equations are called Fuler-Lagrange equations of the Lagrangian
L. We will explain later the variational origin of these equations .

1 To every mechanical system one can put in correspondence a Lagrangian on config-
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Lagrangian of “free” particle
Let (M,G), G = gipdx'dz® be a Riemannian manifold.
Definition We say that Lagrangian L = L(x, ) is the Lagrangian of a a
‘free’ particle on the Riemannian manifold M if

L=2 (3.15)
2
Example "Free” particle in Euclidean space. Consider E? with standard

metric G = da® + dy? + dz>

I A o
2 2
Note that this is the Lagrangian that describes the dynamics of a free particle.

L (3.16)

Example A ‘free’ particle on a sphere.
The metric on the sphere of radius R is G = R*d6? + R?sin”® dy?®. Re-
spectively for the Lagrangian of ”free” particle we have

 gad'i®  R20° 4+ R%sin® 0
2 2

L (3.17)

Equations of geodesics and Fuler-Lagrange equations

Theorem. Fuler-Lagrange equations of the Lagrangian of a free particle
are equivalent to the second order differential equations for geodesics.
This Theorem makes very easy calculations for Christoffel indices.

This Theorem can be proved by direct calculations.
Calculate Euler-Lagrange equations (3.13) for the Lagrangian (3.15):

dt \ 0 dt ol dt (gix") = gun Tt ¥

i(aL):i o= )\ a, it . s

and o
oL 9 (—g’"’“ﬁ - ) 10Gmk . &
= = ———zg"z".

oxt ox? -2 Oxt
uration space. The dynamics of the system is described by Euler-Lagrange equations.
The advantage of Lagrangian approach is that it works in an arbitrary coordinate system:
Euler-Lagrange equations are invariant with respect to changing of coordinates since they
arise from variational principe.
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Hence we have

dat \9ii ) ~ IR T gpm™ T T i T 2 ’
i.e. ]
gir ¥+ Opgii™ it = Eaz’gmkftmftk :
Note that 9,,gud™i* = 1 (9mgindi™i* + Okgim@™i*). Hence we come to
equation:
d?z* 1 —
Git—s + = (OnGik + OnGim — OiGmp) £ 3"

dat? 2
Multiplying on the inverse matrix ¢** we come

Pzt 1 (8gjm Ogik 8gmk) dx™ da*

2 + 59 oxk oxm oxJ dt dt

—0. (3.18)

We recognize here Christoffel symbols of Levi-Civita connection (see (2.30))
and we rewrite this equation as

d*z' da™_,  daF

+ ka

dt? dt dt

This is nothing but the equation (3.8).
Applications of this Theorem: calculation of Christoffel symbols of Levi-

Civita connection.

=0. (3.19)

3.2.3 Calculations of Christoffel symbols and geodesics using the
Lagrangians of a free particle.

It turns out that equation (3.19) is the very effective tool to caluclatie
Christoffel symbols of Levi-Civita connection.

Ezamples in this subsection will be calculated in detail on tutorial (see
Homework 7)

Consider two examples: We calculate Levi-Civita connection on sphere
in E* and on Lobachevsky plane using Lagrangians and find geodesics.

1) Sphere of the radius R in E3:

Lagrangian of ”free” particle on the sphere is given by (3.17):

_ R%? + R%sin? 0
B 2

L
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Euler-Lagrange equations defining geodesics are

d (0L oL d ; -
7 (%) “ %0 @ (RQH) — R*sinfcos0p* = 0 — sinf cos 0p* = 0,
(3.20)
d (0L oL d , 5. 5. . . .
dt(@gb) 0 dt(Rsm gp) 0 = ¢ + 2cotan 00 = 0
Comparing Euler-Lagrange equations with equations for geodesic in terms of
Christoffel symbols:

0+ 9,67 + 2TY 0 +T%_¢*> =0,

©
@ +T5,0% +2TF 0p +T%, o> =0

we come to
Tgg =T, =T0,=0,I" = —sinfcosb, (3.21)
Iy =T%,=0,17 =1 =cotanf. (3.22)
(Compare with previous calculations for connection in subsections 2.2.1 and
2.3.4)

We know already and we will prove later in a elegant way that geodesics on the sphere
are great circles. (see subsection 3.2.6 below). Consider another technically more difficult
but straightforward proof of this fact. To find geodesics one have to solve second order
differential equations (3.19)

One can see that the great circles: ¢ = ¢q, 8 = 0y + t are solutions of second order
differential equations (3.20) with initial conditions

9(t)|t=0 = 90,9(t)‘t=0 =1, Qp(t)‘tzo = @O»é(t)‘tzo =0. (3.23)

The rotation of the sphere is isometry, which does not change Levi-Civta connection.
Hence an arbitrary great circle is geodesic.

Prove that an arbitrary geodesic is an arc of great circle. Let the curve 8 = 0(t), o =
©(t), 0 <t <t be geodesic. Rotating the sphere we can come to the curve 6 = 6'(¢), ¢ =
¢©'(t), 0 <t < t; such that velocity vector at the initial time is direccted along meridian,
i.e. initial conditions are

0' ()] ,_y = 00,0'(D)],_y = @ &' (B)],_y = 20, &' ()] ,_, = O- (3.24)

(Compare with initial conditions (3.23)) Second order differential equations with boundary
conditions for coordinates and velocities at ¢ = 0 have unique solution. The solutions of
second order differential equations (3.20) with initial conditions (3.24) is a curve ¢'(t) =
0o + at, ¢'(t) = wo. It is great circle. Hence initial curve the geodesic 0 = 6(t), ¢ = ¢(t),
0 <t <t is an arc of great circle too.
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This is another proof that geodesics are great circles.

2) Lobachevsky plane.

, Lag,rangian of "free” particle on the Lobachevsky plane with metric G =
dz*+dy~ -

- 1S
)
Lot
2y
Euler-Lagrange equations are
a_L:():ia_L:i ﬁ zi—@ie j}_@zo
Ox dt 0r  dt \ y? y2 oy Y ’
oL 2 + doL d [y y 20 . ..+j:2 2 0
— == —=— = | =5 - —=.ie. — —==0.
dy y? dtoy dt \y*) y* oy’ Ty Ty

Comparing these equations with equations for geodesics: . PR ™ =0
(i=1,2, v =x'y = 2*) we come to
re =012 =17 = 11”“— Fy—lfy—Fy— rv = L
vz = 0, Ty — y:v__§> yy—D’ m_g’ Ty — yx_o’ yy__g‘.

In a similar way as for a sphere one can find geodesics on Lobachevsky plane. First we

note that vertical rays are geodesics. Then using the inversions with centre on the absolute

one can see that arcs of the circles with centre at the absolute (y = 0) are geodesics too.
See also examples in Homework 6

3.2.4 Un-parameterised geodesic

We defined a geodesic as a parameterised curve such that the velocity vector
is covariantly constant along the curve.

What happens if we change the parameterisation of the curve?

Another question: Suppose a tangent vector to the curve remains tangent
to the curve during parallel transport. Is it true that this curve (in a suitable
parameterisation) becomes geodesic?

Definition We call un-parameterised curve geodesic if under suitable
parameterisation it obeys the equation (3.8) for geodesics.
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Let C—be un-parameterised geodesic. Then the following statement is
valid.

Proposition A curve C (un-parameterised) is geodesic if an only if a
non-zero vector tangent to the curve remains tangent to the curve during
parallel transport.

Proof. Let A be tangent vector at the point p € C' of the curve. Parallel
transport does not depend on parametersiation of the curve (see subsection
3.1.2, equation (3.3)). Choose a suitable parameterisation 2 = z'(¢) such
that x'(t) obeys the equations (3.8) for geodesics, i.e. the velocity vector v(t)
is covariantly constant along the curve: Vv = 0. If A(tg) = cv(ty) at the
given point p (c is a scalar coefficient) then due to linearity A(t) = cv(t) is
a parallel transport of the vector A. The vector A(t) is tangent to the curve
since it is proportional to velocity vector. We proved that any tangent vector
remains tangent during parallel transport.

Now prove the converse: Let A(t) be a parallel transport of non-zero
vector and it is proportional to velocity, i.e. A(t) = ¢(¢)v(t). Thus

VA(t)
dt

=V,A =0,

Choose a reparameterisation ¢ = ¢(7) such that ( = ¢(t). In the new pa-
. . . dt(r
rameterisation the velocity vector v/(7) = d(T) (t ( ) = c(t)v(t) = A(t(1))
and
av’
dr
We come to parameterisation such that velocity vector remains covariantly
constant, i.e. it is parameterised geodesic. (This is reparameterisation invari-

ance of parallel transport (3.1) (see (3.6) ). Thus we come to parameterised
geodesic. Hence C' is a geodesic.

= VoV =V (t:V) (V) — .V (V) (c(t)v) =, V,A =0

Remark In particularly it follows from the Proposition above the follow-
ing important observation:

Let C is un-parameterised geodesic, z*(t) be its arbitrary parameterisa-
tion and v(t¢) be velocity vector in this parameterisation. Then the velocity
vector remains parallel to the curve since it is a tangent vector.

In spite of the fact that velocity vector is not covariantly constant along
the curve, i.e. it will not remain velocity vector during parallel transport,
since it will be remain tangent to the curve during parallel transport.
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Remark One can see that if #° = x%(t) is geodesic in an arbitrary parameterisation
and s = s(t) is a natural parameter (which defines the length of the curve) then z%(¢(s))

is parameterised geodesic.

3.2.5 Parallel transport of vectors along geodesics

We already now that during parallel transport along curve with respect to
Levi-Civita connection scalar product of vectors, i.e. lengths of vectors and
angle between them does not change (see subsection 3.1.2, equations (3.3)
and (3.5)). This remark makes easy to calculate parallel transport of vectors
along geodesics in Riemannian manifold. Indeed let C' a geodesic (in general
un-parameterised) and a vectors X(t¢) is attached to the point p; € C on
the curve C. In the special case if X is a tangent vector to geodesic C' then
during parallel transport it remains tangent, i.e. proportional to velocity

vector:
X(t) = a(t)v(t). (3.25)
dr(t)

Here v(t) = =~ and r = r(t) is an arbitrary parameterisation of geodesic C.
Note that in general ¢ is not parameter such that r = r(¢) is parameterised
geodesic; t is an arbitrary parameter. In the special case if ¢ is a parameter
such that r = r(t) is parameterised geodesic then velocity vector remains
velocity vector during parallel transport, i.e. X(¢) = av(t) where a is not
dependent on ¢.

To calculate the dependence of coefficient a on ¢ in (3.26) we note that the
length of the vector is not changed (see equation (3.5) in the section 3.1.2,

i.e.

(X(t),X(t)) = {a(t)v(t),a(t)v(t)) = a®(t)|v(t)|* = constant (3.26)

3.2.6 Geodesics on surfaces in E?

Let M:r = r(u,v) be a surface in E3. Let Gj; be induced Riemannian
metric and V a Levi-Civita connection on M. We consider on M Levi-Civita
connection of the metric Gy.

Let C be an arbitrary geodesic and v(t) = dTi—at) the velocity vector. Ac-
cording to the definition of geodesic V,v = 0. On the other hand we know
that Levi-Civita connection coincides with the connection induced on the
surface by canonical flat connection in E3 (see the Theorem in subsection
2.4). Hence

Vv =0= Vv = (Viriety) (3.27)

tangent
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In Cartesian coordinates Vi 1ty = 9 v = Lv(u(t),v(t)) = di;gt) = a.

Hence according to (3.27) the tangent component of acceleration equals
to zero.

Converse if for the curve r(t) = r(u(t),v(t)) the acceleration vector a(t)
is orthogonal to the surface then due to (3.27) Vv = 0.

We come to very beautiful observation:

Theorem The acceleration vector of an curve r = r(u(t),v(t)) on M is

orthogonal to the surface M if and only if this curve is geodesic.

In other words due to Newton second law particle moves along along
geodesic on the surface if and only if the force is orthogonal to the surface.

One can very easy using this Proposition to calculate geodesics of cylinder
and sphere.
Geodesic on the cylinder

T =acosp
Let r(h(t),¢(t)) be a geodesic on the cylinder ¢ y = asinp . We have

z=h
—asin @
v = % =1 ap cos and for acceleration:
h
—ap sing —agp? cos @

dv - 9 .
a=—= ay cos @ + —ap”sin

dt N

h 0

—_———

tangent acceleration normal acceleration

Since tangential acceleration equals to zero hence % =0and h(t) = ho+ct

Normal acceleration is centripetal acceleration of the rotation over circle
with constant speed (projection on the plane OXY'). The geodesic is helix.
(Compare these calculations with calculations of geodesics of cylinder in the
last example of section 3.2.1: see (3.12).)
Geodesics on sphere
x = asinf cos
Letr = r(0(t), ¢(t)) be a geodesic on the sphere of the radius a: r(6, 9): < y = asinfsin ¢

z =acosf
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Consider the vector product of the vectors r(t) and velocity vector v(t)
M(t) = r(t) x v(t). Acceleration vector a(t) is proportional to the r(t) since
due to Proposition it is orthogonal to the surface of the sphere. This implies
that M(t) is constant vector:

%M(t) _ 4 (r(t) x v(t)) = (v(t) x v(t)) + (x(t) x a(t)) =0  (3.28)
We have M(t) = M,. r(t) is orthogonal to M = r(t) x v(t). We see
that r(t) belongs to the sphere and to the plane orthogonal to the vector
My = r(t) x v(t). The intersection of this plane with sphere is a great
circle. We proved that if r(t) is geodesic hence it belongs to great circle (as
un-parameterised curve).

The converse is evident since if particle moves along the great circle with
constant velocity then obviously acceleration vector is orthogonal to the sur-
face.

Remark The vector M = r(t) x v(t) is the torque. The torque is inte-
gral of motion in isotropic space.—This is the core of the considerations for
geodesics on the sphere.

3.2.7 Geodesics and shortest distance.

Many of you know that geodesics are in some sense shortest curves. We will give here an
exact meaning to this statement The proof is using variational principe. (See the proof,
discussions and applications of this statement in appendices.)

Let M be a Riemannian manifold.

Theorem Let x1 and X2 be two points on M. The shortest curve which joins these
points is an arc of geodesic.

Let C be a geodesic on M and x1 € C. Then for an arbitrary point xo € C' which
is close to the point x1 the arc of geodesic joining the points x1,Xs is a shortest curve
between these points'? .

This Theorem makes a bridge between two different approach to geodesic:
the shortest disntance and parallel transport of velocity vector.

12More precisely: for every point x; € C' there exists a ball Bs(x1) such that for an
arbitrary point xs € C'N Bs(x1) the arc of geodesic joining the points x1, X2 is a shortest
curve between these points.
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4 Surfaces in E3. Parallel transport of vectors
and Theorema Egregium

Now equipped by the knowledge of Riemannian geometry we consider sur-
faces in E3, and formulate the important theorem about parallel transport
of vector over closed curve on the surface. As an important corollary of this
Theorem we will formulate and prove Gaufl Theorema Egregim

4.1 Parallel transport of the vector and Gaussian cur-
vature of surface.

We formulate here very important theorem about parallel transport of vectors
over closed curve and deduce Theorema Egregium from this theorem.

4.1.1 Theorem of parallel transport over closed curve. Prelimi-
nary formulation

We give preliminary formulation of this Theorem. Later when we will learn
Gaussian curvature we will return again to this theorem (see 4.1.5 above.)
Let M be a surface in Euclidean space E3. Consider a closed curve C on
M, M:r=r(u,v), C:r =r(u(t,v(t)),0 <t <t x(0) =x(t1). (u(t),v(t)
are internal coordinates of the curve C'.)
Consider the parallel transport of an arbitrary tangent X vector along
the closed curve C':

X (¢
x(t): X o g<i<,,
dt
ie.
dXe(t) g du(t)
@ _— = < < - .
o X0, (u(t))— = =0, 0<t<t,  afy=12, (41)

where V is the connection induced on the surface M by the Levi-Civita
connection (2.30) of the induced Riemannian metric on the surface M, (this
is the same as to say that V is the connection induced on the surface M by
canonical flat connection (see (2.23)) ), and Iy its Christoffel symbols (see
in more detail in subsection 4.1.5 above).

Theorem Let M be a surface in Euclidean space E3. Let C' be a closed
curve C' on M such that C' is a boundary of a compact oriented domain

66



D C M. Consider the parallel transport of an arbitrary tangent vector along
the closed curve C. As a result of parallel transport along this closed curve
any tangent vector rotates through the angle

L6 = / (X, PoX) = /D Kdo, (4.2)

where K is the Gaussian curvature and do = \/det gdudv is the area element
induced by the Riemannian metric on the surface M, i.e. do = +/det gdudv.

Example Consider the closed curve, "latitude” Cy,: 6 = 6, on the sphere
of the radius R. Calculations show that

Zp(Cy,) = 2m(1 — cos by) (4.3)

(see also the Homework 8). On the other hand the latitude Cy, is the
boundary of the segment D with area 2r RH where H = R(1—cos ). Hence

2rRH 1
Z(X,R¢X) = —— = — - area of the segment = [ Kdo
( oX) R2 R2 & /D
since Gaussian curvature is equal to %
In the statement of this Theorem we use the Gaussian curvature. We will
explain it in next subsections, then will return again to this Theorem.

4.1.2 Weingarten operator on surfaces and Gaussian curvature

Let M: r = r(u,v) be a surface and n(u,v) be a unit normal vector field at
the points of the surface M.

We define at every point p = r(u,v) the Weingartena (shape) operator S
acting on the vector space T, M of vectors tangent to the surface M.

Definition-Proposition Let n(u,v) be a unit normal vector field to the
surface M. Then operator

on(u,v)
ou

maps tangent vectors to the tangent vectors:

on(u,v)

- X,
ov

S: S(X) = dx(—n) = — X, (4.4)

S: ToM — Ty,M for every X = X,r, + X,r, € T, M, S(X) e T,M
(4.5)
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This operator is called Weingarten (shape) operator.

Remark The sign” —” seems to be senseless: if n is unit normal vector field then —n is
normal vector field too. Later we will see why it is convenient (see the Example-Motivation
and Proposition below).

Show that property (4.5) is indeed obeyed, i.e. vector X' = S(X) is
tangent to surface. Consider derivative of scalar product (n,n) with respect
to the vector field X. We have that (n,n) = 1. Hence

Ox(n,n) =0 =0x(n,n) = (Oxn,n) + (n,0xn) = 2(0xn,n).

Hence (Oxn,n) = —(S(X),n) = —(X',n) = 0, i.e. vector Oxn = —X' is
orthogonal to the vector n. This means that vector X’ is tangent to the
surface.

Write down the action of shape operator on coordinate basis r, = 0O,,
0, = r, at the given point p:

on(u,v)

ou '

on(u,v)

ov

S(I‘u) = _al‘un(uv U) = - S(rv> = _al‘vn(uyv) = —

Since the shape operator transforms tangent vectors to tangent vectors,
then

S(r) = =25 = axy + e,
S(rs) = =25t = bry + dr,’
ie.
a by . . )
S = (C d) in the coordinate basis r,, 1, (4.6)

(This matrix is the matrix of Weingarted operator in the basis (r,,,).)
Remark. Shape operator as well as normal unit vector is defined up to
a sign:
n(u,v) - —n(u,v), then S — —S.

Example-Motivation Consider just for curve C in E?. analog of shape
operator. Let r = r(t) be parameterised curve, and n = n(t) be unit normal
vector field on the curve, then for arbitrary tangent vector x = c¢v (where v
is a velocity vector)

T,Co>x=cv— 5(x) =—0xn = —c%% = ——w = k(r(t))v
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since vector field w is tangent to the curve. Here k is so called curvature

of the curve (Frenet curvature)(Usually curvature is defined as modulus of
this magnitude).

Explain how curvature is related with normal acceleration (centripetal
acceleration) apnoma.- We have:

A = @ = (G )= = (v n = (v 5
(you see this equation explains why the sign “—" appears)
Note that it follows from this equation that if v(t) is tangent unit vector
field, then
dv(t)
dt

it is nothing but centripetal acceleration.

Curvature of curves is not intrincis object.

=k(t)n

We show now that normal acceleration of a curve on the surface and normal curvature
are expressed in terms of shape operator.

Let C': r2(t) be a curve on the surface M, r(t) = r(u(t),v(t)). Let v.= v(t) = d‘;(tt),
a=a(t) = d djgt) be velocity and acceleration vectors respectively. Recall that
dr(t dr(u(t),v(t
v(t) = % = de, + je, + e, = w = i, + i1, (4.7)

be velocity vector; 1, ¥ are internal components of the velocity vector with respect to the
basis {r, = Oy, 1, = 0,} and &, 9, 2, are external components velocity vectors with respect
to the basis {e; = 0;,e, = 0y,e, = 0,} . As always we denote by n normal unit vector.

Proposition The normal acceleration at an arbitrary point p = r(u(to),v(to)) of the
curve C' on the surface M is defined by the scalar product of the velocity vector v of the
curve at the point p on the value of the shape operator on the velocity vector:

a, =ayn=(v,Sv)n (4.8)

and normal curvature is equal to

Proof of the Proposition. According to we have

a,=(n,ajn=n (n, jtv(t)> n= n% (n,v(t)) —n (dtn(u(t), v(t))w(t))
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=0+ (—0yn,v)n=(Sv,v)n
This proves Proposition.

Later we will use equation (4.9) to find eigenvectors of the operator.

4.1.3 The Weingarten operator; principal curvatures and Gaus-
sian curvature

Now we introduce on surfaces, principal curvatures and Gaussian curvature
in terms of the Weingarten (shape) operator

Let p be an arbitrary point of the surface M and S be the Weingarten
operator at this point. S is symmetric operator: (Sa,b) = (b, Sa). Consider
eigenvalues A1, Ay and eigenvectors 11,15 of the shape operator S

11, 12 S TpM, Sll = /i'lll, SIQ = /ﬁlzlg, (410)

Definition Figenvalues of shape operator \i, \y are called principal cur-
vatures:
AL = K1, A2 = Ko

FEigenvectors A1, \g define the two directions such that curves directed along
these vectors have normal curvature equal to the principal curvatures k., Kk_.
These directions are called principal directions

Remark As it was noted above normal unit vector as well as a shape
operator are defined up to a sign. Hence principal curvatures, i.e. eigenvalues
of shape operator are defined up to a sign too:

n — —n,then S — —S, then (ki, ko) = (—K1, —Ka) (4.11)

Remark. Principal directions are well-defined in the case if principal curvatures
(eigenvalues of shape operator) are different: \y = k1 # k2 = Ao In the case if eigenvalues
A1 = Ao = A then S = A\E is proportional to unity operator. In this case all vectors are
eigenvectors, i.e. all directions are principal directions. (This happens for the shape
operator of the sphere: see the Homework 9.)

Remark Does shape operator have always two eigenvectors? Yes, this follows from
the fact that shape operator is symmetrical operator. One can prove that

(Sa,b) = (Sb,a),

for arbitrary two tangent vectors a, b,
This implies that principal directions are orthogonal to each other. Indeed one can
see that Aa(Aa, A1) = (SAa, A1) = (A2, SA1) = A1 (A2, A\1). It follows from this relation that

70



eigenvectors are orthogonal (A_,Ay) = 0) if A\_ # Ay If \_ = A\; then all vectors are
eigenvectors. One can choose in this case A\_, Ay to be orthogonal.

It has to be mentioned that equation (4.9) may be used to prove and to find eigenvec-
tors. Indeed following equation (4.9) consider on unit cirle |v| =1 a function

One can see that minimu and maximum values of this function define two eigenvalues of

oeprator S, and the points where these extrema atteint define eigenvectors.

Definition
Gaussian curvature K of the surface M at a point p is equal to the
product of principal curvatures.

K = KR1K2 (412)

Recall that the product of eigenvalues of a linear operator is determi-
nant of this operator, Thus we immediately come to the useful formulae for
calculating the Gaussian curvature

Proposition Let S be a shape operator at the point p on the surface M.
Then

Gaussian curvature K of the surface M at the point p is equal to the
determinant of the shape operator:

K = Kkiky =det S (4.13)

E.g. if in a given coordinate basis a shape operator is given by the matrix

(CCL Z) (see e.g. equations (4.5) and(4.8) ), then

a b
c d

)—ad—bc, H=TrS="Tr (“ b
c d

K—detS—det( ) =a+d (4.14)

One can define also so called mean curvature H of the surface. Mean curvature K of
the surface M at every point is equal to the sum of the principal curvatures: H = k1 + ks.
Mean curvature H of the surface M at an arbitrary point p is equal to the trace of the

shape operator S at this point: H = k1 + ko = Tr S.

4.1.4 Examples of calculation of Weingarten operator, curvatures
for cylinder and sphere.

Cylinder
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We already calculated induced Riemannian metric on the cylinder (see
(1.56)).

Cylinder is given by the equation x* + y* = a®.
following parameterisation of this surface:

One can consider the

T =acosy 0 —Rsinp
r(h,p): y=asing , r,=|0]|, r,=| Rcosp |, (4.15)
z=nh 1 0
coS cos
Normal unit vector n = + | singp |. Choose n = | siny |. Weingarten
0 0
operator
CoS
SOy = —0y,n=—0 | sinp | =0,
0
cos sin ¢ P
S8, =—0,,n=—0, |sinp | =[—cosp | =—-=.
a
0 0
0)= () 5= %)
S( =|_0,), S= 1. (4.16)
%) \% 0 %
Principal curvaures are k1 = 0 and ko = —%. For the Gaussian curvature we
have det A
et 0 0
K=detS=—— =det =0. 4.17
¢ detG ¢ (0 —%) (4.17)

If we change n — —n Gaussian curvature will not change.
Sphere

Sphere is given by the equation x? + y? + 2? = R2.

To calculate Gaussain curvature for arbitrary surface we may choose ar-
bitrary parameterisation, since curvature does dpend on the choice of param-
eterisation. Usually we choose the parameterisation which is convenient for
caluclations. In the case of sphere we have freedom to use an arbitrary pa-
rameterisation. We will do calculations for arbitrary parametersiation. (At
the end we will do calculations in spherical coordinates just to double check
that everything is alright).
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Let r = r(u,v) belong to the sphere x* + y* + 2? = R? of radius R; and
let (u,v) are arbitrary local coordinates on this sphere
Consider at the points of the sphere, a unit vector field

r(u,v)
R

since the surface is sphere hence this unit vector field is orthogonal to the
surface of the sphere. Then calculate the shape operator:

S(ry) = —0p,n(u,v) = _9 (r(u_,v) _ I

R) R’

n(u,v) =

and the same is for the vector r,:

R Y

We see that both vectors are eigenvetors with the same eigenvalue %, ie.

all tangent vectors are eigenvectors with teh same eigenvalue. The matrix of
_1

shape operator is OR B % >, the Gaussian curvater is equal to K = %.

S(ry) = —Op,n(u,v) = _8% <r<;_;”) o

We can repeat calculations in specific coordinates, e.g. in spherical coor-
dinates.

Consider the parameterisation of sphere in spherical coordinates

x = Rsinfcos g
r(0,p): y = Rsinfsingp

(4.18)
z = Rcosf

For the sphere r(0, ) is orthogonal to the surface. Hence normal unit

sin 6 cos sin 6 cos ¢
vector n(6, p) = j:r(%p) ==+ | sinfsing |. Choosen = ; = | sinfsinyp
cos 6 cos
Weingarten operator

S8y = —V&riaiy — _gm = —3, (;) _ _r_}g,
SQP — _viin.ﬂatn _ —8¢n _ _@(p <£) _ r,

73



ae) (_%) (l O)
S ( = (ﬁ , S=—|(2=& ) (4.19)
For the Gaussian we have
det A —-L 9 1
— = —_—— = R —_
K =detS ot O det ( 0 _%> 77 (4.20)

Gaussian curvature will not change if we change n — —n.
We see that for the sphere Gaussian curvature is not equal to zero, whilst
for cylinder and cone Gaussian curvature equals to zero.

4.1.5 Theorem of parallel transport over closed curve (detailed
formulation)

We formulated in subsection 4.1.1 very important theorem about parallel
transport of vectors over closed curve.

Now after learning the Gaussian curvature we formulate it again in more
detail, focusing attention on the fact that using this Theorem we obtain in-
formation about Gaussian curvature using only induced Riemannian metric.

We will deduce Theorema Egregium from this theorem.

We recall here formulation of this Theorem in subsection4.1.1 and will
formulate it again in more details.

Let M be a surface in Euclidean space E3. Consider a closed curve C' on
M, M:r =r(u,v), C:r =r(u(t,v(t)),0 <t <t,x(0) =x(t). (u(t),v(t)
are internal coordinates of the curve C'.)

Consider the parallel transport of an arbitrary tangent X vector along
the closed curve C: Recall that we did it in the section 3.1.2 where we
already considered parallel transport over curve for arbitrary connection and
for Levi-Civita connection for arbitrary Riemannian manifold (see equations
(3.3) and (3.5)). Now we will repeat these considerations for this special
case.)

a 8 a 8$Z 8
X(t)= X (t)a—ua wy =X (t)ro‘|r(u(t),v(t)l : (ra = %%J ‘
Internalvobserver External observer
VX(t
X(t): dt(>:O’O§t§t1’
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i.e.

P X0, (u(o)

du? (t)

=0, 0<t<t, e fy=12, (421)

where V is the connection induced on the surface M by canonical flat
connection (see (2.23)), or (it is the same) the Levi-Civita connection (2.30)
of the induced Riemannian metric on the surface M and I'g  its Christoffel
symbols:

1 O0ra  O¢rp  0ga Ox" Ox'
3 = 57 (g + 522 = S0 ) whore g = (rams) = 5o
(4.22)
are components of induced Riemannian metric Gy = gopdu®du®/
Let r(0) = p be a starting (and ending) point of the curve C: r(0) =
r(t1) = p. The differential equation (4.21) defines the linear operator

Po: ToM — TyM (4.23)

For any vector X € T, M, its image the vector RcX as the solution of the
differential equation (4.21) with initial condition X(t)’t:[) = X. (See also
section 3.1.2, equations (3.3) and (3.5)). )

On the other hand we know that parallel transport is orthogonal operator,
it does not change the scalar product of two vectors, and it does not chnage
lengths of vectors (see (3.5) in the subsection 3.1.2):

(X, X) = (PcX, PoX) (4.24)

We see that Pg is an orthogonal operator in the 2-dimensional vector space
ToM. We know that orthogonal operator preserving orientation is the oper-
ator of rotation on some angle ¢.

One can see that P preserves orientation '3 then the action of operator
Pc on vectors is rotation on the angle, i.e. the result of parallel transport
along closed curve is rotation on the Z¢. This angle depends depends on

the curve. The very beautiful question arises: How to calculate this angle
AD(C)

13We will consider mainly the case if the closed curve C is a boundary of a compact
oriented domain D C M. In this case one can see by continuity arguments that operator
Rc preserves an orientation.
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Theorem Let M be a surface in Euclidean space E2. Let C be a closed
curve C' on M such that C' is a boundary of a compact oriented domain
D C M. Consider the parallel transport of an arbitrary tangent vector along
the closed curve C. As a result of parallel transport along this closed curve
any tangent vector rotates through the angle

/¢ =/ (X, PcX) = /D Kdo (4.25)

where K is the Gaussian curvature and do = \/det gdudv s the area element
induced by the Riemannian metric on the surface M, i.e. do = +/det gdudv.

Remark One can show that the angle of rotation does not depend on
initial point of the curve.

Remark

If C is a smooth closed geodesics then it follows from this Theorem and properties of
geodesics that rotation angle is equal to 2mn (where n is integer). Theorem is valid also
for piecewise smooth curve. In general if C' is piecewise smooth curve, then one can see
that rotation angle is equal to > a; — w(n — 1) where n is number of smooth arcs, and «;
angles between them (see example above in next subsection).

The proof of this Theorem see in Appendices.

4.1.6 Gaufl Theorema Egregium

Here we wlll formulate and prove very important corollary of the Theorem
on parallel transport over closed curve. This is Gaufi Theorema Egregium.

We defined Gaussian curvature in terms of Weingarten (shape) operator
as a product of principal curvatures. This definition was in terms of External
Observer.

The Theorem about transport over closed curve implies the remarkable
Corollary:

Corollary Gaufs Egregium Theorema

Gaussian curvature of the surface can be expressed in terms of induced
Riemannian metric. It is invariant of isometries.

Indeed let D be a small domain around a given point p, let C' its boundary
and Z¢(D) be an angle of rotation. Denote by S(D) an area of this domain.
Applying the Theorem for the case when area of the domain D tends to zero
we we come to the statement that

if S(D) — 0 then Z¢(D) = / Kdo — K(p)S(D), i.e.
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- Z6(D)
s(p)—o S(D)

Now notice that left hand side od this equation defining Gaussian cur-
vature K(p) depends only on Riemannian metric on the surface C. Indeed
numerator of LHS is defined by the solution of differential equation (4.21)
which depends on Levi-Civita connection depending on the induced Rieman-
nian metric, and denominator is an area depending on Riemannian metric
too. Thus we come to Gaul3, Theorema Egregium.

Note that mean curvature (H = k1 + x_ = TrS) is not the invariant of isometries.

K(p) = (4.26)

It cannot be calculated in terms of induced Riemannian metric. E.g. mean curvature of
cylindre is equal to H = 0 + % = %. On the other hand cylindre is locally Euclidean,

hence mean curvature cannot be expressed in terms of induceed Riemannian metric.

Example

Consider “triangle” ABC on the surface M in E3, such that the sides,
edges of triangle are arcs of great circles, the shortest curves. Here we consider
the case if M is a sphere of radius R, but all our considerations and the final
formula (4.27) is valid for arbitrary embedded surface.

Let «, 5,7 be angles between edges of the triangle ABC'.

We will apply Theorem on closed curve to this triangle.

One can easy to caclulate the parallel transport of arbitrary vector along
geodesic: during parallell transport along geodesics vector remains tangent,
if it is tangent at the initial point, and in the case if it is not tangent, the
angle between this vector and the tangent vector is preserved. This means
that we can calculate for the triangle ABC' the left hand side of the formula
(4.25).

Denote by A,B,C a (non-zero) vectors such that they are attached to
vertices of this triangle: A € TaAM B € TgM C € TcM and they are tangent
to the corresponding sides: vector A is tangent to the side AB, vector B is
tangent to the side BC', and vector C is tangent to the side C'A. (we suppose
that they are oriented anti-clock wise)

Suppose also that all these vectors have the same length.

Let X(t) be a parallel transport of the vector X along the edges of triangle
ABC': initial condition is that vector X is attached at the vertex A, and
coincides with vector A: X(t)|;, = A.

One can see that due to parallel transport vector X = A will rotate on
the anlge a ++ v —7
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Show it.
Due to the porperty of parallel trasport along geodesic for parallel transport X(tg)
over edges of triangle we see that

o Forallt: ta <t <tp the vector X(t) is tangent to the curve r(t), its length is
the same and at the point at the final point of the trip it will have the angle m — 5.
with the vector B.

e Forallt: tp <t < tc the vector X(t) will have the angle m — 8 with tangent
vector to the edge BC'. its length is the same and at the final point of the trip it
will have the angle m — v+ m — 3. with the vector C.

e Forallt: tp <t < tc the vector X(t) will have the angle 27 — 8 — ~ with tangent
vector to the edge CA. Its length is the same and at the final point of the trip it
will have the angle m — o+ 7™ — «v+ m — 3. with the vector C.

The angle between the final vector and initial will be 3w — o — 3 — =y, this meant that final
vector A will rotate on the angle —(3r —a—f—vy) =a+b+~vy— 7+ 27.

Now applu formula (4.25): We have that rotation of vector during parallel
transport along the boundary of triangle is equal to

Oz+5+’7—7T=/ Kdo (4.27)
AABC

n particular for sphere of radius R we come to

h { ANAB
oz+5—|—7—7r=/ Kdazteareao C. (4.28)

2
ANABC R

In the case of zero curvatre we come to the formula which everybody
knows: sum of angles of triangle is equal to .

In Appendices we develop the technique which itself is very interesting.
One of the applications of this technique is the proof of the Theorem (4.25).

There are different other proofs of Theorema Egregium. See Appendices.

5 Curvature tensor

5.1 Curvature tensor for connection

Definition-Proposition Let manifold M be equipped with connection V.
Consider the following operation which assigns to arbitrary vector fields X, Y
and Z on M the new vector field:

R(X,Y)Z = (VxVy — VyVx — Vixy)) Z (5.1)
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This operation is obviously linear over the scalar coefficients.
One can show that this operation is C*°(M)-linear with respect to vector
fields X,Y Z, i.e. for an arbitrary functions f, g, h

R(fX,gY)(hZ) = fghR(X,Y)Z. (5.2)

This means that the operation defines the tensor field of the type <;> If
X = X0;,X = X'0;, X = X'0; then according to (5.2)

R(X,Y)Z = R(X™0,,,Y"0,)(Z2"0,) = Z"R., X"Y"
where we denote by R:. the components of the tensor R in the coordinate
basis 0;

R'. 0i = R(Om,0n)0: (5.3)

This tensor is called curvature tensor of the connection V.
Express components of the curvature tensor in terms of Christoffel sym-

bols of the connection. If V,,0, = Il 0, then according to the (5.1) we
have:

rmn

R 0i = R(Om,0n)0r = V5, Va0, — Vs, Vo, 0,
Rirmn = Vam (Ffwap) - Van (anrap) =

Ol +T¢ TP — 9, —T! TP . (5.4)

mp- nr np- mr

rmn

The proof of the property (5.2) can be given just by straightforward calculations:
Consider e.g. the case f = g =1, then
R(X,Y)(hZ) = VxVy(hZ) = VyVx(hZ) — Vix v|(hZ) =
Vx (OyhZ + hVyZ) — Vy (0xhZ + hVXZ) — Ox y1hZ — hV x v|Z =
OxOyhZ + Oy hVxZ + OxhVvZ + hVxVvyZ—
OyOxhZ — OxhVyZ — Oy hVxZ + hNyVxZ—
OxvhZ — hVx v Z =
h[VxVyZ —VyVxZ) — Vx,v|Z] + [0xOvh — Oy Oxh — Ox,yin] Z =
hVxVyZ —VyVxZ) - Vixy1Z=hR(X,Y)Z,
since OxOyh — OyOxh — a[xy]h =0.
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5.1.1 Properties of curvature tensor

Tensor R',,  is expressed through derivatives of Christoffel symbols. In spite
this fact it is is much more ”pleasant” object than Christoffel symbols, since
the latter is not the tensor.

It follows from the definition that the tensor Rj, . is antisymmetrical
with respect to indices m,n:

o = — R, (5.5)

kmn —Alenm -

One can prove that for symmetric connection this tensor obeys the following identities:

The curvature tensor corresponding to Levi-Civita connection obeys also
another identities too (see the next subsection.)

We know well that If Christoffel symbols vanish in a vicinity of a given
point p in some chosen coordinate system then in general Christoffel symbols
do not vanish in arbitrary coordinate systems. E.g. Christoffel symbols of
canonical flat connection in E? vanish in Cartesian coordinates but do not
vanish in polar coordinates. This unpleasant property of Christoffel symbols
is due to the fact that Christoffel symbols do not form a tensor.

In particular if a tensor vanishes in some coordinate system, then it van-
ishes in arbitrary coordinate system too. This implies very simple but im-
portant

Proposition If curvature tensor R'y,, . vanishes in some coordinate sys-
tem, then it vanishes in arbitrary coordinate systems.

We see that if Christoffel symbols vanish in a vicinity of a given point
p in some chosen coordinate system then its Riemannian curvature tensor
vanishes in a vicinity of the point p (see the formula (5.4)) and hence it
vanishes locally (in a vicinity of point p) in arbitrary coordinate system.

In fact one can prove

Theorem If a connection is symmetric then curvature tensor vanishes in
a vicinity of a point if and only there exist local Cartesian coordiantes,n a
vicinity of this point i.e. coordinates in which Christoffel symbol of connec-
tion vanish.

5.2 Riemann curvature tensor of Riemannian mani-
folds.

Let M be Riemannian manifold equipped with Riemannian metric G
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In this section we will consider curvature tensor of Levi-Civita connection
V of Riemannian metric G.

The curvature tensor for Levi-Civita connection will be called later Rie-
mann curvature tensor, or Riemann tensor.

Using Riemannian metric one can consider Riemann tensor with all low
indices '

Rikmn = 9ij R’ (5.7)

In the subsection above we formulated very important Theorem that van-
ishing of curvature tensor means that connection is locally flat. For Rie-
mann tensor one can formulate the analogous Theorem. If Riemannina man-
ifold is locally Euclidean, i.e. there exist coordinates (z',...,x™) such that
G = (dz')* + -+ + (da™)? then it is evident that Christoffel symbols of
Levi-Civita connection vanish in these coordinates, hence curvature tensor
vanishes also. The converse implication is true also:

Theorem Riemann curvature tensor vanishes if and only if Riemannian
manifold is locally Euclidean, i.e. if Ri = 0 in a vicinity of the point

kmn
p of Riemannian manifold, then in a vicinity of this point there exist local

kmn

coordinates (x',...,x™) such that Riemannian metric G = (dz')? + -+ +
(dx™)?.
For Riemann tensor one can consider Ricci tensor,
Ryn =R . (5.8)

which is symmetrical tensor: R,,, = Rumn.
One can consider scalar curvature:

where g"" is Riemannian metric with indices above (the matrix ||g®*|| is
inverse to the matrix ||gu||).

Ricci tensor and scalar curvature also play essential role for formulation
of famous FEinstein gravity equations. In particular the space without matter
the Einstein equations have the following form:

1
Rik — §Rglk =0. (510)

Due to identities (5.5) and (5.6) for curvature tensor Riemann tensor obeys the fol-
lowing identities:

Rikmn = _Riknm ) Rikmn + Rimnk + Rinkm =0 (511)
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Riemann curvature tensor which is curvature tensor for Levi-Civita connection obeys
also the following identities:

Rikmn = _Rkimn ) Riknm = Rmnki . (512)

These condition lead to the fact that for 2-dimensional Riemannian manifold the
Riemann curvature tensor of Levi-Civita connection has essentially only one non-vanishing
component: all components vanish or equal to component Ry212up to a sign.

Indeed consider for 2-dimensional Riemannian manifold Riemann tensor R;jy,n, where
i,k,m,n = 1,2. Since antisymmetricity with respect to third and fourth indices (R;xmn =

—Riknm), Rik11 = Rikeo = 0 and Rjx120 = —R;ko1. The same for first and second indices:
since antisymmetricity with respect to the the first and second indices (Ri2mn = —R21mn),
Rllmn = R22mn =0 and Rl?mn = _Rik:21~ If we denote R1212 = a then

Ri212 = Ra121 = a, R1221 = Ra112 = —a (5.13)

and all other components vanish.

5.2.1 Relation between Gaussian curvature and Riemann curva-
ture tensor and Theorema Egregium

For surfaces in E3 Gaussian curvature is equal to half of scalar curvature:

K = 5 (5.14)
where R = Ri, g™ is scalar curvature of Riemann curvature tensor.

This equation is the fundamental relation which claims that the Gaussian
curvature (the magnitude defined in terms of External observer) equals to
the scalar curvature (up to a coefdficient), the magnitude defined in terms of
Internal Observer. This gives us another proof of Theorema Egregium. (see
the proof of equation (5.14) in subsection “Theorema Egregium again”)

Consider this little bit more in details.

Let M be a surface in E® and R’ be Riemann tensor, Riemann cur-
vature tensor of Levi-Civita connection. Recall that this means that R’y
is curvature tensor of the connection V, which is Levi-Civita connection of
the Riemannian metric g, induced on the surface M by standard Euclidean
metric dz? + dy* + dz%. Recall that Riemann curvature tensor is expressed
via Christoffel symbols of connection by the formula

R, =0, +I" 1P —9,I% —T¢ 17 (5.15)

kmn mp— nk npt mk
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(see he formula (5.4)) where Christoffel symbols of Levi-Civita connection
are defined by the formula

i lgij (agjm X 99,k _ agm{c) (5.16)

mk 9 oxk  Q9xm™ Ol

(see Levi-Civita Theorem)

Recall that scalar curvature R of Riemann tensor equals to R = Ri, g™
where gF™ is Riemannian metric tensor with upper indices (matrix ||g™*|| is
inverse to the matrix ||gix||)-

Now consider 2-dimensional case. One can show that in this case scalar
curvature R can be expressed via the component R1215 = a by the formula

2R
R = v

1
det g (5.17)

where det g = det g, = g11922 — 9.

To see it note that as it was mentioned in the subsection above the formula for scalar
curvature becomes very simple in two-dimensional case (see formulae (5.11) and (5.13)
above) and in this case it is very easy to calculate Ricci tensor and scalar curvature R.
Indeed let Ry212 = a. For 2-dimensional Riemannian surface all other components of
Riemann tensor equal to zero or equal to +a (see (5.11) and (5.13)). Show it. Using
identities (5.11) and (5.11) we see that

Ry = Riul = R2121 = ¢ Ro11 + ¢*' Ri1o1 = g7 Riz12 = g°%a (5.18)
Ryo = R'y;5 = RYy15 = g" ' Rig1a + 9" Rooo1 = g ' Risio = g''a (5.19)
Ris = Roy = Riliz = R1112 = 91232112 = —912R1212 = —nga (5.20)

Thus using the formula for inverse 2 X 2 matrix we come to the relation

Ry, — Ry1 Rio _ 9*%a  —g'%a _ 1 giia giza
! Ry1 Ra —g*'a  g'a detg \goa10 gna)’
i.e. for 2-dimensional Riemannian manifold

1

Rjy=—R ik s 5.21
* = Jetg 12129k (5.21)
Hence for scalar curvatre of 2-dimension Riemannian manifold
) 1 . 2
R=R', 9" = Rimg"™™ = —— R12129it9"" = —— Ri212 . 5.22
kimd kmd det g 12129ik9 det g 1212 ( )

Note that the relations (5.21) and (5.22) imply thatt

1
R, = §Rgik . (5.23)
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One can say that gravity equation for n = 2 are trivial. The mathematical meaning
of this formula is the following: equation (5.23) means that variation of functional S =
| Ry/det gdo vanishes and this is one of corollaries of Gauss-Bonnet Theorem (see later).

Formula (5.17) expresses scalar curvature for surface in terms of non-
trivial component Ry912. On the other hand Gaussian curvature of 2-dimensional
surface is equal to the half of the scalar curvature (see equation (5.14)). Hence
we come to

Proposition For an arbitrary point of the surface M

_ R R
2 detg

K (5.24)

where R = Ri. g"™ is scalar curvature and K is Gaussian curvature.

We know also that for surface M the scalar curvature R is expressed
via Riemann curvature tensor by the formula (5.17). Hence if we know
the Gaussian curvature then we know all components of Riemann curvature
tensor (since all components vanish or equal to +a.). This is nothing but
Theorema Egregium! Theorema Egregium (see beginning of the section 4)
immediately follows from this Proposition which states that Gaussian cur-
vature is equal (up to a coefficient) to scalar curvature whcih is expressed in
terms of Riemannian metric.

One can check equation (5.24) just by brute force calculating Riemannian
metric and Riemanian curvature tensor (see Appendices)

Here we consider just a simple example.

Example Let M = S? be sphere of radius R in E3. Show that one cannot
find local coordinates u, v on the sphere such that induced Riemannian metric
equals to du? + dv? in these coordinates.

This immediately follows from the Proposition. Indeed suppose there ex-
ist local coordinates u, v on the sphere such that induced Riemannian metric
equals to du® + dv?, i.e. Riemannian metric is given by unity matrix. Then
according to the formulae for Levi-Civita connection, the Christoffel symbols
equal to zero in these coordinates. Hence Riemann curvature tensor equals
to zero, and scalar curvature too. Due to Proposition this is in contradiction
with the fact that Gaussian curvature of the sphere equals to %.

(The straightforward proof see in the next paragraph)
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5.3 Gauss Bonnet Theorem

Consider the integral of curvature over whole closed surface M. According
to the Theorem above the answer has to be equal to 0 (modulo 27), i.e. 2r N
where N is an integer, because this integral is a limit when we consider very
small curve. We come to the formula:

/ Kdo =27N
D

(Compare this formula with formula (4.25)).

What is the value of integer N7

We present now one remarkable Theorem which answers this question
and prove this Theorem using the formula (4.25).

Let M be a closed orientable surface.'* All these surfaces can be clas-
sified up to a diffeomorphism. Namely arbitrary closed oriented surface M
is diffeomorphic either to sphere (zero holes), or torus (one hole), or pretzel
(two holes),... ”Number k” of holes is intuitively evident characteristic of the
surface. It is related with very important characteristic—FEuler characteristic
X(M) by the following formula:

x(M)=2(1—-g(M)), whereg is number of holes (5.25)

Remark What we have called here "holes” in a surface is often referred
to as "handles” attached o the sphere, so that the sphere itself does not have
any handles, the torus has one handle, the pretzel has two handles and so
on. The number of handles is also called genus.

Euler characteristic appears in many different way. The simplest appear-
ance is the following:

Consider on the surface M an arbitrary set of points (vertices) connected
with edges (graph on the surface) such that surface is divided on polygons
with (curvilinear sides)—plaquets. (”Map of world”)

Denote by P number of plaquets (countries of the map)

Denote by E number of edges (boundaries between countries)

14Closed means compact surface without boundaries. Intuitively orientability means
that one can define out and inner side of the surface. In terms of normal vectors ori-
entability means that one can define the continuous field of normal vectors at all the
points of M. The direction of normal vectors at any point defines outward direction.
Orientable surface is called oriented if the direction of normal vector is chosen.
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Denote by V' number of vertices.
Then it turns out that

P—E+V =x(M) (5.26)

It does not depend on the graph, it depends only on how much holes has
surface.

E.g. for every graph on M, P — E +V = 2 if M is diffeomorphic to
sphere. For every graph on M P — E+V =0 if M is diffeomorphic to torus.

Now we formulate Gauf3-Bonnet Theorem.
Let M be closed oriented surface in E3.
Let K(p) be Gaussian curvature at any point p of this surface.

Theorem (Gaufl -Bonnet) The integral of Gaussian curvature over the
closed compact oriented surface M is equal to 2r multiplied by the Euler
characteristic of the surface M

1
—/ Kdo = x(M) = 2(1 — number of holes) (5.27)
21 Jur

In particular for the surface M diffeomorphic to the sphere k(M) = 2,
for the surface diffeomorphic to the torus it is equal to 0.

The value of the integral does not change under continuous deformations
of surface! It is integer number (up to the factor m) which characterises
topology of the surface.

E.g. consider surface M which is diffeomorphic to the sphere. If it is
sphere of the radius R then curvature is equal to %, area of the sphere is
equal to 4w R? and left hand side is equal to ‘21—’; = 2.

If surface M is an arbitrary surface diffeomorphic to M then metrics and
curvature depend from point to the point, Gauf3-Bonnet states that integral

nevertheless remains unchanged.

Very simple but impressive corollary:

Let M be surface diffeomorphic to sphere in E3. Then there exists at least
one point where Gaussian curvature is positive.

Proof: Suppose it is not right. Then [, K+/det gdudv < 0. On the other
hand according to the Theorem it is equal to 4w. Contradiction.

Proof of Gauf$-Bonet Theorem
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Consider triangulation of the surface M. Suppose M is covered by N triangles. Then

number of edges will be 3N/over2. If V number of vertices then according to Euler

Theorem aN N
N—T—&—V:V—sz(M).

Calculate the sum of the angles of all triangles. On the one hand it is equal to 2rV. On
the other hand according the formula (4.25) it is equal to

N

Z(W-F/Aina) :7TN+2N:</Aina) :N7r+/MKda

i=1 i=1

We see that 2rV = N + [, Kdo, i.e.

N
Kdo = 2V —— 1] =2 M
y do 7T<V 2) x( ).
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